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Abstrat
This thesis is devoted to the study of gravitational theories whih an be seen
as modiations or generalisations of General Relativity. The motivation for
onsidering suh theories, stemming from Cosmology, High Energy Physis
and Astrophysis is thoroughly disussed (osmologial problems, dark en-
ergy and dark matter problems, the lak of suess so far in obtaining a
suessful formulation for Quantum Gravity). The basi priniples whih
a gravitational theory should follow, and their geometrial interpretation,
are analysed in a broad perspetive whih highlights the basi assumptions
of General Relativity and suggests possible modiations whih might be
made. A number of suh possible modiations are presented, fousing on
ertain spei lasses of theories: salar-tensor theories, metri f(R) theo-
ries, Palatini f(R) theories, metri-ane f(R) theories and GaussBonnet
theories. The harateristis of these theories are fully explored and attention
is payed to issues of dynamial equivalene between them. Also, osmologi-
al phenomenology within the realm of eah of the theories is disussed and
it is shown that they an potentially address the well-known osmologial
problems. A number of viability riteria are presented: osmologial obser-
vations, Solar System tests, stability riteria, existene of exat solutions for
ommon vauum or matter ongurations et. Finally, future perspetives
in the eld of modied gravity are disussed and the possibility for going
beyond a trial-and-error approah to modied gravity is explored.
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Notation
An attempt has been made to keep the basi notation as standard as possible.
However, the use of non-metri onnetions did require the use of some non-
standard notation. The following list will hopefully be a useful tool for
larifying these non-standard notation. In general, the notation, standard
or not, is always dened at its rst ourene in the text and in all plaes
that ambiguities may arise, irrespetivelly of whether it has been inluded
in this guide. The signature of the metri is assumed to be (−,+,+,+) and
the speed of light c is taken to be equal to 1 throughout this thesis. In order
to lighten the notation, in some ases a oordinate system is used in whih
G = c = 1, where G is Newton's gravitational onstant. However, for larity
G is not set to be equal to 1 throught the text.
gµν : Lorentzian metri
g: Determinant of gµν
Γλµν : General Ane Connetion
{λµν}: LeviCivita Connetion
∇µ: Covariant derivative with respet to {λµν}
∇¯µ: Covariant derivative with respet to Γλµν
(µν): Symmetrization over the indies µ and ν
[µν]: Anti-symmetrization over the indies µ and ν
Qµνλ: Non-metriity (≡ −∇¯µgνλ)
S λµν : Cartan torsion tensor (≡ Γλ[µν])
Rλσµν : Riemann tensor of gµν
Rµν : Rii tensor of gµν (≡ Rσµσν)
R: Rii salar of gµν (≡ gµνRµν)
Rλσµν : Riemann tensor onstruted with Γλµν
Rµν : ≡ Rσµσν
R: ≡ gµνRµν
SM : Matter ation
Tµν : Stress-energy tensor
(
≡ − 2√−g δSMδgµν
)
∆λµν : Hypermomentum
(
≡ − 2√−g δSMδΓλµν
)
φ: Salar eld (generi)
ψ: Matter elds (olletively)
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Prefae
The terms modied gravity and alternative theory of gravity have beome
standard terminology for theories proposed for desribing the gravitational
interation whih dier from the most onventional one, General Relativity.
Modied or alternative theories of gravity have a long history. The rst
attempts date bak to the 1920s, soon after the introdution of Einstein's
theory. Interest in this researh eld, whih was initially driven by uriosity
or a desire to hallenge the then newly introdued General Theory of Rel-
ativity, has subsequently varied depending on irumstanes, responding to
the appearane of new motivations. However, there has been more or less
ontinuous ativity in this subjet over the last 85 years.
When the researh presented in this thesis began, interest in modied
gravity was already at a high point and it has ontinued inreasing further
until the present day. This reent stimulus has mostly been due to ombined
motivation oming from the well-known osmologial problems related to the
aelerated expansion of the universe and the feedbak from High Energy
Physis.
Due to the above, and even though the main sope of this thesis is to
present the researh onduted by the author during the period November
2004 - Otober 2007, a signiant eort has been made so that this thesis
an also serve as a guide for readers who have reently developed an interest
in this eld. To this end, speial attention has been paid to giving a oherent
presentation of the motivation for onsidering alternative theories of gravity
as well as to giving a very general analysis of the foundations of gravitation
theory. Also, an eort has been made to present the theories disussed
thoroughly, so that readers less familiar with this subjet an be introdued
to them before gradually moving on to their more ompliated harateristis
and appliations.
The outline of this thesis is as follows: In the Introdution, several open
issues related to gravity are disussed, inluding the osmologial problems
related to dark matter and dark energy, and the searh for a theory of Quan-
tum Gravity. Through the presentation of a historial timeline of the pas-
sage from Newtonian gravity to General Relativity, and a omparison with
the urrent status of the latter in the light of the problems just mentioned,
the motivations for onsidering alternative theories of gravity are introdued.
xi
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Chapter 2 is devoted to the basi priniples whih gravitation theories should
follow. The Dike framework, the various forms of the Equivalene Priniple
and the so-alled metri postulates are ritially reviewed and the assump-
tions that lead to General Relativity are examined. Additionally, the ways
of relaxing these assumptions are explored together with the resulting theo-
ries. In Chapter 3, we fous on spei theories: salar-tensor theory, metri,
Palatini and metri-ane f(R) gravity and GaussBonnet gravity, and their
theoretial harateristis are thoroughly presented. Chapter 4 ontains a
disussion about the possible dynamial equivalene between these theories,
while in Chapter 5 their osmologial phenomenology is presented. Attention
is paid to their ability to address the well-known osmologial problems and
to their osmologial viability. Chapter 6 is devoted to the study of the weak
and strong gravity regimes in these modied theories of gravity. The Newto-
nian and post-Newtonian limits, stability issues, non-vauum solutions, et.
are disussed as riteria for the viability of these theories. Finally, Chapter
7 ontains the onlusions of this work, as well as suggestions and remarks
about future work in the eld of modied gravity.
A number of people have ontributed in this thesis in various ways. First
and foremost, I would like to thank my PhD advisors, Stefano Liberati and
John Miller, for their onstant support during the ourse of this work. It is
diult for me to imagine having better advisors than Stefano and John, to
whom I am truly grateful, not only for their guidane but also for standing
by me in all my hoies and for the impressive amount of patiene they have
exhibited during the ourse of these three years. Speial thanks to John for
his untiring orretion of my spelling, grammar and (ab)use of the English
language.
I annot thank enough my ollaborators Enrio Barausse and Valerio
Faraoni, not only for their hard work on our ommon projets, but also for
numerous hours of onversation and debate mostly, but denitely not exlu-
sively, on sienti issues. It has really been a pleasure for me to ollaborate
with them. I am also very grateful to Matt Visser and Salvatore Capozziello,
my thesis examiners, for undertaking the task of reviewing this manusript
and for their invaluable suggestions.
During the ourse of this researh I have beneted from systemati or
oasional but always stimulating disussions with a number of people, be-
sides those already mentioned. Aware of the fat that I am running the
risk of forgetting a few  and apologising in advane for that  I will at-
tempt to name them here and express my gratitude: Sebastiano Sonego,
Tomi Koivisto, Gonzalo Olmo, Mihalis Dafermos, Sergei Odintsov, Mauro
Franaviglia, Gianlua Allemandi, Carlo Baigalupi, Franesa Perrotta and
Urbano Frana.
SISSA has provided an ideal environment for onduting my researh
over the last three years. I would like to thank all of my olleagues for
ontributing to that. I will have numerous lunhes, dinners and unforget-
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Chapter 1
Introdution
1.1 General Relativity is the theory of gravity, isn't
it?
It is remarkable that gravity is probably the fundamental interation whih
still remains the most enigmati, even though it is so related with phenom-
ena experiened in everyday life and is the one most easily oneived of
without any sophistiated knowledge. As a matter of fat, the gravitational
interation was the rst one to be put under the mirosope of experimen-
tal investigation, obviously due to exatly the simpliity of onstruting a
suitable experimental apparatus.
Galileo Galilei was the rst to introdue pendulums and inlined planes
to the study of terrestrial gravity at the end of the 16th entury. It seems
that gravity played an important role in the development of Galileo's ideas
about the neessity of experiment in the study of siene, whih had a great
impat on modern sienti thinking. However, it was not until 1665, when
Sir Isaa Newton introdued the now renowned inverse-square gravitational
fore law, that terrestrial gravity was atually united with elestial gravity
in a single theory. Newton's theory made orret preditions for a variety
of phenomena at dierent sales, inluding both terrestrial experiments and
planetary motion.
Obviously, Newton's ontribution to gravity  quite apart from his enor-
mous ontribution to physis overall  is not restrited to the expression
of the inverse square law. Muh attention should be paid to the oneptual
basis of his gravitational theory, whih inorporates two key ideas: i) The
idea of absolute spae, i.e. the view of spae as a xed, unaeted struture;
a rigid arena in whih physial phenomena take plae. ii) The idea of what
was later alled the Weak Equivalene Priniple whih, expressed in the lan-
guage of Newtonian theory, states that the inertial and the gravitational
mass oinide.
Asking whether Newton's theory, or any other physial theory for that
1
2 CHAPTER 1. INTRODUCTION
matter, is right or wrong, would be ill-posed to begin with, sine any onsis-
tent theory is apparently right. A more appropriate way to pose the ques-
tion would be to ask how suitable is this theory for desribing the physial
world or, even better, how large a portion of the physial world is suiently
desribed by this theory. Also, one ould ask how unique the spei theory
is for the desription of the relevant phenomena. It was obvious in the rst
20 years after the introdution of Newtonian gravity that it did manage to
explain all of the aspets of gravity known at that time. However, all of the
questions above were posed sooner or later.
In 1855, Urbain Le Verrier observed a 35 ar-seond exess preession
of Merury's orbit and later on, in 1882, Simon Newomb measured this
preession more aurately to be 43 ar-seonds. This experimental fat
was not predited by Newton's theory. It should be noted that Le Verrier
initially tried to explain the preession within the ontext of Newtonian
gravity, attributing it to the existene of another, yet unobserved, planet
whose orbit lies within that of Merury. He was apparently inuened by the
fat that examining the distortion of the planetary orbit of Uranus in 1846
had led him, and, independently, John Couh Adams, to the disovery of
Neptune and the aurate predition of its position and momenta. However,
this innermost planet was never found.
On the other hand, in 1893 Ernst Mah stated what was later alled
by Albert Einstein Mah's priniple. This is the rst onstrutive attak
on Newton's idea of absolute spae after the 17th entury debate between
Gottfried Wilhelm Leibniz and Samuel Clarke (Clarke was ating as New-
ton's spokesman) on the same subjet, known as the LeibnizClarke Cor-
respondene. Mah's idea an be onsidered as rather vague in its initial
formulation and it was essentially brought into mainstream physis later on
by Einstein along the following lines: ...inertia originates in a kind of inter-
ation between bodies.... This is obviously in ontradition with Newton's
ideas, aording to whih inertia was always relative to the absolute frame
of spae. There exists also a later, probably learer interpretation of Mah's
Priniple, whih, however, also diers in substane. This was given by Dike:
The gravitational onstant should be a funtion of the mass distribution in
the universe. This is dierent from Newton's idea of the gravitational on-
stant as being universal and unhanging. Now Newton's basi axioms were
being reonsidered.
But it was not until 1905, when Albert Einstein ompleted Speial Rel-
ativity, that Newtonian gravity would have to fae a serious hallenge. Ein-
stein's new theory, whih managed to explain a series of phenomena related
to non-gravitational physis, appeared to be inompatible with Newtonian
gravity. Relative motion and all the linked onepts had gone well beyond
the ideas of Galileo and Newton and it seemed that Speial Relativity should
somehow be generalised to inlude non-inertial frames. In 1907, Einstein in-
trodued the equivalene between gravitation and inertia and suessfully
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used it to predit the gravitational redshift. Finally, in 1915, he ompleted
the theory of General Relativity, a generalisation of Speial Relativity whih
inluded gravity. Remarkably, the theory mathed perfetly the experimen-
tal result for the preession of Merury's orbit, as well as other experimental
ndings like the Lense-Thirring gravitomagneti preession (1918) and the
gravitational deetion of light by the Sun, as measured in 1919 during a
Solar elipse by Arthur Eddington.
General Relativity overthrew Newtonian gravity and ontinues to be up
to now an extremely suessful and well-aepted theory for gravitational
phenomena. As mentioned before, and as often happens with physial theo-
ries, Newtonian gravity did not lose its appeal to sientists. It was realised,
of ourse, that it is of limited validity ompared to General Relativity, but
it is still suient for most appliations related to gravity. What is more, at
a ertain limit of gravitational eld strength and veloities, General Relativ-
ity inevitably redues to Newtonian gravity. Newton's equations for gravity
might have been generalised and some of the axioms of his theory may have
been abandoned, like the notion of an absolute frame, but some of the or-
nerstones of his theory still exist in the foundations of General Relativity, the
most prominent example being the Equivalene Priniple, in a more suitable
formulation of ourse.
This brief hronologial review, besides its historial interest, is outlined
here also for a pratial reason. General Relativity is bound to fae the same
questions as were faed by Newtonian gravity and many would agree that it
is atually faing them now. In the forthoming setions, experimental fats
and theoretial problems will be presented whih justify that this is indeed
the ase. Remarkably, there exists a striking similarity to the problems whih
Newtonian gravity faed, i.e. diulty in explaining partiular observations,
inompatibility with other well established theories and lak of uniqueness.
This is the reason behind the question mark in the title of this setion.
1.2 A high-energy theory of gravity?
Many will agree that modern physis is based on two great pillars: General
Relativity and Quantum Field Theory. Eah of these two theories has been
very suessful in its own arena of physial phenomena: General Relativity
in desribing gravitating systems and non-inertial frames from a lassial
viewpoint or on large enough sales, and Quantum Field Theory in revealing
the mysteries of high energy or small sale regimes where a lassial desrip-
tion breaks down. However, Quantum Field Theory assumes that spaetime
is at and even its extensions, suh as Quantum Field Theory in urved
spae time, onsider spaetime as a rigid arena inhabited by quantum elds.
General Relativity, on the other hand, does not take into aount the quan-
tum nature of matter. Therefore, it omes naturally to ask what happens if
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a strong gravitational eld is present at small, essentially quantum, sales?
How do quantum elds behave in the presene of gravity? To what extent
are these amazing theories ompatible?
Let us try to pose the problem more rigorously. Firstly, what needs to
be laried is that there is no preise proof that gravity should have some
quantum representation at high energies or small sales, or even that it will
retain its nature as an interation. The gravitational interation is so weak
ompared with other interations that the harateristi sale under whih
one would expet to experiene non-lassial eets relevant to gravity, the
Plank sale, is 10−33 m. Suh a sale is not of ourse aessible by any
urrent experiment and it is doubtful whether it will ever be aessible to
future experiments either
1
. However, there are a number of reasons for
whih one would prefer to t together General Relativity and Quantum Field
Theory [1, 2℄. Let us list some of the most prominent ones here and leave
the disussion about how to address them for the next setion.
1.2.1 Searhing for the unknown
Curiosity is probably the motivation leading sienti researh. From this
perspetive it would be at least unusual if the gravity researh ommunity
was so easily willing to abandon any attempt to desribe the regime where
both quantum and gravitational eets are important. The fat that the
Plank sale seems urrently experimentally inaessible does not, in any
way, imply that it is physially irrelevant. On the ontrary, one an easily
name some very important open issues of ontemporary physis that are
related to the Plank sale.
A partiular example is the Big Bang senario in whih the universe in-
evitably goes though an era in whih its dimensions are smaller than the
Plank sale (Plank era). On the other hand, spaetime in General Rela-
tivity is a ontinuum and so in priniple all sales are relevant. From this
perspetive, in order to derive onlusions about the nature of spaetime one
has to answer the question of what happens on very small sales.
1.2.2 Intrinsi limits in General Relativity and Quantum
Field Theory
The preditions of a theory an plae limits on the extent of its ability to
desribe the physial world. General Relativity is believed by some to be
no exeption to this rule. Surprisingly, this problem is related to one of the
most standard proesses in a gravitational theory: gravitational ollapse.
Studying gravitational ollapse is not easy sine generating solutions to Ein-
stein's eld equations an be a tedious proedure. We only have a few exat
1
This does not imply, of ourse, that imprints of Quantum Gravity phenomenology
annot be found in lower energy experiments.
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solutions to hand and numerial or approximate solutions are often the only
resort. However, fortunately, this does not prevent one from making general
arguments about the ultimate fate of a ollapsing objet.
This was made possible after the proof of the PenroseHawking singu-
larity theorems [3, 4℄. These theorems state that a generi spaetime annot
remain regular beyond a nite proper time, sine gravitational ollapse (or
time reversal of osmologial expansion) will inevitably lead to spaetime
singularities. In a strit interpretation, the presene of a singularity is in-
ferred by geodesi inompleteness, i.e. the inability of an observer travelling
along a geodesi to extend this geodesi for an innite time as measured by
his lok. In pratial terms this an be loosely interpreted to mean that an
observer free-falling in a gravitational eld will hit a singularity in a nite
time and Einstein's equation annot then predit what happens next. Suh
singularities seem to be present in the entre of blak holes. In the Big Bang
senario, the universe itself emerges out of suh a singularity.
Wheeler has ompared the problem of gravitational ollapse in General
Relativity with the ollapse of the lassial Rutherford atom due to radiation
[5℄. This raises hopes that priniples of quantum mehanis may resolve the
problem of singularities in General Relativity, as happened for the Ruther-
ford model. In a more general perspetive, it is reasonable to hope that
quantization an help to overome these intrinsi limits of General Relativ-
ity.
On the other hand, it is not only General Relativity that has an in-
trinsi limit. Quantum Field Theory presents some disturbing ultraviolet
divergenes. Suh divergenes, aused by the fat that integrals orrespond-
ing to the Feynman diagrams diverge due to very high energy ontributions
 hene the name ultraviolet  are disretely removed by a proess alled
renormalization. These divergenes are attributed to the perturbative nature
of the quantization proess and the renormalization proedure is somehow
unappealing and probably not so fundamental, sine it appears to ure them
in a way that an easily be onsidered as non-rigorous from a mathematial
viewpoint. A non-perturbative approah is believed to be free of suh diver-
genes and there is hope that Quantum Gravity may allow that (for early
results see [6, 7, 8, 9, 10℄).
1.2.3 A oneptual lash
Every theory is based on a series of oneptual assumption and General
Relativity and Quantum Field Theory are no exeptions. On the other hand,
for two theories to work in a omplementary way to eah other and t well
together, one would expet an agreement between their oneptual bases.
This is not neessarily the ase here.
There are two main points of tension between General Relativity and
Quantum Field Theory. The rst has to do with the onept of time: Time is
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given and not dynamial in Quantum Field Theory and this is losely related
to the fat that spaetime is onsidered as a xed arena where phenomena
take plae, muh like Newtonian mehanis. On the other hand, General
Relativity onsiders spaetime as being dynamial, with time alone not being
suh a relevant onept. It is more of a theory desribing relations between
dierent events in spaetime than a theory that desribes evolution over
some running parameter. One ould go further and seek for the onnetion
between what is mentioned here and the dierenes between gauge invariane
as a symmetry of Quantum Field Theory and dieomorphism invariane as
a symmetry of General Relativity.
The seond oneptual issue has to do with Heisenberg's unertainty prin-
iple in Quantum Theory whih is absent in General Relativity as a lassial
theory. It is interesting to note that General Relativity, a theory in whih
bakground independene is a key onept, atually introdues spaetime
as an exat and fully detailed reord of the past, the present and the fu-
ture. Everything would be xed for a super-observer that ould look at this
4-dimensional spae from a fth dimension. On the other hand, Quantum
Field Theory, a bakground dependent theory, manages to inlude a degree
of unertainty for the position of any event in spaetime.
Having a preise mathematial struture for a physial theory is always
important, but getting answers to oneptual issues is always the main mo-
tivation for studying physis in the rst plae. Trying to attain a quantum
theory of gravity ould lead to suh answers.
1.2.4 The vision for uniation
Apart from stritly sienti reasons for trying to make a math between
Quantum Field Theory and General Relativity, there is also a long-standing
intelletual desire, maybe of a philosophial nature or stemming from phys-
ial intuition, to bring the fundamental interations to a uniation. This
was the vision of Einstein himself in his late years. His perspetive was that
a geometri desription might be the solution. Nowdays most of the sien-
tists ative in this eld would disagree with this approah to uniation and
there is muh debate about whether the geometri interpretation or a eld
theory interpretation of General Relativity is atually preferable  Steven
Weinberg for example even laimed in [11℄ that no-one takes a geometri
viewpoint of gravity seriously. However, very few would argue that suh
a uniation should not be one of the major goals of modern physis. An
elegant theory leading to a muh deeper understanding of both gravity and
the quantum world ould be the reward for ahieving this.
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1.3 The Cosmologial and Astrophysial riddles
1.3.1 Cosmology in a nutshell
Taking things in hronologial order, we started by disussing the possible
shortomings of General Relativity on very small sales, as those were the
rst to appear in the literature. However, if there is one sale for whih
gravity is by far of the utmost importane, this is surely the osmi sale.
Given the fat that other interations are short-range and that at osmologi-
al sales we expet matter harateristis related to them to have averaged
out  for example we do not expet that the universe has an overall harge
 gravity should be the fore whih rules osmi evolution. Let us see briey
how this omes about by onsidering Einstein's equations ombined with our
more obvious assumptions about the main harateristis of the observable
universe.
Even though matter is not equally distributed through spae and by sim-
ple browsing through the sky one an observe distint strutures suh as stars
and galaxies, if attention is foused on larger sales the universe appears as if
it was made by pathing together multiple opies of the same pattern, i.e. a
suitably large elementary volume around the Earth and another elementary
volume of the same size elsewhere will have little dierene. This suitable
sale is atually ≈ 108 light years, slightly larger than the typial size of a
luster of galaxies. In Cosmology one wants to deal with sales larger than
that and to desribe the universe as a whole. Therefore, as far as Cosmology
is onerned the universe an be very well desribed as homogeneous and
isotropi.
To make the above statement useful from a quantitative point of view, we
have to turn it into an idealized assumption about the matter and geometry
of the Universe. Note that the universe is assumed to be spatially homoge-
neous and isotropi at eah instant of osmi time. In more rigorous terms,
we are talking about homogeneity on eah one of a set of 3-dimensional
spae-like hypersurfaes. For the matter, we assume a perfet uid desrip-
tion and these spaelike hypersurfaes are dened in terms of a family of
fundamental observers who are omoving with this perfet uid and who
an synhronise their omoving loks so as to measure the universal osmi
time. The matter ontent of the universe is then just desribed by two pa-
rameters, a uniform density ρ and a uniform pressure p, as if the matter in
stars and atoms is sattered through spae. For the geometry we idealize
the urvature of spae to be everywhere the same.
Let us proeed by imposing these assumption on the equation desribing
gravity and very briey review the derivation of the equations governing the
dynamis of the universe, namely the Friedmann equations. We refer the
reader to standard textbooks for a more detailed disussion of the preise
geometri denitions of homogeneity and isotropy and their impliations for
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the form of the metri (e.g. [11℄). Additionally, for what omes next, the
reader is assumed to be aquainted with the basis of General Relativity,
some of whih will also be reviewed in the next hapter.
Einstein's equation has the following form
Gµν = 8π GTµν , (1.1)
where
Gµν ≡ Rµν − 1
2
Rgµν (1.2)
is the Einstein tensor and Rµν and R are the Rii tensor and Rii salar
of the metri gµν . G is the gravitational onstant and Tµν is the matter
stress-energy tensor. Under the assumptions of homogeneity and isotropy,
the metri an take the form
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2(θ)dφ2
]
, (1.3)
known as the Friedmann-Lemaître-Robertson-Walker metri (FLRW). k =
−1, 0, 1 aording to whether the universe is hyperspherial (losed), spa-
tially at, or hyperboli (open) and a(t) is alled the sale fator2. Inserting
this metri into eq. (1.1) and taking into aount that for a perfet uid
T µν = (ρ+ p)uµuν + p gµν , (1.4)
where uµ denotes the four-veloity of an observer omoving with the uid
and ρ and p are the energy density and the pressure of the uid, one gets
the following equations(
a˙
a
)2
=
8π Gρ
3
− k
a2
, (1.5)
a¨
a
= −4π G
3
(ρ+ 3p) , (1.6)
where an overdot denotes dierentiation with respet to oordinate time t.
Eqs. (1.5) and (1.6) are alled the Friedmann equations. By imposing
homogeneity and isotropy as harateristis of the universe that remain un-
hanged with time on suitably large sales we have impliitly restrited any
evolution to aet only one remaining harateristi: its size. This is the
reason why the Friedmann equations are equations for the sale fator, a(t),
2
The traditional osmologial language of losed/at/open is inaurate and quite
misleading and, therefore, should be avoided. Even if one ignores the possibility of non-
standard topologies, the k = 0 spatially at 3-manifold is, in any sensible use of the word,
open. If one allows nonstandard topologies (by modding out by a suitable symmetry
group) then there are, in any sensible use of the word, losed k = 0 spatially at 3-
manifolds (tori), and also losed k = −1 hyperboli 3-manifolds. Finally the distintion
between at and spatially at is important, and obsuring this distintion is dangerous.
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whih is a measure of the evolution of the size of any length sale in the
universe. Eq. (1.5), being an equation in a˙, tells us about the veloity of
the expansion or ontration, whereas eq. (1.6), whih involves a¨, tells us
about the aeleration of the expansion or the ontration. Aording to the
Big Bang senario, the universe starts expanding with some initial veloity.
Setting aside the ontribution of the k-term for the moment, eq. (1.5) im-
plies that the universe will ontinue to expand as long as there is matter in
it. Let us also take into onsideration the ontribution of the k-term, whih
measures the spatial urvature and in whih k takes the values −1, 0, 1. If
k = 0 the spatial part of the metri (1.3) redues to a at metri expressed in
spherial oordinates. Therefore, the universe is spatially at and eq. (1.5)
implies that it has to beome innite, with ρ approahing zero, in order for
the expansion to halt. On the other hand, if k = 1 the expansion an halt
at a nite density at whih the matter ontribution is balaned by the k-
term. Therefore, at a nite time the universe will stop expanding and will
re-ollapse. Finally for k = −1 one an see that even if matter is ompletely
dissolved, the k-term will ontinue to pump the expansion whih means
that the latter an never halt and the universe will expand forever.
Let us now fous on eq. (1.6) whih, as already mentioned, governs the
aeleration of the expansion. Notie that k does not appear in this equation,
i.e. the aeleration does not depend on the harateristis of the spatial
urvature. Eq. (1.6) reveals what would be expeted by simple intuition:
that gravity is always an attrative fore. Let us see this in detail. The
Newtonian analogue of eq. (1.6) would be
a¨
a
= −4π G
3
ρ, (1.7)
where ρ denotes the matter density. Due to the minus sign on the right
hand side and the positivity of the density, this equation implies that the
expansion will always be slowed by gravity.
The presene of the pressure term in eq. (1.6) is simply due to the fat
that in General Relativity, it is not simply matter that gravitates but atually
energy and therefore the pressure should be inluded. For what ould be
alled ordinary matter (e.g. radiation, dust, perfet uids, et.) the pressure
an be expeted to be positive, as with the density. More preisely, one ould
ask that the matter satises the four energy onditions [12℄:
1. Null Energy Condition: ρ+ p ≥ 0,
2. Weak Energy Condition: ρ ≥ 0, ρ+ p ≥ 0,
3. Strong Energy Condition: ρ+ p ≥ 0, ρ+ 3p ≥ 0,
4. Dominant Energy Condition: ρ ≥ |p|.
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We give these onditions here in terms of the omponents of the stress-
energy tensor of a perfet uid but they an be found in a more generi
form in [12℄. Therefore, one positivity of the pressure or the validity of the
Strong Energy Condition is assumed, gravity remains always an attrative
fore also in General Relativity
3
.
To sum up, even without attempting to solve the Friedmann equations,
we have already arrived at a well-established onlusion: One we assume,
aording to the Big Bang senario, that the universe is expanding, then,
aording to General Relativity and with ordinary matter onsiderations,
this expansion should always be deelerated. Is this what atually happens
though?
1.3.2 The rst need for aeleration
We derived the Friedmann equations using two assumptions: homogeneity
and isotropy of the universe. Both assumptions seem very reasonable on-
sidering how the universe appears to be today. However, there are always
the questions of why does the universe appear to be this way and how did it
arrive at its present form through its evolution. More importantly though,
one has to onsider whether the desription of the universe by the Big Bang
model and the Friedmann equations is self-onsistent and agrees not only
with a rough piture of the universe but also with the more preise urrent
piture of it.
Let us put the problem in more rigorous terms. First of all one needs
to larify what is meant by universe. Given that the speed of light (and
onsequently of any signal arrying information) is nite and adopting the
Big Bang senario, not every region of spaetime is aessible to us. The
age of the universe sets an upper limit for the largest distane from whih
a point in spae may have reeived information. This is what is alled a
partile horizon and its size hanges with time. What we refer to as the
universe is the part of the universe ausally onneted to us  the part in-
side our partile horizon. What happens outside this region is inaessible
to us but more importantly it does not aet us, at least not diretly. How-
ever, it is possible to have two regions that are both aessible and ausally
onneted to us, or to some other observer, but are not ausally onneted
with eah other. They just have to be inside our partile horizon without
being inside eah other's partile horizons. It is intuitive that regions that
are ausally onneted an be homogeneous  they have had the time to
interat. However, homogeneity of regions whih are not ausally onneted
would have to be attributed to some initial homogeneity of the universe sine
3
When quantum eets are taken into aount, one or more of the energy onditions
an be violated, even though a suitably averaged version may still be satised. However,
there are even lassial elds that an violate the energy onditions, as we will see latter
on.
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loal interations annot be eetive for produing this.
The piture of the universe that we observe is indeed homogeneous and
isotropi on sales larger than we would expet based on our alulation
regarding its age and ausality. This problem was rst posed in the late
1960s and has been known as the horizon problem [11, 13℄. One ould look
to solve it by assuming that the universe is perhaps muh older and this
is why in the past the horizon problem has also been reformulated in the
form of a question: how did the universe grow to be so old? However, this
would require the age of the universe to dier by orders of magnitude from
the value estimated by observations. So the homogeneity of the universe, at
least at rst sight and as long as we believe in the osmologial model at
hand, appears to be built into the initial onditions.
Another problem, whih is similar and appeared at the same time, is
the atness problem. To pose it rigorously let us return to the Friedmann
equations and more speially to eq. (1.5). The Hubble parameter H is
dened as H = a˙/a. We an use it to dene what is alled the ritial
density
ρc =
3H2
8π G
, (1.8)
whih is the density whih would make the 3-geometry at. Finally, we an
use the ritial density in order to reate the dimensionless frations
Ω =
ρ
ρc
, (1.9)
Ωk = − k
a2H2
. (1.10)
It is easy to verify from eq. (1.5) that
Ω+ Ωk = 1. (1.11)
As dimensionless quantities, Ω and Ωk are measurable, and by the 1970s it
was already known that the urrent value of Ω appears to be very lose to 1
(see for example [14℄). Extrapolating into the past reveals that Ω would have
had to be even loser to 1, making the ontribution of Ωk, and onsequently
of the k-term in eq. (1.5), exponentially small.
The name atness problem an be slightly misleading and therefore it
needs to be laried that the value of k obviously remains unaeted by the
evolution. To avoid misoneptions it is therefore better to formulate the
atness problems in terms of Ω itself. The fat that Ω seems to be taking a
value so lose to the ritial one at early times is not a onsequene of the
evolution and one more, as happened with the horizon problem, it appears
as a strange oinidene whih an only be attributed to some ne tuning of
the initial onditions.
But is it reasonable to assume that the universe started in suh a ho-
mogeneous state, even at sales that where not ausally onneted, or that
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its density was dramatially lose to its ritial value without any apparent
reason? Even if the universe started with extremely small inhomogeneities
it would still not present suh a homogeneous piture urrently. Even if
shortomings like the horizon and atness problems do not onstitute logial
inonsistenies of the standard osmologial model but rather indiate that
the present state of the universe depends ritially on some initial state, this
is denitely a feature that many onsider undesirable.
So, by the 1970s Cosmology was faing new hallenges. Early attempts
to address these problems involved implementing a reurring or osillatory
behaviour for the universe and therefore were departing from the standard
ideas of osmologial evolution [15, 16, 17℄. This problem also triggered
Charles W. Misner to propose the Mixmaster Universe (Bianhi type IX
metri), in whih a haoti behaviour was supposed to ultimately lead to
statistial homogeneity and isotropy [18℄. However, all of these ideas have
proved to be non-viable desriptions of the observed universe.
A possible solution ame in the early 1980s when Alan Guth proposed
that a period of exponential expansion ould be the answer [19℄. The main
idea is quite simple: an exponential inrease of the sale fator a(t) implies
that the Hubble parameter H remains onstant. On the other hand, one
an dene the Hubble radius c/H(t) whih, roughly speaking, is a measure
of the radius of the observable universe at a ertain time t. Then, when a(t)
inreases exponentially, the Hubble radius remains onstant, whereas any
physial length sale inreases exponentially in size. This implies that in a
short period of time, any lengthsale whih ould, for example, be the dis-
tane between two initially ausally onneted observers, an beome larger
than the Hubble radius. So, if the universe passed through a phase of very
rapid expansion, then the part of it that we an observe today may have
been signiantly smaller at early times than what one would naively alu-
late using the Friedmann equations. If this period lasted long enough, then
the observed universe ould have been small enough to be ausally onneted
at the very early stage of its evolution. This rapid expansion would also drive
Ωk to zero and onsequently Ω to 1 today, due to the very large value that the
sale fator a(t) would urrently have, ompared to its initial value. Addi-
tionally, suh a proedure is very eient in smoothing out inhomogeneities,
sine the physial wavelength of a perturbation an rapidly grow to be larger
than the Hubble radius. Thus, both of the problems mentioned above seem
to be eetively addressed.
Guth was not the only person who proposed the idea of an aelerated
phase and some will argue he was not even the rst. Contemporaneously
with him, Alexei Starobinski had proposed that an exponential expansion
ould be triggered by quantum orretions to gravity and provide a meha-
nism to replae the initial singularity [20℄. There are also earlier proposals
whose spirit is very similar to that of Guth, suh as those by Demosthenes
Kazanas [21℄, Katsuhiko Sato [22℄ and Robert Brout et al. [23℄. However,
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Guth's name is the one most related with these idea sine he was the rst
to provide a oherent and omplete piture on how an exponential expan-
sion ould address the osmologial problems mentioned above. This period
of aelerated expansion is known as ination, a terminology borrowed from
eonomis due to the apparent similarity between the growth of the sale fa-
tor in Cosmology and the growth of pries during an inationary period. To
be more preise, one denes as ination any period in the osmi evolution
for whih
a¨ > 0. (1.12)
However, a more detailed disussion reveals that an exponential expan-
sion, or at least quasi-exponential sine what is really needed is that the
physial sales inrease muh more rapidly than the Hubble radius inreases,
is not something trivial to ahieve. As disussed in the previous setion, it
does not appear to be easy to trigger suh an era in the evolution of the uni-
verse, sine aelerated expansion seems impossible aording to eq. (1.6), as
long as both the density and the pressure remain positive. In other words,
satisfying eq. (1.12) requires
(ρ+ 3p) < 0⇒ ρ < −3p, (1.13)
and assuming that the energy density annot be negative, ination an only
be ahieved if the overall pressure of the ideal uid whih we are using to
desribe the universe beomes negative. In more tehnial terms, eq. (1.13)
implies the violation of the Strong Energy Condition [12℄.
It does not seem possible for any kind of baryoni matter to satisfy
eq. (1.13), whih diretly implies that a period of aelerated expansion in
the universe evolution an only be ahieved within the framework of General
Relativity if some new form of matter eld with speial harateristis is
introdued. Before presenting any senario of this sort though, let us resort
to observations to onvine ourselves about whether suh a osmologial era
is indeed neessary.
1.3.3 Cosmologial and Astronomial Observations
In reviewing the early theoretial shortomings of the Big Bang evolution-
ary model of the universe we have seen indiations for an inationary era.
The best way to onrm those indiations is probably to resort to the ob-
servational data at hand for having a veriation. Fortunately, there are
urrently very powerful and preise observations that allow us to look bak
to very early times.
A typial example of suh observations is the Cosmi Mirowave Bak-
ground Radiation (CMBR). In the early universe, baryons, photons and
eletrons formed a hot plasma, in whih the mean free path of a photon
was very short due to onstant interations of the photons with the plasma
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through Thomson sattering. However, due to the expansion of the universe
and the subsequent derease of temperature, it subsequently beame ener-
getially favourable for eletrons to ombine with protons to form hydrogen
atoms (reombination). This allowed photons to travel freely through spae.
This deoupling of photons from matter is believed to have taken plae at a
redshift of z ∼ 1088, when the age of the universe was about 380, 000 years
old or approximately 13.7 billion years ago. The photons whih left the
last sattering surfae at that time, then travelled freely through spae and
have ontinued ooling sine then. In 1965 Penzias and Wilson notied that
a Dike radiometer whih they were intending to use for radio astronomy
observations and satellite ommuniation experiments had an exess 3.5K
antenna temperature whih they ould not aount for. They had, in fat,
deteted the CMBR, whih atually had already been theoretially predited
in 1948 by George Gamow. The measurement of the CMBR, apart from giv-
ing Penzias and Wilson a Nobel prize publiation [24℄, was also to beome
the number one veriation of the Big Bang model.
Later measurements showed that the CMBR has a blak body spe-
trum orresponding to approximately 2.7 K and veries the high degree of
isotropy of the universe. However, it was soon realized that attention should
be foused not on the overall isotropy, but on the small anisotropies present
in the CMBR, whih reveal density utuations [25, 26℄. This triggered a
numbered of experiments, suh as COBE, Too, BOOMERanG and MAX-
IMA [27, 28, 29, 30, 31, 32℄. The most reent one is the Wilkinson Mirowave
Anisotropy Probe (WMAP) [33℄ and there are also new experiments planned
for the near future, suh as the Plank mission [34℄.
The density utuations indiated by the small anisotropies in the tem-
perature of CMBR are believed to at as seeds for gravitational ollapse,
leading to gravitationally bound objets whih onstitute the large sale
matter strutures urrently present in the universe [35℄. This allows us to
build a oherent senario about how these strutures were formed and to
explain the urrent small sale inhomogeneities and anisotropies. Besides
the CMBR, whih gives information about the initial anisotropies, one an
resort to galaxy surveys for omplementary information. Current surveys
determining the distribution of galaxies inlude the 2 degree Field Galaxy
Redshift Survey (2dF GRS) [36℄ and the ongoing Sloan Digital Sky Survey
(SDSS) [37℄. There are also other methods used to measure the density
variations suh as gravitational lensing [38℄ and X-ray measurements [39℄.
Besides the CMBR and Large Sale Struture surveys, another lass of
observations that appears to be of speial interest in Cosmology are those
of type Ia supernovae. These exploding stellar objets are believed to be
approximately standard andles, i.e. astronomial objets with known lu-
minosity and absolute magnitude. Therefore, they an be used to reveal
distanes, leading to the possibility of forming a redshift-distane relation
and thereby measuring the expansion of the universe at dierent redshifts.
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For this purpose, there are a number of supernova surveys [40, 41, 42℄.
But let us return to how we an use the outome of the experimental
measurements mentioned above in order to infer whether a period of ael-
erated expansion has ourred. The most reent CMBR dataset is that of
the Three-Year WMAP Observations [43℄ and results are derived using om-
bined WMAP data and data from supernova and galaxy surveys in many
ases. To begin with, let us fous on the value of Ωk. The WMAP data
(ombined with Supernova Legay Survey data [41℄) indiates that
Ωk = −0.015+0.020−0.016, (1.14)
i.e. that Ω is very lose to unity and the universe appears to be spatially
at, while the power spetrum of the CMBR appears to be onsistent with
gaussianity and adiabatiity [44, 45℄. Both of these fats are in perfet
agreement with the preditions of the inationary paradigm.
In fat, even though the theoretial issues mentioned in the previous
paragraph (i.e. the horizon and the atness problem) were the motivations
for introduing the inationary paradigm, it is the possibility of relating
large sale struture formation with initial quantum utuations that ap-
pears today as the major advantage of ination [46℄. Even if one would
hoose to dismiss, or nd another way to address, problems related to the
initial onditions, it is very diult to onstrut any other theory whih
ould suessfully explain the presene of over-densities with values suit-
able for leading to the present piture of our universe at smaller sales [35℄.
Therefore, even though it might be premature to laim that the inationary
paradigm has been experimentally veried, it seems that the evidene for
there having been a period of aelerated expansion of the universe in the
past is very ompelling.
However, observational data hold more surprises. Even though Ω is mea-
sured to be very lose to unity, the ontribution of matter to it, Ωm, is only
of the order of 24%. Therefore, there seems to be some unknown form of
energy in the universe, often alled dark energy. What is more, observa-
tions indiate that, if one tries to model dark energy as a perfet uid with
equation of state p = wρ then
wde = −1.06+0.13−0.08, (1.15)
so that dark energy appears to satisfy eq. (1.13). Sine it is the dominant
energy omponent today, this implies that the universe should be undergoing
an aelerated expansion urrently as well. This is also what was found
earlier using supernova surveys [40℄.
As is well known, between the two periods of aeleration (ination
and the urrent era) the other onventional eras of evolutionary Cosmology
should take plae. This means that ination should be followed by Big Bang
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Nuleosynthesis (BBN), referring to the prodution of nulei other than hy-
drogen. There are very strit bounds on the abundanes of primordial light
elements, suh as deuterium, helium and lithium, oming from observations
[47℄ whih do not seem to allow signiant deviations from the standard os-
mologial model [48℄. This implies that BBN almost ertainly took plae
during an era of radiation domination, i.e. a period in whih radiation was
the most important ontribution to the energy density. On the other hand,
the formation of matter strutures requires that the radiation dominated
era is followed by a matter dominated era. The transition, from radiation
domination to matter domination, omes naturally sine the matter energy
density is inversely proportional to the volume and, therefore, proportional
to a−3, whereas the radiation energy density is proportional to a−4 and so
it dereases faster than the matter energy density as the universe expands.
To sum up, our urrent piture of the evolution of the universe as inferred
from observations omprises a pre-inationary (probably quantum gravita-
tional) era followed by an inationary era, a radiation dominated era, a
matter dominated era and then a seond era of aelerated expansion whih
is urrently taking plae. Suh an evolution departs seriously from the one
expeted if one just takes into aount General Relativity and onventional
matter and therefore appears to be quite unorthodox.
But puzzling observations do not seem to stop here. As mentioned before,
Ωm aounts for approximately 24% of the energy density of the universe.
However, one also has to ask how muh of this 24% is atually ordinary
baryoni matter. Observations indiate that the ontribution of baryons
to that, Ωb, is of the order of Ωb ∼ 0.04 leaving some 20% of the total
energy ontent of the universe and some 83% of the matter ontent to be
aounted for by some unknown unobserved form of matter, alled dark
matter. Dierently from dark energy, dark matter has the gravitational
harateristis of ordinary matter (hene the name) and does not violate
the Strong Energy Condition. However, it is not diretly observed sine it
appears to interat very weakly if at all.
The rst indiations for the existene of dark matter did not ome from
Cosmology. Historially, it was Fritz Zwiky who rst posed the missing
mass question for the Coma luster of galaxies [49, 50℄ in 1933. After ap-
plying the virial theorem in order to ompute the mass of the luster needed
to aount for the motion of the galaxies near to its edges, he ompared this
with the mass obtained from galaxy ounts and the total brightness of the
luster. The virial mass turned out to be larger by a fator of almost 400.
Later, in 1959, Kahn and Waljter were the rst to propose the presene
of dark matter in individual galaxies [51℄. However, it was in the 1970s that
the rst ompelling evidene for the existene of dark matter ame about:
the rotation urves of galaxies, i.e. the veloity urves of stars as funtions
of the radius, did not appear to have the expeted shapes. The veloities,
instead of dereasing at large distanes as expeted from Keplerian dynamis
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and the fat that most of the visible mass of a galaxy is loated near to its
entre, appeared to be at [52, 53, 54℄. As long as Keplerian dynamis
are onsidered orret, this implies that there should be more matter than
just the luminous matter, and this additional matter should have a dierent
distribution within the galaxy (dark matter halo).
Muh work has been done in the last 35 years to analyse the problem of
dark matter in astrophysial environments (for reent reviews see [55, 56, 57℄)
and there are also reent ndings, suh as the observations related to the
Bullet Cluster, that deserve a speial mention
4
. The main onlusion that
an be drawn is that some form of dark matter is present in galaxies and
lusters of galaxies. What is more, taking also into aount the fat that
dark matter appears to greatly dominate over ordinary baryoni matter at
osmologial sales, it is not surprising that urrent models of struture
formation onsider it as a main ingredient (e.g. [59℄).
1.3.4 The Cosmologial Constant and its problems
We have just seen some of the main harateristis of the universe as inferred
from observations. Let us now set aside for the moment the disussion of the
earlier epohs of the universe and ination and onentrate on the harater-
isti of the universe as it appears today: it is probably spatially at (Ωk ∼ 0),
expanding in a aelerated manner as onrmed both from supernova surveys
and WMAP, and its matter energy omposition onsists of approximately
76% dark energy, 20% dark matter and only 4% ordinary baryoni matter.
One has to admit that this piture is not only surprising but maybe even
embarrassing, sine it is not at all lose to what one would have expeted
based on the standard osmologial model and what is more it reveals that
almost 96% of the energy ontent of the universe has a omposition whih
is unknown to us.
In any ase, let us see whih is the simplest model that agrees with the
observational data. To begin with, we need to nd a simple explanation for
the aelerated expansion. The rst physiist to onsider a universe whih
exhibits an aelerated expansion was probably Willem de Sitter [60℄. A de
Sitter spae is the maximally symmetri, simply-onneted, Lorentzian man-
ifold with onstant positive urvature. It may be regarded as the Lorentzian
analogue of an n-sphere in n dimensions. However, the de Sitter spaetime
is not a solution of the Einstein equations, unless one adds a osmologial
onstant Λ to them, i.e. adds on the left hand side of eq. (1.1) the term Λgµν .
Suh a term was not inluded initially by Einstein, even though this is
tehnially possible sine, aording to the reasoning whih he gave for ar-
riving at the gravitational eld equations, the left hand side has to be a
4
Weak lensing observations of the Bullet luster (1E0657-558), whih is atually a
unique luster merger, appear to provide diret evidene for the existene of dark matter
[58℄.
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seond rank tensor onstruted from the Rii tensor and the metri, whih
is divergene free. Clearly, the presene of a osmologial onstant does not
ontradit these requirements. In fat, Einstein was the rst to introdue the
osmologial onstant, thinking that it would allow him to derive a solution
of the eld equations desribing a stati universe [61℄. The idea of a stati
universe was then rapidly abandoned however when Hubble disovered that
the universe is expanding and Einstein appears to have hanged his mind
about the osmologial onstant: Gamow quotes in his autobiography, My
World Line (1970): Muh later, when I was disussing osmologial prob-
lems with Einstein, he remarked that the introdution of the osmologial
term was the biggest blunder of his life and Pais quotes a 1923 letter of
Einstein to Weyl with his reation to the disovery of the expansion of the
universe: If there is no quasi-stati world, then away with the osmologial
term! [62℄.
In any ase, one the osmologial term is inluded in the Einstein equa-
tions, de Sitter spae beomes a solution. Atually, the de Sitter metri an
be brought into the form of the FLRW metri in eq. (1.3) with the sale
fator and the Hubble parameter given by
5
.
a(t) = eH t, (1.16)
H2 =
8π G
3
Λ. (1.17)
This is sometimes referred to as the de Sitter universe and it an be seen
that it is expanding exponentially.
The de Sitter solution is a vauum solution. However, if we allow the
osmologial term to be present in the eld equations, the Friedmann equa-
tions (1.5) and (1.6) will be modied so as to inlude the de Sitter spaetime
as a solution: (
a˙
a
)2
=
8πGρ+ Λ
3
− k
a2
, (1.18)
a¨
a
=
Λ
3
− 4π G
3
(ρ+ 3p) . (1.19)
From eq. (1.19) one infers that the universe an now enter a phase of a-
elerated expansion one the osmologial onstant term dominates over the
matter term on the right hand side. This is bound to happen sine the value
of the osmologial onstant stays unhanged during the evolution, whereas
the matter density dereases like a3. In other words, the universe is bound
to approah a de Sitter spae asymptotially in time.
5
Note that de Sitter spae is an example of a manifold that an be slied in 3 ways
 k = +1, k = 0, k = −1  with eah oordinate path overing a dierent portions of
spaetime. We are referring here just to the k = 0 sliing for simpliity.
1.3. THE COSMOLOGICAL AND ASTROPHYSICAL RIDDLES 19
On the other hand Ω in eq. (1.11) an now be split in two dierent
ontributions, ΩΛ = Λ/(3H
2) and Ωm, so that eq. (1.11) takes the form
Ωm +ΩΛ +Ωk = 1. (1.20)
In this sense, the observations presented previously an be interpreted to
mean that ΩΛ ∼ 0.72 and the osmologial onstant an aount for the
mysterious dark energy responsible for the urrent aelerated expansion.
One should not fail to notie that Ωm does not only refer to baryons. As
mentioned before, it also inludes dark matter, whih is atually the dom-
inant ontribution. Currently, dark matter is mostly treated as being old
and not baryoni, sine these harateristis appear to be in good aordane
with the data. This implies that, apart from the gravitational interation,
it does not have other interations  or at least that it interats extremely
weakly  and an be regarded as ollisionless dust, with an eetive equa-
tion of state p = 0 (we will return to the distintion between old and hot
dark matter shortly).
We have skethed our way to what is referred to as the Λ Cold Dark
Matter or ΛCDM model. This is a phenomenologial model whih is some-
times also alled the onordane model of Big Bang Cosmology, sine it is
more of an empirial t to the data. It is the simplest model that an t
the osmi mirowave bakground observations as well as large sale stru-
ture observations and supernova observations of the aelerating expansion
of the universe with a remarkable agreement (see for instane [43℄). As a
phenomenologial model, however, it gives no insight about the nature of
dark matter, or the reason for the presene of the osmologial onstant,
neither does it justify the value of the latter.
While it seems easy to onvine someone that an answer is indeed re-
quired to the question what exatly is dark matter and why is it almost
9 times more abundant than ordinary matter, the presene of the osmo-
logial onstant in the eld equations might not be so disturbing for some.
Therefore, let us for the moment put aside the dark matter problem  we
will return to it shortly  and onsider how natural it is to try to explain
the dark energy problem by a osmologial onstant (see [63, 64, 65, 66℄ for
reviews).
It has already been mentioned that there is absolutely no reason to dis-
ard the presene of a osmologial onstant in the eld equations from a
gravitational and mathematial perspetive. Nonetheless, it is also reason-
able to assume that there should be a theoretial motivation for inluding
it  after all there are numerous modiations that ould be made to the
left hand side of the gravitational eld equation and still lead to a onsistent
theory from a mathematial perspetive and we are not aware of any other
theory that inludes more than one fundamental onstant. On the other
hand, it is easy to see that the osmologial term an be moved to the right
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hand side of the eld equations with the opposite sign and be regarded as
some sort of matter term. It an then be put into the form of a stress-energy
tensor T µν = diag(Λ,−Λ,−Λ,−Λ), i.e. resembling a perfet uid with equa-
tion of state p = −ρ or w = −1. Notie the very good agreement with
the value of wde inferred from observations (eq. (1.15)), whih explains the
suess of the ΛCDM model.
One the osmologial onstant term is onsidered to be a matter term,
a natural explanation for it seems to arise: the osmologial onstant an
represent the vauum energy assoiated with the matter elds. One should
not be surprised that empty spae has a non-zero energy density one, apart
from General Relativity, eld theory is also taken into onsideration. Atu-
ally, Loal Lorentz Invariane implies that the expetation value of the stress
energy tensor in vauum is
〈Tµν〉 = −〈ρ〉gµν , (1.21)
and 〈ρ〉 is generially non-zero. To demonstrate this, we an take the simple
example of a salar eld [67℄. Its energy density will be
ρφ =
1
2
φ˙2 +
1
2
(∇
sp
φ)2 + V (φ), (1.22)
where ∇
sp
denotes the spatial gradient and V (φ) is the potential. The energy
density will beome onstant for any onstant value φ = φ0 and there is no
reason to believe that for φ = φ0, V (φ0) should be zero. One ould in general
assume that there is some priniple or symmetry that ditates it, but nothing
like this has been found up to now. So in general one should expet that
matter elds have a non-vanishing vauum energy, i.e. that 〈ρ〉 is non-zero.
Within this perspetive, eetively there should be a osmologial on-
stant in the eld equations, given by
Λ = 8π G〈ρ〉. (1.23)
One ould, therefore, think to use the Standard Model of partile physis
in order to estimate its value. Unfortunately, however, 〈ρ〉 atually diverges
due to the ontribution of very high-frequeny modes. No reliable exat
alulation an be made but it is easy to make a rough estimate one a
uto is onsidered (see for instane [11, 67℄). Taking the uto to be the
Plank sale (M
Plank
= 1018 GeV), whih is a typial sale at whih the
validity of lassial gravity is beoming questionable, the outome is
ρΛ ∼ (1027 eV)4. (1.24)
On the other hand, observations indiate that
ρΛ ∼ (10−3 eV)4. (1.25)
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Obviously the disrepany between these two estimates is very large for being
attributed to any rough approximation. There is a dierene of 120-orders-
of-magnitude, whih is large enough to be onsidered embarrassing. One
ould validly laim that we should not be omparing energy densities but
mass sales by onsidering a mass sale for the vauum impliitly dened
through ρΛ = M
4
Λ. However, this will not really make a dierene, sine
a 30-orders-of-magnitude disrepany in mass sale hardly makes a good
estimate. This onstitutes the so-alled osmologial onstant problem.
Unfortunately, this is not the only problem related to the osmologial
onstant. The other known problem goes under the name of the oinidene
problem. It is apparent from the data that ΩΛ ∼ 0.72 and Ωm ∼ 0.28 have
omparable values today. However, as the universe expands their frational
ontributions hange rapidly sine
ΩΛ
Ωm
=
ρΛ
ρm
∝ a3. (1.26)
Sine Λ is a onstant, ρΛ should one have been negligible ompared to the
energy densities of both matter and radiation and, as ditated by eq. (1.26),
it will ome to dominate ompletely at some point in the late time universe.
However, the striking fat is that the period of transition between matter
domination and osmologial onstant domination is very short ompared
to osmologial time sales
6
. The puzzle is, therefore, why we live preisely
in this very speial era [67℄. Obviously, the transition from matter domi-
nation to osmologial onstant domination, or, alternatively stated, from
deeleration to aeleration, would happen eventually. The question is, why
now?
To sum up, inluding a osmologial onstant in the eld equations ap-
pears as an easy way to address issues like the late time aelerated expansion
but unfortunately it omes with a prie: the osmologial onstant and oin-
idene problems. We will return to this disussion from this point later on
but for the moment let us lose the present setion with an overall omment
about the ΛCDM model. Its value should denitely not be underestimated.
In spite of any potential problems that it may have, it is still a remarkable
t to observational data while at the same time being elegantly simple. One
should always bear in mind how useful a simple empirial t to the data may
be. On the other hand, the ΛCDM model should also not be over-estimated.
Being a phenomenologial model, with poor theoretial motivation at the
moment, one should not neessarily expet to disover in it some fundamen-
tal serets of nature.
6
Note that in the presene of a positive osmologial onstant there is an innite future
in whih Λ is dominating.
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1.4 Is there a way out?
In the previous setions, some of the most prominent problems of ontempo-
rary physis were presented. As one would expet, sine these questions were
initially posed, many attempts to address one or more of them have been
pursued. These problems may be viewed as being unrelated to eah other, or
grouped in dierent ategories at will. For instane, one ould follow a broad
researh eld grouping, muh like the one attempted in the previous setion,
dividing them into problems related with Cosmology and problems related
with high energy physis, or group them aording to whether they refer to
unexplained observations or theoretial shortomings. In any ase there is
one ommon denominator in all of these problems. They are all somehow
related to gravity.
The way in whih one hooses to group or divide these problems pro-
poses a natural path to follow for their solution. In this setion let us very
briey review some of the most well-known and onventional solutions pro-
posed in the literature, whih mainly assume that all or at least most of
these issues are unrelated. Then we an proeed to argue why and how the
appearane of so many yet to be explained puzzles related to gravity and
General Relativity may imply that there is something wrong with our ur-
rent understanding of the gravitational interation even at a lassial level,
resembling the historially reorded transition from Newtonian gravity to
General Relativity desribed in setion 1.1. With that we will onlude this
introdutory hapter.
1.4.1 Salar elds as matter elds in Cosmology
We have already disussed the need for an inationary period in the early
universe. However, we have not yet attempted to trae the ause of suh an
aelerated expansion. Sine the presene of a osmologial onstant ould
in priniple aount for that, one is tempted to explore this possibility, as
in the ase of late time aeleration. Unfortunately, this simple solution is
bound not to work for a very simple reason: one the osmologial onstant
dominates over matter there is no way for matter to dominate again. In-
ation has to end at some point, as already mentioned, so that Big Bang
Nuleosynthesis and struture formation an take plae. Our presene in the
universe is all the evidene one needs for that. Therefore, one is fored to
seek other, dynamial solutions to this problem.
As long as one is onvined that gravity is well desribed by General
Relativity, the only option left is to assume that it is a matter eld that
is responsible for ination. However, this matter eld should have a rather
unusual property: its eetive equation of state should satisfy eq. (1.13),
i.e. it should have a negative pressure and atually violate the Strong Energy
Condition. Fortunately, matter elds with this property do exist. A typial
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simple example is a salar eld φ.
A salar eld minimally oupled to gravity, satises the KleinGordon
equation
∇2φ+ V ′(φ) = 0, (1.27)
where ∇µ denotes the ovariant derivative, ∇2 ≡ ∇µ∇µ, V (φ) is the poten-
tial and the prime denotes partial dierentiation with respet to the argu-
ment. Assuming that the salar eld is homogeneous and therefore φ ≡ φ(t)
we an write its energy density and pressure as
ρφ =
1
2
φ˙2 + V (φ), (1.28)
pφ =
1
2
φ˙2 − V (φ), (1.29)
while, in a FLRW spaetime, eq. (1.27) takes the following form:
φ¨+ 3Hφ˙+ V ′(φ) = 0. (1.30)
It is now apparent that if φ˙2 < V (φ) then the pressure is indeed negative.
In fat wφ = pφ/ρφ approahes −1 when φ˙2 ≪ V (φ).
In general a salar eld that leads to ination is referred to as the inaton.
Sine we invoked suh a eld instead of a osmologial onstant, laiming that
in this way we an suessfully end ination, let us see how this is ahieved.
Assuming that the salar dominates over both matter and radiation and
negleting for the moment the spatial urvature term for simpliity, eq. (1.5)
takes the form
H2 ≈ 8π G
3
(
1
2
φ˙2 + V (φ)
)
. (1.31)
If, together with the ondition φ˙2 < V (φ), we require that φ¨ is negligible in
eq. (1.30) then eqs. (1.31) and (1.30) redue to
H2 ≈ 8π G
3
V (φ), (1.32)
3Hφ˙ ≈ −V ′(φ). (1.33)
This onstitutes the slow-roll approximation sine the potential terms are
dominant with respet to the kineti terms, ausing the salar to roll slowly
from one value to another. To be more rigorous, one an dene two slow-roll
parameters
ǫ(φ) = 4π G
(
V ′
V
)2
, (1.34)
η(φ) = 8π G
V ′′
V
, (1.35)
for whih the onditions ǫ(φ)≪ 1 and η(φ)≪ 1 are neessary in order for the
slow-roll approximation to hold [68, 69℄. Note that these are not suient
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onditions sine they only restrit the form of the potential. One also has
to make sure that eq. (1.33) is satised. In any ase, what we want to fous
on at this point is that one an start with a salar that initially satises the
slow-roll onditions but, after some period, φ an be driven to suh a value
so as to violate them. A typial example is that of V (φ) = m2φ2/2, where
these onditions are satised as long as φ2 > 16π G but, as φ approahes the
minimum of the potential, a point will be reahed where φ2 > 16π G will
ease to hold. One the slow-roll onditions are violated, ination an be
naturally driven to an end sine φ˙2 an begin to dominate again in eq. (1.29).
However, just ending ination is not enough. After suh an era the
universe would be a old and empty plae unable to evolve dynamially to
anything lose to the piture whih we observe today. A viable model for
ination should inlude a mehanism that will allow the universe to return
to the standard Big Bang senario. This mehanism is alled reheating
and onsists mainly of three proesses: a period of non-inationary salar
eld dynamis, after the slow-roll approximation has eased to be valid,
the reation and deay of inaton partiles and the thermalization of the
produts of this deay [35℄. Reheating is an extensive and intriate subjet
and analyzing it goes beyond the sope of this introdution. We refer the
reader to [70, 71, 72, 73, 74, 75, 76℄ for more information.
On the same grounds, we will refrain here from mentioning spei mod-
els for ination and from disussing subtleties with using ination in order to
address problems of initial onditions suh as those stated in paragraph 1.3.2.
We refer the reader to the literature for further reading [75, 76, 77, 78, 79℄.
Before losing this paragraph, it should be mentioned that salar elds
an be used to aount for the late-time aelerated expansion of the universe
in the same way as the inaton is used in inationary models. Sine, however,
this subjet overlaps with the subjet of dark energy, we will disuss it in
the next sub-setion whih is dediated to the dark energy problem.
1.4.2 The dark energy problem
We have already seen that there seems to be ompelling observational evi-
dene that the universe is urrently undergoing an aelerated expansion and
we have also disussed the problems that arise if a osmologial onstant is
onsidered to be responsible for this aeleration within the framework of
the ΛCDM model. Based on that, one an lassify the attempts to address
the problem of nding a mehanism that will aount for the late-time a-
elerated expansion in two ategories: those that try to nd diret solutions
to the osmologial onstant and the oinidene problems and onsequently
attempt to provide an appealing theoretial explanation for the presene and
the value of the osmologial onstant, and those that abandon the idea of
the osmologial onstant altogether and attempt to nd alternative ways to
explain the aeleration.
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Let us state two of the main approahes followed to solve the osmologial
onstant problem diretly:
The rst approah resorts to High Energy Physis. The general idea is
simple and an be summed up in the question: Are we ounting properly?
This refers to the quite naive alulation mentioned previously, aording to
whih the energy density of the osmologial onstant as alulated theoret-
ially should be 10120 times larger than its observed value. Even though the
question is simple and reasonable, giving a preise answer to it is atually
very ompliated sine, as mentioned already, little is known about how to
make an exat alulation of the vauum energy of quantum elds. There
are indiations oming from ontemporary partile physis theories, suh as
supersymmetry (SUSY), whih imply that one an be led to dierent values
for the energy density of vauum from the one mentioned before (eq. (1.24)).
For instane, sine no superpartners of known partiles have been disovered
in aelerators, one an assume that supersymmetry was broken at some
sale of the order of 103GeV or higher. If this is the ase, one would expet
that
ρΛ ∼M4
SUSY
≥ (1012eV)4. (1.36)
This alulation gives an estimate for the energy density of the vauum
whih is 60 orders of magnitude smaller than the one presented previously in
eq. (1.24). However, the value estimated here is still 60 orders of magnitude
larger than the one inferred from observations (eq. (1.25)). Other estimates
with or without a referene to supersymmetry or based on string theory
or loop quantum gravity exist. One example is the approah of Ref. [80℄
where an attempt is made to use our knowledge from ondensed matter
systems in order to explain the value of the osmologial onstant. We will
not, however, list further examples here but refer the reader to [63, 65℄ and
referenes therein for more details. In any ase, the general avour is that
it is very diult to avoid the osmologial onstant problem by following
suh approahes without making some ne tuning within the fundamental
theory used to perform the alulation for the energy density of vauum.
Also, suh approahes mostly fail to address the seond problem related to
the osmologial onstant: the oinidene problem.
The seond diret approah for solving problems related to the osmolog-
ial onstant has a long history and was given the name anthropi priniple
by Brandon Carter [81, 82, 83℄. Unfortunately, the anthropi priniple leaves
a lot of room for dierent formulations or even misinterpretations. Following
[63℄ we an identify at least three versions, starting from a very mild one, that
probably no one really disagrees with but is not very useful for answering
questions, stating essentially that our mere existene an potentially serve
as an experimental tool. The seond version on the other hand is a rather
strong one, stating that the laws of nature are by themselves inomplete and
beome omplete only if one adds the requirement that onditions should
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allow intelligent life to arise, for only in the presene of intelligent life does
siene beome meaningful. It is apparent that suh a formulation plaes
intelligent life or siene at the entre of attention as far as the universe is
onerned. From this perspetive one annot help but notie that the an-
thropi priniple beomes reminisent of the Ptolemai model. Additionally,
to quote Weinberg: ...although siene is learly impossible without sien-
tists, it is not lear that the universe is impossible without siene. The
third and most moderate version of the anthropi priniple, known as the
weak anthropi priniple states essentially that observers will only observe
onditions whih allow for observers. This version is the one mostly disussed
from a sienti perspetive and even though it might seem tautologial, it
aquires a meaning if one invokes probability theory.
To be more onrete, as opposed to the seond stronger formulation, the
weak anthropi priniple does not assume some sort of onspiray of nature
aimed at reating intelligent life. It merely states that, sine the existene of
intelligent observes requires ertain onditions, it is not possible for them in
pratie to observe any other onditions, something that introdues a bias
in any probabilisti analysis. This, of ourse, requires one extra assumption:
that parts of the universe, either in spae or time, might indeed be in alter-
native onditions. Unfortunately we annot onlude at this point whether
this last statement is true. Assuming that it is, one ould put onstrains on
the value of the osmologial onstant by requiring that it should be small
enough for galaxies to form as in [84℄ and arrive at the onlusion that the
urrently observed value of the osmologial onstant is by no means un-
likely. Some modern theories do allow suh alternative states of the universe
to o-exist (multiverse), and for this reason it has reently been argued that
the anthropi priniple ould even be plaed on rm ground by using the
ideas of string theory for the anthropi or string landsape, onsisting of a
large number of dierent false vaua [85℄. However, admitting that there are
limits on our ability to unambiguously and diretly explain the observable
universe inevitably omes with a disappointment. It is for this reason that
many physiists would refrain from using the anthropi priniple or at least
they would onsider it only as a last resort, when all other possibilities have
failed.
Let us now proeed to the indiret ways of solving problems related with
the osmologial onstant. As already mentioned, the main approah of this
kind is to dismiss the osmologial onstant ompletely and assume that
there is some form of dynamial dark energy. In this sense, dark energy and
vauum energy are not related and therefore the osmologial onstant prob-
lem eases to exist, at least in the strit formulation given above. However,
this omes with a ost: as mentioned previously, observational data seem to
be in very good agreement with having a osmologial onstant, therefore
implying that any form of dynamial dark energy should be able to mimi a
osmologial onstant very preisely at present times. This is not something
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easy to ahieve. In order to be learer and also to have the possibility to dis-
uss how well dynamial forms of dark energy an address the osmologial
onstant and oinidene problems, let us use an example.
Given the disussion presented earlier about ination, it should be lear
by now that if a matter eld is to aount for aelerated expansion, it should
have a speial harateristi: negative pressure or more preisely p ≤ −ρ/3.
One again, as in the inationary paradigm, the obvious andidate is a salar
eld. When suh a eld is used to represent dark energy it is usually alled
quintessene [86, 87, 88, 89, 90, 91, 92, 93, 94℄. Quintessene is one of the
simplest and probably the most ommon alternative to the osmologial
onstant.
If the salar eld is taken to be spatially homogeneous, its equation of
motion in an FLRW spaetime will be given by eq. (1.30) and its energy
density and pressure will be given by eqs. (1.28) and (1.29) respetively, just
like the inaton. As ditated by observations through eq. (1.15), a viable
andidate for dark energy should have an eetive equation of state with w
very lose to minus one. In the previous setion it was mentioned that this
an be ahieved for a salar eld if the ondition φ˙2 ≪ V (φ) holds. This
should not be onfused with the slow-roll ondition for ination, whih just
requires that φ˙2 < V (φ) and also plaes a onstraint for φ¨. However, there is
a similarity in the spirit of the two onditions, namely that in both ases the
salar eld is required, roughly speaking, to be slowly-varying. It is worth
mentioning that the ondition φ˙2 ≪ V (φ) eetively restrits the form of
the potential V .
Let us see how well quintessene an address the osmologial onstant
problem. One has to bear in mind that the value given in eq. (1.25) for the
energy density of the osmologial onstant now beomes the urrent value
of the energy density of the salar ρφ. Sine we have asked that the potential
terms should be very dominant with respet to the kineti terms, this value
for the energy density eetively onstrains the urrent value of the potential.
What is more, the equation of motion for the salar eld, eq. (1.30) is that
of a damped osillator, 3Hφ˙ being the frition term. This implies that, for
φ to be rolling slowly enough so that φ˙2 ≪ V (φ) ould be satised, then
H ∼
√
V ′′(φ). Consequently, this means that the urrent value of V ′′(φ)
should be that of the observed osmologial onstant or, taking also into
aount that
√
V ′′(φ) represents the eetive mass of the salar mφ, that
mφ ∼ 10−33 eV. (1.37)
Suh a small value for the mass of the salar eld raises doubts about
whether quintessene really solves the osmologial onstant problem or a-
tually just transfers it from the domain of Cosmology to the domain of
partile physis. The reason for this is that the salar elds usually present
in quantum eld theory have masses many orders of magnitude larger than
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that given in eq. (1.37) and, hene, this poses a naturalness question (see
[65℄ for more details). For instane, one of the well-known problems in par-
tile physis, the hierarhy problem, onerns explaining why the Higgs eld
appears to have a mass of 1011 eV whih is muh smaller that the grand
uniation/Plank sale, 1025-1028 eV. As ommented in [67℄, one an then
imagine how hard it ould be to explain the existene of a eld with a mass
equal to 10−33 eV. In all fairness to quintessene, however, it should be stated
that the urrent value of the energy density of dark energy (or vauum, de-
pending on the approah) is an observational fat, and so it does not seem
possible to ompletely dismiss this number in some way. All that is left to
do, therefore, is to put the osmologial onstant problem on new grounds
that will hopefully be more suitable for explaining it.
One should not forget, however, also the oinidene problem. There are
attempts to address it within the ontext of quintessene mainly based on
what is referred to as traker models [95, 96, 97, 98, 99, 100, 101℄. These
are spei models of quintessene whose speial harateristi is that the
energy density of the salar parallels that of matter or radiation for a part
of the evolution whih is signiant enough so as to remove the oinidene
problem. What is interesting is that these models do not in general require
spei initial onditions, whih means that the oinidene problem is not
just turned into an initial onditions ne-tuning problem. Of ourse, the
dependene of suh approahes on the parameters of the potential remains
inevitable.
It is also worth mentioning that φ should give rise to some fore, whih
judging from its mass should be long-range, if the salar ouples to ordinary
matter. From a partile physis point of view, one ould expet that this is
indeed the ase, even if those interations would have to be seriously sup-
pressed by powers of the Plank sale [102, 103℄. However, urrent limits
based on experiments onerning a fth-fore or time dependene of ou-
pling onstants, appear to be several orders of magnitude lower than this
expetation [102, 103℄. This implies that, if quintessene really exists, then
there should be a mehanism  probably a symmetry  that suppresses
these ouplings.
Yet another possibility for addressing the osmologial onstant prob-
lems, or more preisely for dismissing them, omes when one adopts the
approah that the aelerated expansion as inferred by observations is not
due to some new physis but is atually due to a misinterpretation or an
abuse of the underlying model being used. The Big Bang model is based
on ertain assumptions, suh as homogeneity and isotropy, and apparently
all alulations made rely on these assumptions. Even though at present
one annot laim that there is ompelling evidene for this, it ould be, for
example, that the role of inhomogeneities is underestimated in the standard
osmologial model and a more detailed model may provide a natural solu-
tion to the problem of dark energy, even by hanging our interpretation of
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urrent observations (for instane see [104℄ and referenes therein).
1.4.3 The dark matter problem
As we have already seen, the presene of dark matter is indiretly inferred
from observations through its gravitational interation. Therefore, if one a-
epts that General Relativity desribes gravity orretly, then an explanation
for the nature of dark matter as some form of matter yet to be observed in
the universe or in the laboratory should be given. Note that dark matter is
used here generially to mean matter that does not emit light. So, to begin
with, its nature ould be either baryoni and non-baryoni. The andidates
for baryoni dark matter are mostly quite onventional astrophysial objets
suh as brown dwarfs, massive blak holes and old diuse gas. However,
there is preise evidene from observations that only a small fration of dark
matter an be baryoni (see for example [43℄ and [105, 106℄ for reviews).
Therefore, the real puzzle regards the nature of non-baryoni dark matter.
One an separate the andidates into two major ategories: hot dark
matter, i.e. non-baryoni partiles whih move (ultra-)relativistially, and
old dark matter i.e. non-baryoni partiles whih move non-relativistially.
The most prominent andidate for hot dark matter is the the neutrino. How-
ever, studies of the osmi mirowave bakground, numerial simulations and
other astrophysial observations indiate that dark matter has lumped to
form some strutures on rather small sales and therefore it annot onsist
mainly of partiles with high veloities, sine this lumping would then have
been suppressed (see for example [107, 108℄ and referenes in [106℄). For this
reason, and beause of its simpliity, old dark matter urrently gives the
favoured piture.
There are many old dark matter andidates and so we will refrain from
listing them all or disussing their properties in detail here and refer the
reader to the literature [106℄. The most ommonly onsidered ones are the
axion and a number of weakly interated massive partiles (WIMPs) natu-
rally predited in supersymmetry theories, suh as the neutralino, the sneu-
trino, the gravitino, the axino et. There are a number of experiments aiming
for diret and indiret detetion of dark matter and some of them, suh as
the DAMA/NaI experiment [109℄, even laim to have already ahieved that
(see [110℄ for a full list of dark matter detetion experiments and [105℄ for
a review of experimental searhes for dark matter). Great hope is also be-
ing plaed on the Large Hadron Collider (LHC) [111℄, whih is due to start
operating shortly, to onstrain the parameter spae of partiles arising from
supersymmetri theories. Finally, the improvement of osmologial and as-
trophysial observations obviously plays a ruial role. Let us lose by saying
that the general avour or expetation seems to be that one of the proposed
andidates will soon be deteted and that the relevant dark matter senario
will be veried. Of ourse expetations are not always fullled and it is best
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to be prepared for surprises.
1.4.4 OK, Quantum Gravity, but how?
In Setion 1.2 we disussed some of the more prominent motivations for seek-
ing a high energy theory of gravity whih would allow a mathing between
General Relativity and Quantum Field Theory. These triggered researh in
this diretion at a very early stage and already in the 1950s serious eorts
were being made towards what is referred to as Quantum Gravity. Early
attempts followed the onventional approah of trying to quantize the gravi-
tational eld in ways similar to the quantization of Eletromagnetism, whih
had resulted in Quantum Eletrodynamis (QED). This led to inuential pa-
pers about the anonial formulation of General Relativity [112, 113℄. How-
ever, it was soon realized that the obvious quantization tehniques ould not
work, sine General Relativity is not renormalizable as is the ase with Quan-
tum Eletrodynamis [114℄. In simple terms, this means that if one attempts
to treat gravity as another partile eld and to assign a gravity partile to
it (graviton) then the sum of the interations of the graviton diverges. This
would not be a problem if these divergenes were few enough to be removable
via the tehnique alled renormalization and this is indeed what happens in
Quantum Eletrodynamis, as also mentioned in Setion 1.2. Unfortunately,
this is not the ase for General Relativity and renormalization annot lead
to sensible and nite results.
It was later shown that a renormalizable gravitation theory  although
not a unitary one  ould be onstruted, but only at the prie of admitting
orretions to General Relativity [114, 115℄. Views on renormalization have
hanged sine then and more modern ideas have been introdued suh as
the onept of eetive eld theories. These are approximate theories with
the following harateristi: aording to the length-sale, they take into
aount only the relevant degrees of freedom. Degrees of freedom whih are
only relevant to shorter length-sales and higher energies and are, therefore,
responsible for divergenes, are ignored. A systemati way to integrate out
short-distane degrees of freedom is given by the renormalization group (see
[116℄ for an introdution to these onepts).
In any ase, quantizing gravity has proved to be a more diult task than
initially expeted and quantum orretions seem to appear, introduing devi-
ations away from General Relativity [117, 118, 119℄. Contemporary researh
is mainly foused on two diretions: String Theory and Loop Quantum Grav-
ity. Analysing the basis of either of these two approahes would go beyond
the sope of this introdution and so we will only make a short mention of
them. We refer the reader to [120, 121, 122℄ and [123, 124, 125, 126, 127℄ for
text books and topial reviews in String Theory and Loop Quantum Gravity
respetively.
String Theory attempts to explain fundamental physis and unify all
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interations under the key assumption that the building bloks are not point
partiles but one dimensional objets alled strings. There are ve dierent
versions of String Theory, namely Type I, Type IIA, Type IIB and two
types of Heteroti String Theory. M-Theory is a proposed theory under
development that attempts to unify all of the above types. A simplied
version of the idea behind String Theory would be that its fundamental
onstituents, strings, vibrate at resonant frequenies. Dierent strings have
dierent resonanes and this is what determines their nature and results in
the disrimination between dierent fores.
Loop Quantum Gravity follows a more diret approah to the quantiza-
tion of gravity. It is lose to the piture of anonial quantization and relies
on a non-perturbative method alled loop quantization. One of its main
disadvantages is that it is not yet lear whether it an beome a theory that
an inlude the desription of matter as well or whether it is just a quantum
theory of gravitation.
It is worth mentioning that a ommon problem with these two approahes
is that, at the moment, they do not make any experimentally testable predi-
tions whih are dierent from those already know from the standard model of
partile physis. As far as gravity is onerned, String Theory appears to in-
trodue deviations from General Relativity (see for example [128, 129, 130℄),
whereas, the lassial limit of Loop Quantum gravity is still under investi-
gation.
1.4.5 Gravity on the stand
In this introdutory hapter, an attempt has been made to pose learly a
series of open questions related, in one way or the other, to gravity and to
disuss some of the most ommon approahes urrently being pursued for
their solution. This brings us to the main question motivating the researh
presented in this thesis: ould all or at least some of the problems mentioned
earlier be somehow related and is the fat that General Relativity is now
faing so many hallenges indiative of a need for some new gravitational
physis, even at a lassial level?
Let us be more analyti. In Setion 1.1 we presented a brief hronologial
review of some landmarks in the passage from Newtonian Gravity to General
Relativity. One ould nd striking similarities with what has happened in
the last deades with General Relativity itself. For instane, the osmolog-
ial and astrophysial observations whih are interpreted as indiating the
existene of dark matter and/or dark energy ould be ompared with Le Ver-
rier's observation of the exess preession of Merury's orbit. Remarkably,
the rst attempt to explain this phenomenon, was exatly the suggestion that
an extra unseen  and therefore dark, in a way  planet orbited the Sun
inside Merury's orbit. The basi motivation behind this attempt, muh like
the ontemporary proposals for matter elds to desribe dark matter and
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dark energy, was to solve the problem within the ontext of an otherwise
suessful theory, instead of questioning the theory itself. Another example
one ould give, is the theoretial problems faed by Newtonian gravity one
Speial Relativity was established. The desire for a unied desription of
oordinate frames, inertial or not, and the need for a gravitational theory
that is in good aordane with the oneptual basis of Speial Relativity
(e.g. Lorentz invariane) does not seem to be very far from the urrent de-
sire for a unied desription of fores and the need to resolve the oneptual
lash between General Relativity and Quantum Field Theory.
The idea of looking for an alternative theory to desribe the gravita-
tional interation is obviously not new. We already mentioned previously
that attempts to unify gravity with quantum theory have inluded suh on-
siderations in the form of making quantum orretions to the gravitational
eld equations (or to the ation, from a eld theory perspetive). Suh or-
retions beame eetive at small sales or high energies. Additionally, many
attempts have been made to modify General Relativity on both small and
large sales, in order to address spei problems, suh as those disussed
earlier. Sine we will refer to suh modiation extensively in the forthom-
ing hapters we will refrain from listing them here to avoid repetition. At
present we will onne ourselves to giving two very early examples of suh
attempts whih were not triggered so muh by a theoretial or observational
need for a new theory, but by another important issue in our opinion: the
desire to test the uniqueness of General Relativity as the only viable gravi-
tational theory and the need to verify its oneptual basis.
Sir Arthur Stanley Eddington, the very man who performed the dee-
tion of light experiment during the Solar elipse of 1919 whih was one of
the early experimental veriations of General Relativity, was one of rst
people to question whether Einstein's theory was the unique theory that
ould desribe gravity [131℄. Eddington tried to develop alternative theories
sharing the same oneptual basis with General Relativity, most probably
for the sake of theoretial ompleteness, sine at the time there was no ap-
parent reason oming from observations. Robert Dike was also one of the
pioneers in exploring the oneptual basis of General Relativity and ques-
tioning Einstein's equivalene priniple. He reformulated Mah's priniple
and together with Carl Brans developed an alternative theory, known as
BransDike theory [132, 133℄. Part of the value of Dike's work lies on the
fat that it helped people to understand that we do not know as muh as we
thought about the basi assumptions of General Relativity, a subjet that
we will disuss shortly.
Even though the idea of an alternative theory for gravitation is not new,
a new perspetive about it has emerged quite reently. The quantum or-
retions predited in the 1960s were expeted to appear only at small sales.
On the other hand, Eddington's modiation or BransDike theory were
initially pursued as a oneptual alternative of General Relativity and had
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phenomenologial eets on large sales as well. Now, due to both the short-
omings of Quantum Gravity and the puzzling osmologial and astrophys-
ial observations, these ideas have stopped being onsidered unrelated. It
seem worthwhile to onsider the possibility of developing a gravitation the-
ory that will be in agreement with observations and at the same time will
be loser to the theories that emerge as a lassial limit of our urrent ap-
proahes to Quantum Gravity, espeially sine it has been understood that
quantum orretions might have an eet on large sale phenomenology as
well.
Unfortunately, onstruting a viable alternative to General Relativity
with the above harateristis is far from being an easy task sine there
are numerous theoretial and observational restritions. Two main paths
have been followed towards ahieving this goal: proposing phenomenologial
models tailored to t observations, with the hope that they will soon gain
some theoretial motivation from high energy physis and urrent Quantum
Gravity andidates, and developing ideas for Quantum Gravity, with the
hope that they will eventually give the answer in the form of an eetive
gravitational theory through their lassial limit whih will aount for un-
explained observations. In this thesis a dierent approah will be followed
in an attempt to ombine and omplement these two. At least aording
to the author's opinion, we seem to be still at too early a stage in the de-
velopment of our ideas about Quantum Gravity to be able to give preise
answers about the type and form of the expeted quantum orretions to
General Relativity. Current observations still leave sope for a wide range of
dierent phenomenologial models and so it seems a good idea to attempt
exploring the limits of lassial gravity by ombining theory and observa-
tions. In a sense, this approah lies somewhere in the middle between the
more onventional approahes mentioned before. Instead of starting from
something known in order to extrapolate to the unknown, we attempt here
to jump diretly into the unknown, hoping that we will nd an answer.
To this end, we will examine dierent theories of gravity, trying to de-
termine how far one an go from General Relativity. These theories have
been hosen in suh a way as to present a resemblane with the low en-
ergy eetive ations of ontemporary andidates for Quantum Gravity in a
quest to study the phenomenology of the indued orretions. Their hoie
has also been motivated by a desire to t reent unexplained observations.
However, it should be stressed that both of these riteria have been used in
a loose manner, sine the main sope of this study is to explore the limits of
alternative theories of gravity and hopefully shed some light on the strength
and validity of the several assumptions underlying General Relativity. In
that sense, many of the theories whih we will onsider an be regarded as
toy theories or straw-man theories. The main motivation omes from the
fear that we may not know as muh as we think or as muh as needed to
be known before making the key steps pursued in the last 50 years in gravi-
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tational physis; and from the hope that a better understanding of lassial
gravity might have a lot to oer in this diretion.
As a onlusion to this introdution it is worth saying the following: it is
probably too early to onlude whether it is General Relativity that needs to
be modied or replaed by some other gravitational theory or whether other
solutions to the problems presented in this hapter, suh as those mentioned
earlier, will eventually give the required answers. However, in sienti re-
searh, pursuing more than one possible solution to a problem has always
been the wisest and most rewarding hoie; not only beause there is an
already explored alternative when one of the proposed solutions fails, but
also due to the fat that trial and error is one of the most eient ways to
get a deeper understanding of a physial theory. Exploring alternative theo-
ries of gravity, although having some disadvantages suh as omplexity, also
presents a serious advantage: it is bound to be fruitful even if it leads to the
onlusion that General Relativity is the only orret theory for gravitation,
as it will have helped us both to understand General Relativity better and
to seure our faith in it.
Chapter 2
Foundations of Gravitation
Theory
2.1 Viability riteria and the various forms of the
Equivalene Priniple
2.1.1 Viability and the Dike framework
Even though it took only 4 years for having the rst experimental veria-
tion of General Relativity to appear  Eddington's measurement of light
deetion in 1919  Einstein's theory did not beome the objet of system-
ati and aurate experimental testing until the early 1960s. In fat, it was
only in 1960 that the gravitational redshift of light was suessfully measured
by Pound and Rebka [134℄ even though this test was proposed by Einstein
in 1907 and it is onsidered one of the three lassial tests of General Rel-
ativity, together with the perihelion shift of Merury and light deetion.
After that, a number of new experimental tests were performed based on
eets whih were either new or whih had been disovered earlier but their
veriation was not tehnologially possible at the time. Examples range
from the LenseThirring eet [135℄, the Nordtvedt eet [136℄ and Shapiro
time delay [137℄ to the Nobel Prize disovery of the binary pulsar by Taylor
and Hulse [138℄ whih led to the rst indiret evidene for the existene of
gravitational waves (for a historial review see Chapter 1 of [139℄).
However, it was soon realised and rst proposed by Shi and Dike re-
ferring to the redshift experiments [140, 141℄, that gravitational experiments
do not neessarily test General Relativity, sine, instead of testing the valid-
ity of spei eld equations, experiments test the validity of priniples, suh
as the equivalene priniple. Contemporarily, a number of alternative the-
ories of gravitation had been developed, many of whih shared some of the
priniples of General Relativity and were therefore indistinguishable as far
as some of the tests were onerned. This triggered the development of pow-
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erful tools for distinguishing and testing theories, the most ommonly used
of whih is the Parametrized Post-Newtonian (PPN) expansion, pioneered
by Nordtvedt and extended by Nordtvedt and Will [142, 143, 144, 145℄.
The idea that experiments atually test priniples and not spei the-
ories highlights the importane of exploring the oneptual basis of a grav-
itation theory. In fat, it would be very helpful to provide a framework
for analysing gravitation theories and experiments and deriving general on-
lusions about the viability riteria of the theories. This would provide a
starting point for onstruting gravitation theories whih are not obviously
non-viable for theoretial or experimental reasons. Dike was one of the pi-
oneers in this diretion and presented what was later known as the Dike
Framework [146℄. We will fous on this for the rest of the present setion.
Following [139℄ we identify the two mathematial assumptions of the
Dike Framework as being:
• Spaetime is a 4-dimensional manifold, with eah point in the manifold
orresponding to a physial event.
• The equations of gravity and the mathematial entities in them are to
be expressed in a form that is independent of the oordinates used, i.e.
in ovariant form.
A omment is due for eah of these statements. Regarding the rst one, it
should be stressed that it does not presuppose that the manifold has either
a metri or an ane onnetion, sine one would prefer to arrive at this as
a onlusion from experiments. Regarding the seond one, it is important
to bear in mind that non-ovariant equations an in many ases be written
in a ovariant form if a number of ovariant onstraints are imposed. Suh
onstraints introdue absolute strutures into the theory (e.g. preferred oor-
dinate frames) and therefore, even though oordinate invariane is justied,
the theory does not really beome bakground independent (see [147℄ for an
interesting disussion). From this viewpoint, requiring only ovariane of the
eld equations is not very restritive.
Dike also proposed two further assumptions related to those just pre-
sented: that gravity should be assoiated with one or more elds of tensorial
harater (salars, vetors, tensors) and that the eld equation governing
the dynamis of gravity should be derivable from an invariant ation via
a stationary ation priniple. The rst of these two assumptions appears
as an almost diret onsequene of the two previous ones, whereas the se-
ond seems less fundamental, at least at a lassial level, and should not be
imposed lightheartedly beause it may lead to unneessary onnement of
aeptable theories.
The assumptions of Dike's framework are probably the minimal unbiased
assumptions that one an start with in order to develop a gravitation theory.
There are also other fundamental riteria whih a gravitation theory should
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satisfy in order to be viable. From a theoretial viewpoint there are the two
basi requirements of all theories, i.e.
1. ompleteness: The theory should be able to analyse from rst prini-
ples the outome of any experiment,
2. self-onsisteny: preditions should be unique and independent of the
alulation method.
From an experimental viewpoint there are two more very basi requirements:
1. The theory should be relativisti, i.e. should redue to Speial Rela-
tivity when gravity is turned o (and at low energies).
2. The theory should have the orret Newtonian limit, i.e. in the the
limit of weak gravitational elds and slow motion it should reprodue
Newton's laws.
Both of these requirements are based on the fat that Speial Relativity
and Newtonian Gravity are extremely well tested theories  at least in
regimes in whih we theoretially expet them to be valid  and therefore
any gravitation theory should be able to reprodue them in the suitable limit
(see also [139℄ for more details).
One would like to ombine with the above requirements also experiments
that aim diretly at testing gravity in its full glory in order to onne a-
eptable theories. We intend to do so in what follows.
2.1.2 Equivalene Priniple(s)
In an abstrat (and loose) sense a theory an usually be thought of as a set
of axioms from whih one an derive logial statements. When it omes to a
physial theory one should also add that the statements of the theory should
be able to predit the outome of experiments that fall with its purview.
However, it is ommon to think of General Relativity or other gravitation
theories as a set of eld equations (or an ation). A omplete and oherent
axiomati formulation of Einstein's theory, or any other gravitation theory, is
still pending; the viability riteria presented above are a step in this diretion,
but when referring to an axiomati formulation one needs to go further.
What is needed here is to formulate priniples. One of these is the general
ovariane priniple inluded in the Dike Framework
1
.
A priniple that has triggered muh more disussion and is probably
muh less understood is the Equivalene Priniple, or more preisely eah
of its various formulations. As we have already mentioned in the Introdu-
tion, a formulation of the Equivalene Priniple was already inorporated
1
We will return to the issue of the axiomati formulation of gravitation theories in
Chapter 7.
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in Newtonian gravity. Newton pointed out in Prinipia that the mass of
any body  meaning the quantity that regulates its response to an applied
fore  and the weight of the body  the property regulating its response
to gravitation  should be equal. The terms inertial mass and passive
gravitational mass where later introdued by Bondi [148℄ to distinguish the
quantities present in Newton's seond law of motion
~F = mI~a, (2.1)
where
~F is the fore 3-vetor and ~a is the 3-aeleration, and Newton's
gravitation law
~F = mP~g, (2.2)
where ~g is the gravitational aeleration 3-vetor. In terms of mI and mP ,
the Equivalene Priniple in Newtonian theory an be rigorously expressed
as
mI = mp. (2.3)
Einstein, by the use of gedanken experiments suh as the famous free
falling elevator one, realised that a free falling observer does not feel the
eets of gravity and saw in a reformulation of the Equivalene Priniple the
foundations for generalizing Speial Relativity and developing a theory to
desribe both non-inertial frames and gravity. The meaning of mass in suh
a theory is questionable and so the Equivalene priniple should be expressed
in terms of some more fundamental onept. Free-fall omes to the resue.
Eq. (2.3) within the framework of Newtonian gravity, implies in pratie
that all bodies experiene the same aeleration when they are in free-fall,
irrespetive of omposition. An expression of some kind of universality of
free fall should therefore be sought for when attempting to reformulate the
Newtonian version of the Equivalene Priniple.
We will not attempt to review suh endeavours historially. We fous
diretly on the several urrent forms of the Equivalene Priniple. These
are
2
:
Weak Equivalene Priniple (WEP): If an unharged test body is plaed
at an initial event in spaetime and given an initial veloity there, then
its subsequent trajetory will be independent of its internal struture and
omposition.
Einstein Equivalene Priniple (EEP): (i) the WEP is valid, (ii) the out-
ome of any loal non-gravitational test experiment is independent of the ve-
loity of the freely-falling apparatus (Loal Lorentz Invariane-LLI) and (iii)
the outome of any loal non-gravitational test experiment is independent of
where and when in the universe it is performed (Loal Position Invariane-
LPI).
2
We follow the denitions given in [139℄. The reader should be autious sine sev-
eral dierent formulations exist in the literature and the terminology an be misleading
(e.g. some authors refer to the EEP as WEP or to the SEP as EEP).
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Strong Equivalene Priniple (SEP): (i) the WEP is valid for self-gravitating
bodies as well as for test bodies, (ii) the outome of any loal test experiment
is independent of the veloity of the freely-falling apparatus (Loal Lorentz
Invariane-LLI) and (iii) the outome of any loal test experiment is inde-
pendent of where and when in the universe it is performed (Loal Position
Invariane-LPI).
In order for these denitions to be lear, the following lariations are
needed [139℄: An unharged test body is an eletrially neutral body that
has negligible self-gravitation as estimated using Newtonian theory (it does
not ontribute to the dynamis of the gravitational eld) and it is small
enough in size so that its ouplings to inhomogeneities in the external elds
an be ignored. A loal non-gravitational test experiment is dened to be
any experiment whih is performed in a freely falling laboratory whih is
shielded and small enough in size for inhomogeneities in the external elds
to be ignored throughout its volume. Additionally, self-gravitating eets in
this laboratory should be negligible.
Let us now fous on the dierenes between the WEP, EEP and SEP.
The WEP implies that spaetime is endowed with a family of preferred
trajetories whih are the world lines of freely falling test bodies. Note that
the existene of a metri is not suggested by the WEP. Even if an external
assumption for the existene of the metri is made though, the geodesis of
this metri do not neessarily oinide with the free-fall trajetories as far
the WEP is onerned.
The EEP adds two more statement to the WEP: Loal Lorentz Invari-
ane and Loal Position Invariane. A freely-falling observer arries a loal
frame in whih test bodies have unaelerated motions. Aording to the
requirements of the LLI, the outomes of non-gravitational experiments are
independent of the veloity of the freely-falling frame and therefore if two
suh frames loated at the same event P have dierent veloities, this should
not aet the preditions for idential non-gravitational experiments. Loal
Position Invariane requires that the above should hold for all spaetime
points. Therefore, roughly speaking, in loal freely falling frames the theory
should redue to Speial Relativity.
This implies that there should be at least one seond rank tensor eld
whih redues, in the loal freely falling frame, to a metri onformal with
the Minkowski one. The freedom of having an arbitrary onformal fator is
due to the fat that the EEP does not forbid a onformal resaling in order
to arrive at speial-relativisti expressions for the physial laws in the loal
freely-falling frame. Note however, that while one ould think of allowing
eah spei matter eld to be oupled to a dierent one of these onformally
related seond rank tensors, the onformal fators relating these tensors an
at most dier by a multipliative onstant if the ouplings to dierent matter
elds are to be turned into onstants under a onformal resaling as the LPI
requires (this highlights the relation between the LPI and varying oupling
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onstants)
3
. We an then onlude that resaling oupling onstants and
performing a onformal transformation leads to a metri gµν whih, in every
freely falling loal frame redues (loally) to the Minkowski metri ηµν .
It should be stressed that all onformal metris φgµν (φ being the on-
formal fator) an be used to write down the equations or the ation of the
theory. gµν is only speial in the following sense: Sine at eah event P
there exist loal frames alled loal Lorentz frames, one an nd suitable
oordinates in whih at P
gµν = ηµν +O
(∑
α
|xα − xα(P)|2
)
, (2.4)
and ∂gµν/∂x
α = 0. In loal Lorentz frames, the geodesis of the metri gµν
are straight lines. Free-fall trajetories are straight lines in a loal freely-
falling frame. Identifying the two frames we realize that the geodesis of gµν
oinide with free-fall trajetories. Put in other words, the EEP requires
the existene of a family of onformal metris, one of whih should have
geodesis whih oinide with free-fall trajetories.
Finally, let as fous on the SEP. The SEP extends the validity of the
WEP to self-gravitating bodies and the validity of the EEP to loal grav-
itational experiments. Note that the Newtonian Equivalene priniple also
did not make a distintion between test bodies and self gravitating bodies.
Extending the validity of LLI and LPI to loal gravitational experiments is
also a quite strong requirement. For the time being there is no theory other
than General Relativity that satises the SEP. However, there is no expliit
proof that the SEP leads uniquely to General Relativity.
Let us attempt to argue heuristially that this is indeed the ase. First we
have to understand how loal gravitational experiments are inuened by the
form of the theory. Following [139℄ we an onsider a loal freely-falling frame
that is small enough for inhomogeneities in the external gravitational elds
to be negleted throughout its volume, but is large enough to enompass
a system of gravitating matter and its assoiated gravitational elds. We
do not assume here that the metri is the only gravitational eld. In order
to solve the eld equations and determine the behaviour of the system, we
need to impose boundary onditions, i.e. determine the values of the elds,
gravitational or not, on the boundary of our loal frame. These values will
generially depend on the behaviour of the elds far from the loal frame
whih we are onsidering.
Sine the EEP is anyway inluded in the SEP, let as assume that the
EEP is indeed valid. LLI and LPI imply that the outome of loal non-
gravitational experiments should be unaeted by the boundary values of
3
This does not exlude the possibility of having a seond metri tensor in the theory
as long as this metri does not ouple to the matter (this then leads to theories of the
bi-metri kind).
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gravitational elds other than the metri, sine these are sensitive to the
position or veloity of the frame, depending on their nature (see also [139℄).
Therefore, in a representation in whih gµν is taken to be the metri, any
gravitational elds other than the metri should not be oupled to matter
diretly due to the EEP (reall the freedom to use onformal metris).
Let us now suppose that the theory indeed inludes gravitational elds
other than the metri that are not diretly oupled to the matter. If one
tries to solve the eld equations and determine the outome of gravitational
experiments, then the boundary values of these elds will inuene the result.
This diretly implies that the SEP annot be satised.
All that is left is to onsider theories in whih the only gravitational eld
is the metri. In the loal frame whih we are onsidering it is always possible
to nd a oordinate system in whih gµν redues to ηµν and ∂gµν/∂x
α = 0 at
the boundary between the loal system and its surroundings (f. eq. (2.4))
[139℄. Therefore, if the eld equation for the metri ontains derivatives of the
metri of not higher than seond order, then the outome of any experiment,
gravitational or non-gravitational, is independent of the surroundings and is
therefore independent of the position and veloity of the frame.
However, this is not the ase if the eld equation for the metri is of higher
dierential order. The boundary values of the seond or higher derivatives of
the metri annot be trivialized in any oordinate system and the outome
of gravitational experiments beomes sensitive to the position and veloity
of the loal frame. Therefore, theories that inlude higher order derivatives
of the metri, suh as fourth-order gravity, do not satisfy the SEP
4
.
We onlude that theories whih an satisfy the SEP should not inlude
gravitational elds other than the metri and that the dierential order of
the eld equations should be at most seond order. As it stands, this disus-
sion does not prove that General Relativity is the only theory that satises
the SEP. However, if one adds some of the viability arguments listed in the
previous setion, then the andidate list redues signiantly. For instane, if
one requires that the theory should ome from an ation, it is quite straight-
forward to show that the EinsteinHilbert ation, modulo surfae terms or
topologial invariants (see Setion 3.5.1), is the only generally ovariant a-
tion that depends only on the metri and leads to seond order eld equations
under metri variation. There is therefore strong evidene to believe that the
validity of the SEP leads to General Relativity. It should be stressed that
in priniple it is possible to build up other theories that satisfy the SEP but
up to this point only one is atually known: Nordström's onformally-at
salar theory, whih dates bak to 1913 [149℄. However, even this theory is
not viable sine it predits no deetion of light.
Before losing this setion, we return to one of the initial motivations
for disussing the priniples whih a viable gravitation theory should sat-
4
This ontradits what is laimed in [139℄.
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isfy: the fat that experiments do not always test theories, but more often
they test priniples. There are spei tests for eah version of the Equiva-
lene Priniple. The basis of the WEP is the universality of free-fall, i.e. the
requirement that dierent (test) bodies should experiene the same ael-
eration in an external gravitational eld irrespetive of their omposition.
Experiments testing the WEP attempt to measure the frational dierene
in aeleration between two bodies, leading to what is alled the Eötvös
ratio, named after the lassi torsion balane measurements of Eötvös [150℄.
There are many very sophistiated experiments trying to measure violations
of the WEP with auraies lose to 10−13 and hoping to reah 10−17 soon.
We refer the reader to [151℄ and referenes therein for details.
To test the EEP one has to test, apart from the WEP, Loal Lorentz In-
variane and Loal Position Invariane. LLI is a priniple already embodied
in Speial Relativity. From this perspetive, questioning it would aet not
only gravitation theories, but also most of modern physis in general. How-
ever, a violation of LLI would not neessarily onstitute a menae for physis
as we know it. It an just be a manifestation of new beyond Einstein physis
related, for instane, to Quantum Gravity phenomenology. For more infor-
mation on testing LLI, we refer the reader to [151℄ and referenes therein,
and espeially to the thorough review of Mattingly [152℄. As far as LPI
is onerned, there are two ruial tests: gravitational redshift experiments
(e.g. measurement of lok frequenies at dierent spaetime loations) and
measurements of possible variations of non-gravitational oupling onstants.
One should stress at this point that LPI also refers to the position in time.
See [151℄ for a thorough presentation of relevant experiments.
Finally, there are tests related to the SEP. Reall that the SEP extends
the validity of the EEP to gravitational experiments as well. Amongst the
most ommon experimental tests of the SEP are measurements of the possi-
ble variation of the gravitational onstant, preferred-loation and preferred-
frame eets in the loally measured gravitational onstant, possible viola-
tions of the WEP for gravitating bodies, et. [151℄.
2.1.3 Metri Postulates
So far we have stated a number of priniples whih it is reasonable to assume
that all viable gravitational theories should satisfy. Experiments will show
the extent to whih these assumptions are valid by plaing onstraints on the
possible violations of the priniples onerned. However, this is not quite the
end of the story. From a pratial perspetive, it is not at all straightforward
to understand whether a spei theory does satisfy these priniples. More
preisely, if one is given an ation or a set of eld equations, usually a series of
tedious manipulations will have to be performed before onluding that the
EEP, for instane, is valid within the framework of the theory represented
by them.
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The reverse problem is also of interest: Given that we have a series of
priniples whih our theories have to satisfy, an we turn them into pra-
tial onstraints on their general form? Could we identify some mathe-
matially, and not abstratly, formulated harateristis whih a andidate
theory should have in order to omply with the priniples desribed above?
An attempt in this diretion was made in 1971 by Thorne and Will with
the introdution of the so-alled metri postulates [153℄. We have already
desribed, in the previous hapter, how the validity of the EEP implies the
existene of the metri (a member of a family of onformal metris) whose
geodesis oinide with the free-fall trajetories. This is enapsulated in
Thorne and Will's metri postulates:
1. there exists a metri gµν (seond rank non-degenerate tensor),
2. ∇µT µν = 0 where ∇µ is the ovariant derivative dened with the Levi
Civita onnetion of this metri and Tµν is the stress-energy tensor of
non-gravitational (matter) elds.
Note that geodesi motion an be derived using the seond metri postulate
[154℄. Theories that satisfy the metri postulates are referred to as metri
theories.
The metri postulates have proved to be very useful. They are part of the
foundation for the Parametrized Post-Newtonian expansion whih has been
extensively used to onstrain alternative theories of gravity. They do, how-
ever, have a major disadvantage. As pointed out also by the authors of [153℄,
any metri theory an perfetly well be given a representation that appears
to violate the metri postulates (reall, for instane, that gµν is a member of
a family of onformal metris and that there is no a priori reason why this
metri should be used to write down the eld equations). On top of that,
one an add that there are some ambiguities in the denition of quantities
related to the metri postulates. For example, what exatly is the preise
denition of the stress energy tensor and whih elds are inluded in it?
What exatly is the dierene between gravitational and non-gravitational
elds?
Let us not elaborate more on these issues here sine they will beome
muh more apparent one we study some alternative theories of gravity in
the next hapter and disuss the equivalene between theories. Therefore,
it is preferable to return to this issue later on. We lose the present setion
by pointing out that the metri postulates are, at the moment, the losest
thing we have to a guide about where to start when onstruting alternative
theories of gravity.
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2.2 Geometri desription of spaetime
It should be lear from the disussion of the previous setions that there
is very strong motivation for assuming that gravity is related to spaetime
geometry and that any reasonable theory for the gravitational interation
is most likely to inlude a metri. Therefore it is useful before going fur-
ther to take a moment to reall the basis of the geometri desription of
a 4-dimensional manifold. This is by no means a rigorous introdution to
the dierential geometry of 4-dimensional manifolds but merely a olletion
of some basi denitions whih will prove useful later on and in whih a
physiist's perspetive is probably apparent.
Let us start by onsidering a 4-dimensional manifold with a onnetion,
Γλµν , and a symmetri metri gµν(= gνµ). By denition the metri allows
us to measure distanes. We assume that this metri is non-degenerate and
therefore invertible. Consequently it an be used to raise and lower indies.
The onnetion is related to parallel transport and therefore denes the
ovariant derivative. The denition is the following:
∇¯µAνσ = ∂µAνσ + ΓνµαAασ − ΓαµσAνα. (2.5)
We give this here even though it may be onsidered trivial, sine several dif-
ferent onventions exist in the literature. Additionally one has to be areful
about the position of the indies when the onnetion is not symmetri.
Notie that we use ∇¯µ to denote the ovariant derivative here beause we
have not yet related Γλµν in any way to the metri. This would be an extra
assumption that is not needed at this stage. This onnetion is not assumed
to be the LeviCivita onnetion of gµν and the symbol ∇µ is reserved for
the ovariant derivative dened with the latter.
Using the onnetion, one an onstrut the Riemann tensor:
Rµνσλ = −∂λΓµνσ + ∂σΓµνλ + ΓµασΓανλ − ΓµαλΓανσ . (2.6)
whih has no dependene on the metri. Notie that the Riemann tensor
here has only one obvious symmetry; it is antisymmetri in the last two
indies. The rest of the standard symmetries are not present for an arbitrary
onnetion [155℄.
Sine we do not assume here any relation between the metri and the
onnetions, the former is not neessarily ovariantly onserved. The failure
of the onnetion to preserve the metri is usually measured by the non-
metriity tensor:
Qµνλ ≡ −∇¯µgνλ. (2.7)
The trae of the non-metriity tensor with respet to its last two (symmetri)
indies is alled the Weyl vetor:
Qµ ≡ 1
4
Q νµν . (2.8)
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At the same time, the onnetion is not neessarily symmetri. The anti-
symmetri part of the onnetion is often alled the Cartan torsion tensor:
S λµν ≡ Γλ[µν]. (2.9)
One has to be areful when deriving the Rii tensor in this ase, sine
only some of the standard symmetry properties of the Riemann tensor hold
here. A straightforward ontration leads, in fat, to two Rii tensors [155℄:
Rµν ≡ Rσµσν = −Rσµνσ, R′µν ≡ Rσσµν . (2.10)
The rst one is the usual Rii tensor given by
Rµν = Rλµλν = ∂λΓλµν − ∂νΓλµλ + ΓλσλΓσµν − ΓλσνΓσµλ. (2.11)
The seond is given by the following equation
R′µν = −∂νΓααµ + ∂µΓααν . (2.12)
For a symmetri onnetion, this tensor is equal to the antisymmetri part
of Rµν . Fully ontrating both tensors with the metri to get a salar gives,
for Rµν
R = gµνRµν (2.13)
whih is the Rii salar, and for R′µν
R′ = gµνR′µν = 0, (2.14)
sine the metri is symmetri and R′µν is antisymmetri. Therefore the Rii
salar is uniquely dened by eq. (2.13).
We have onsidered so far seond rank tensors that one gets from a
ontration of the Riemann tensor without using the metri, i.e. tensors
independent of the metri. There is a third seond rank tensor whih an
be built from the Riemann tensor [156℄: R′′µν ≡ R σµ σν = gσαgµβRβασν .
This tensor, however, depends on the metri. A further ontration with the
metri will give R′′ = gµνR′′µν = −R, and so even if we onsider this tensor,
the Rii salar is in pratie uniquely dened.
2.3 General Relativity through its assumptions
What is really distinguishing General Relativity from other andidate theo-
ries for gravitation? In Setion 2.1 this problem was approahed from a on-
eptual perspetive and the disussion evolved around several priniples that
an be formed to desribe the key features of the gravitational interation.
Even though this is indeed the most fundamental and therefore the most no-
ble way to address this problem, a rigorous axiomati formulation of General
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Relativity is still pending, as already mentioned. The next best thing that
one an do is to list the assumptions that uniquely lead to Einstein's theory
and distinguish it from alternative theories one the geometrial nature of
gravity is itself assumed.
We have already argued why it is very reasonable to desribe gravity as
a geometri phenomenon and why a metri is most likely to be present in
the gravity setor. We have also already presented the tools needed for suh
a desription in the previous setion. However, even if the metri postulates
are adopted, General Relativity is not the only theory that satises them
and there are extra restritions that should be imposed in order to be led
uniquely to this theory. Let us present these here as they ome about in the
derivation of the eld equations.
General Relativity is a lassial theory and therefore no referene to an
ation is really physially required; one ould just stay with the eld equa-
tions. However, the Lagrangian formulation of the theory has its merits.
Besides its elegane, there are at least two more reasons it has now beome
standard:
• At the quantum level the ation indeed aquires a physial meaning and
one expets that a more fundamental theory for gravity (or inluding
gravity), will give an eetive low energy gravitational ation at a
suitable limit.
• It is muh easier to ompare alternative gravity theories through their
ations rather than by their eld equations, sine the latter are far
more ompliated. Also, it seems that in many ases we have a better
grasp of the physis as desribed through the ation (ouplings, kineti
and dynamial terms et.).
For the above reasons we will follow the Lagrangian formulation here.
However, we will be keeping trak of the analogy with the geometri deriva-
tion of the eld equations of General Relativity, initially used by Einstein,
and omment on it whenever neessary. In Einstein's derivation the anal-
ogy with the Poisson equation, whih desribes the dynamis of Newtonian
gravity, plays a signiant role. Suh an approah an be found in many
textbooks (for instane [157℄).
Let us start with what is probably the most basi assumption of General
Relativity: that the ane onnetion Γλµν is the LeviCivita onnetion, i.e.
Γλµν = {λµν}. (2.15)
This assumption is atually dual, sine it requires both the metri to be
ovariantly onserved,
∇¯λgµν = 0, (2.16)
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and the onnetion to be symmetri,
Γλµν = Γ
λ
νµ. (2.17)
Assumption (2.16) an also be written in terms of the non-metriity as
Qµνλ = 0, while assumption (2.17) an be written in terms of the Car-
tan torsion tensor as S λµν = 0. General Relativity assumes that there is
neither torsion nor non-metriity.
Given these assumptions, the Riemann tensor will turn out to be anti-
symmetri also with respet to the rst two indies as well as symmetri in
an exhange of the rst and the seond pairs. Therefore, one an onstrut
only one seond rank tensor from straightforward ontration, i.e. without
using the metri. This is the well-known Rii tensor, Rµν (we use Rµν for
the Rii tensor onstruted with an independent onnetion). A full on-
tration with the metri will then lead to the Rii salar, R in the usual
way.
Before writing down an ation for General Relativity, we need to refer to
another key assumption. General Relativity assumes that no elds other than
the metri mediate the gravitational interation. Any eld other than the
metri is onsidered to be matter and should be inluded in the matter ation.
Therefore the general struture of the ation should inlude a Lagrangian for
gravity whih depends only on the metri and a Lagrangian for the matter
whih depends on the matter elds. In terms of the eld equations, this
requirement an be put in the following terms: the left hand side should
depend only on the metri and the right hand side should depend only on
the matter elds, at least if we want our equations to have a form similar to
the Poisson equation.
For the matter Lagrangian we have one basi requirement: We want its
variation with respet to the metri to lead to the the matter stress-energy
tensor, sine this is what we expet to have on the right hand side of the
eld equations. Therefore, we dene
Tµν ≡ − 2√−g
δSM
δgµν
, (2.18)
where δ/δgµν is a funtional derivative with respet to the metri,
SM =
∫
d4x
√−gLM(gµν , ψ), (2.19)
is the matter ation, g denotes the determinant of the metri gµν , LM is the
matter Lagrangian and ψ olletively denotes the matter elds. In a sense,
here we just draw our insight from the analogy with the Poisson equation and
the fat that in Speial Relativity the stress-energy tensor is the analogue of
the matter density in Newtonian theory.
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Let us now go one step further and examine the form of the gravitational
Lagrangian. Hilbert, to whom we owe the Lagrangian formulation of General
Relativity, reognised two requirements. Firstly, the Lagrangian should be
a generally ovariant salar if it is to lead to ovariant equations (equations
of tensors). This depits the requirements that the eld equations are to
be independent of the oordinates. Seondly, the Lagrangian should depend
only on the metri and its rst derivatives and not on any higher order
derivatives, so that metri variation will lead to a seond order dierential
equation. This requirement omes from the fat that we do not know of any
other theory whih has higher order eld equations.
However, there was an obstale to Hilbert's requirements: There is no
generally ovariant salar that one an onstrut with only the metri and its
rst derivatives. The rst derivatives of the metri are not ovariant objets
and no ombination an be formed using them that turns out to be ovariant.
The simplest generally ovariant salar that one an onstrut is the Rii
salar whih depends also on the seond derivatives of the metri. This
was Hilbert's motivation for dening the gravitational ation for General
Relativity as:
SEH =
1
16π G
∫
d4x
√−gR. (2.20)
The oeient (16π G)−1 is hosen with some antiipation sine at this stage
any onstant would do and one has to resort to the Newtonian limit in order
to alulate its value.
Let us now see how one derives the eld equations from the ation (2.20).
We shall not disuss this proedure in detail however, sine it is a standard
text-book alulation (see e.g. [12℄). The variation of the ation (2.20) with
respet to the metri gives
δSEH =
1
16π G
[∫
U
d4x
√−gGµνδgµν − 2
∫
δU
d3x
√
|h| δK
]
, (2.21)
where U denotes the volume, δU denotes the boundary of U , and K is, as
usual, the trae of the extrinsi urvature of that boundary [12℄.
Gµν ≡ Rµν − 1
2
Rgµν (2.22)
is the Einstein tensor.
The seond term in eq. (2.21) is a surfae term. Assuming that gµν is
xed on the boundary does not imply, however, that this term goes to zero.
That would require also the rst derivatives of the metri to be xed on the
boundary whih is not an option sine the number of degrees of freedom
of the metri is all that we are allowed to x [12, 158, 159℄. Note that
ignoring the surfae term is not an alternative here; it just means that we
are impliitly xing the rst derivatives. This implies that trying to apply
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the stationary ation priniple to the ation (2.20), or to the sum of this
with ation (2.19), in order to derive eld equations is unfeasible due to the
presene of the non-vanishing surfae term. In fat, SEH would not even
be funtionally dierentiable at the solutions of the eld equations even if
those were attainable. This is the prie whih we pay for having allowed the
ation to inlude seond derivatives of the metri in order to maintain the
requirement of general ovariane.
Note that these terms turned out to be of a ertain form: they an be
ombined to give a surfae term whih does not really aet the dieren-
tial order of the eld equations, sine Gµν does indeed inlude only up to
seond derivatives of the metri. This is a speial and remarkable hara-
teristi of the EinsteinHilbert ation, SEH , and it is not shared by other
ations inluding seond derivatives of the metri. In fat, even before the
variation, SEH an be split into a bulk part and a surfae term (see [160℄ for
an expliit alulation). The bulk Lagrangian, however, is not a generally
ovariant salar. Therefore, one an nd non-ovariant ations whih lead
to a variation (2.21) without the unwanted surfae term. A typial example
is the ation proposed by Shrödinger [155℄:
SScr =
1
16πG
∫
U
d4x
√−ggµν
(
{αβµ}{βαµ} − {αµν}{βαβ}
)
, (2.23)
In fat, Einstein was one of the rst to realize that the gravitational ation
does not neessarily have to be built out of a generally ovariant salar in
order to lead to ovariant equations [161℄. Of ourse this does not mean that
a non-ovariant ation would be physially meaningful as an objet, sine it is
reasonable to require than an ation arrying some physial meaning should
still be oordinate independent or, better yet, dieomorphism invariant.
Therefore in order to properly derive the Einstein equations, one has to
redene the gravitational ation in suh a way that no surfae term will be
present after the variation and at the same time ovariane is preserved.
Note that sine the surfae term is atually a total variation of a surfae
ation this is not that hard to do. Starting from the ation
S′EH = SEH +
1
8πG
∫
δU
d3x
√
|h|K, (2.24)
variation with respet to the metri gives
δS′EH =
1
16π G
∫
U
d4x
√−gGµνδgµν . (2.25)
Adding the variation of the matter ation and applying the stationary ation
priniple, one an straightforwardly derive the Einstein equations
Gµν = 8π GTµν . (2.26)
50 CHAPTER 2. FOUNDATIONS OF GRAVITATION THEORY
Using S′EH , one has a anellation of the surfae term and hene a lean
derivation of the Einstein eld equations. This ation is usually referred to
as the healed EinsteinHilbert ation.
It is worth ommenting that the surfae term in the healed Einstein
Hilbert ation is more than a trik in order to nd a way to ombine o-
variane and well dened variation. It has turned out to have interesting
properties sine, for instane, it is related to blak hole entropy (for a de-
tailed disussion of the role and nature of the surfae term see e.g. [162℄).
One also has to mention that even though S′EH is manifestly ovariant, it is
not foliation independent, sine the presene of the surfae term requires the
hoie of a preferred foliation. Therefore, the ation (2.24) annot be onsid-
ered really bakground independent (whih is the atual physial property
usually enfored by requiring dieomorphism invariane) (see, for instane,
the relevant disussion in [147℄).
Let us onlude the derivation of the Einstein equations by mentioning
that their left hand side an be derived without referene to an ation prini-
ple, based on the following arguments: It has to be a divergene free seond
rank tensor in order to math the right hand side and it has to depend only
on the metri and its rst and seond derivatives. The Einstein tensor is
an obvious hoie (even though not the only one). It is worth mentioning
at this point that one ould easily add a osmologial onstant Λ to the
eld equation, either by adding the term −Λ gµν on the right hand side of
eq. (2.26), or by subtrating 2Λ from the EinsteinHilbert Lagrangian.
Before losing this setion we an sum up the assumptions used to arrive
at General Relativity within the framework of metri theories of gravitation:
1. Γλµν = Γ
λ
νµ or S
λ
µν = 0. Spaetime is torsion-less.
2. ∇¯λgµν = 0 or Qµνλ = 0. The onnetion is a metri one.
3. No elds other than the metri mediate the gravitational interation.
4. The eld equations should be seond order partial dierential equa-
tions.
5. The eld equations should be ovariant (or the ation should be dif-
feomorphism invariant).
2.4 Relaxing the assumptions
Having listed the assumptions that lead to General Relativity, one may won-
der what a theory whih relaxes one or more of these assumptions would
look like. Before going further, let us larify that the assumptions listed in
the previous setion lead to General Relativity only one one has already
adopted some of the viability riteria presented in Setion 2.1. For example,
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we started the disussion presented in this setion presupposing the existene
of a metri and the dynamial nature of spaetime. Therefore, one should
not overestimate the value of the disussion presented in the previous se-
tion: it sums up some of the key features of General Relativity but it does
not neessarily trae their root.
Relaxing some of the assumptions listed above leads, for instane, to
muh more drasti departures from General Relativity than others. It is easy
to argue that ovariane of the eld equations is not an assumption that an
be ast aside as easily as the absene of any extra eld mediating gravity.
Indeed, for the reasons disussed in Setion 2.1, we will onsider ovariane as
being a very basi priniple and will not attempt the relax this assumption
in the rest of this thesis. Let us, therefore, onern ourselves here with
the relaxation of the following assumptions: those related to the symmetry
and the metriity of the onnetion, the requirement for seond order eld
equations and the absene of any extra eld mediating the gravitational
interation.
2.4.1 The Palatini formalism
It is obvious that if one does not speify a relation between the metri gµν and
the onnetion Γλµν then this onnetion an be regarded as an independent
eld. Therefore, any theory with this harateristi would be drastially
dierent from General Relativity. There is, however, one more possibility:
relaxing the assumptions related to the onnetion but at the same time
ending up with General Relativity by deriving them as onsequenes of the
eld equations. It is exatly this possibility that we will explore here. It an
be found in standard text books under the name of the Palatini formalism
(e.g. [12, 163℄) even though it was Einstein and not Palatini who introdued
it [164℄.
Let us assume that the onnetion is indeed symmetri and eq. (2.17)
holds, but abandon the ovariant onservation of the metri, i.e. assumption
(2.16). We therefore start with a symmetri metri and an independent
symmetri onnetion. We now have two elds desribing gravity and we
want to onstrut an ation for our theory.
In the proess of deriving the EinsteinHilbert ation, eq. (2.20), we on-
sidered only R, motivated initially by wanting the resulting eld equations
to be seond order dierential equations. This requirement omes from the
fat that all other theories besides gravity are desribed by suh eld equa-
tions. We an build our ation here using the same requirement. We need a
generally ovariant salar that depends only on our fundamental elds, the
metri and the onnetions, and on their rst derivatives at most. Therefore
the obvious hoie is the Rii salar R [eq. (2.11)℄.
This is learly not the only hoie. In fat R does not even inlude the
rst derivatives of the metri. It also does not inlude terms quadrati in
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the rst derivatives of the onnetion. In this sense, our hoie just omes
from analogy with the standard EinsteinHilbert ation and is, in pratie,
a hoie of onveniene sine, as we are about to nd out, it will give the
desired result.
As far as the matter ation is onerned we do not want to abandon
the metri postulates. This implies that the matter ation will depend only
on the metri and not on the independent onnetion Γλµν . However, if our
theory is to be a metri theory of gravity, even though it inludes an indepen-
dent onnetion, then this onnetion is not, by denition, arrying its usual
physial meaning [165, 166, 167℄. It does not dene parallel transport or the
ovariant derivative. The reader should not be surprised by that. In the
matter ation there an be ovariant derivatives and the only way to avoid
having a matter ation generially independent of Γλµν is to assume that it
is the LeviCivita onnetion of the metri that is used for the denition of
the ovariant derivative. We will analyse this fat extensively later on. For
the moment, let us stress one more that the underlying geometry is indeed
a priori pseudo-Riemannian. It is worth notiing that this make our hoie
for the gravitational ation even more ad ho sine R will now not really be
related to the urvature of spaetime from a geometrial perspetive.
In any ase the total ation will be
Sp =
1
16π G
∫
d4x
√−gR+ SM(gµν , ψ). (2.27)
the variation of the ation (2.27) should now be performed with respet to
both the metri and the onnetions (or the ovariant derivatives) separately.
An independent variation with respet to the metri and the onnetion is
alled Palatini variation. Note that this should not be onfused with the
term Palatini formalism, whih refers not only to the Palatini variation, but
also to having the matter ation being independent of the onnetion.
The easiest way to proeed with the independent variation is to follow
[12℄ and express the Γs, as a sum of the LeviCivita onnetions of the
metri, gµν , and a tensor eld C
λ
µν . Variation with respet to the Γs (or the
ovariant derivative) will then be equivalent to the variation of Cλµν . On the
boundary, gµν and C
λ
µν will be xed and we get the following:
0 = − 1
8π G
∫
d4x
√−ggµν∇[µδCλλ]ν +
+
1
16π G
∫
d4x
√−g (Cνσσδµλ + Cσσλgµν − 2Cν µλ ) δCλµν +
+
1
16π G
∫
d4x
√−g
(
Rµν − 1
2
R gµν − 8πGTµν
)
δgµν . (2.28)
We see immediately that the rst term in eq. (2.28) is again a surfae term.
This time, however, it is exatly zero sine now δCλµν = 0 on the boundary
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as Cλµν is xed there. This is, in a sense, an advantage with respet to the
metri formalism sine no healing of the ation is required.
Coming bak to (2.28) and onsidering that the independent variations
with respet to the metri and with respet to Cλµν should vanish separately,
we see now that requiring the seond term to vanish orresponds to the
ondition
Cλµν = 0, (2.29)
or
Γλµν = {λµν}, (2.30)
i.e., the Γs have to be the LeviCivita onnetions of the metri. So, in
the end, the last term leads to the standard Einstein equations given that
now, due to eq. (2.30), Rµν = Rµν . Note that the above results remain
unhanged if a osmologial onstant is added to the ation as the resulting
equations will then be just the standard Einstein equations with a non-
vanishing osmologial onstant.
It should be stressed that eq. (2.30) is now a dynamial equation and
therefore not a denition, so the Palatini formalism leads to General Relativ-
ity without the metriity ondition being an external assumption. However,
this omes at a prie. Our hoie for the ation is muh more ad ho and
the physial meaning of the independent onnetion is obsure sine, as we
argued, it is not present in the matter ation and it is not the one dening
parallel transport.
One might deide to allow Γλµν to be present in the matter ation and to
dene the ovariant derivative. Even if we start from the same gravitational
ation, the resulting theory in this ase will not be General Relativity [168,
165, 166, 167℄. We will return and fully analyse these issues in the next
hapter.
2.4.2 Higher order eld equations
There is yet another way to deviate from General Relativity without inlud-
ing gravitational elds other than the metri: one an abandon the assump-
tion of having seond order eld equations and allow the ation to depend on
higher derivatives of the metri. Taking into aount the general ovariane
requirement, what one does in order to raise the dierential degree of the
eld equations is to add higher order urvature invariants in the gravitational
ation, for instane RµνR
µν
.
Higher order theories of this short are not new. In fat, they date bak
to 1919 [169, 131℄ and there have been many periods in whih they have
reeived inreased interest, inluding in the last few years. Sine we intend
to refer to suh theories extensively in the forthoming hapters, we will
refrain from saying more here, hoping for the reader's patiene.
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2.4.3 Extra elds mediating gravity
Up to this point we have only referred to theories where the metri is the
only gravitational eld
5
. One an onsider having other elds mediating
the gravitational interation in some way. Let us stress one more that
the terms gravitational and non-gravitational eld are quite ambiguous.
Even though we will attempt to larify this issue at a later stage (Chapter
7), it is important to state what is meant here when we refer to extra elds
desribing gravity. The term is used, in a loose sense, to refer to any eld that
an somehow partiipate in the dynamis of gravity. This ould be a eld
diretly desribing part of the spaetime geometry, or a eld that intervenes
passively in the generation of the spaetime geometry by the matter elds.
In a Lagrangian formalism suh a eld is mostly expeted to be oupled
non-minimally to the metri (otherwise the standard lore is to onsider it as
a matter eld).
Several theories inluding elds other than the metri have been pro-
posed. Most of them have been ruled out by experiments and an now be
onsidered obsolete. We will avoid referring to suh theories unless they
onstituted a ruial step towards a more modern theory or may seriously
ontribute to a better understanding of some subtle issues of ontemporary
gravitation researh. We refer the reader interested in the history of suh
theories to [139℄ for a more omplete list of referene.
We will proeed with our disussion, lassifying theories aording to the
nature of the extra gravitational eld (salar eld, vetor eld et.). However,
it should be mentioned that one ould also perform a lassiation aording
to the dynamis of the eld. Note that a non-dynamial eld an introdue
preferred frame eets in a theory, leading to violation of LLI and/or LPI
without neessarily violating general ovariane
6
.
Salar elds
In Newtonian gravity the gravitational eld is represented by a salar. There-
fore, it should not ome as a surprise that one of the early attempts to reate
a relativisti gravitation theory is indeed a generalisation of Newtonian grav-
ity whih preserves the salar gravitational eld as the key eld related to
gravity. This is Nordstöm's theory, whih is atually a predeessor of General
Relativity as it was rst introdued in 1913 [149℄. Apart from its pedagogial
value, Nordström's theory an now be onsidered obsolete. Additionally, it
is not a theory that besides the metri inludes also a salar, but more of a
salar theory of gravity.
5
Even in the Palatini formalism presented in Setion 2.4.1, the nal outome was
General Relativity.
6
Non ovariant expressions an easily be brought into a ovariant form by imposing a
list of ovariantly expressed onstraints via, for example, a Lagrange multiplier (see also
[147℄).
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The study of theories whih in addition to the metri inlude also a
salar eld was mainly stimulated by the works of Jordan in 1955 [170℄ and
Brans and Dike in 1961, leading to the development of what was later alled
(Jordan)BransDike theory. Generalisations of this theory are now alled
salar-tensor theories of gravity. We will study suh theories in some detail
in the next hapter.
Vetor elds
As in the ase of salars, also here the rst gravitation theory inluding a
vetor eld ame before General Relativity; it was skethed by Hermann
Minkowski in 1908. Details about the general form and harateristis of a
theory whih inludes a dynamial vetor eld in addition to the metri an
be found in [139, 144, 171℄. We want to onentrate here on two theories
that attrat signiant attention at present.
The rst is Tensor-Vetor-Salar gravity (TeVeS), proposed by Jaob
Bekenstein in 2004 [172℄. Bekenstein's theory inludes, besides the met-
ri, not only a vetor, but also a salar eld. This theory was tailored to be
a relativisti extension of Milgrom's modied Newtonian dynamis (MOND)
[173, 174, 175℄. MOND suggests a modiation of Newton's law of universal
gravitation in order to aount for the unexpeted shape of the rotational
urves of galaxies without the need for dark matter (see Setion 1.3.3). TeVeS
redues to MOND instead of standard Newtonian gravity in what is usually
alled the Newtonian limit.
The seond theory whih we want to onsider is the so alled Einstein-
Aether theory, proposed by Jaobson and Mattingly [176, 177℄. This theory
inludes a dynamial vetor eld as well as the metri, but no salar eld.
Note that the Lagrangian of the vetor eld in TeVeS is a speial ase of
the more general Lagrangian of Einstein-Aether theory. The word aether
in EinsteinAether theory refers to some preferred frame. This frame is to
be determined by some yet unknown physis whih may lead to Lorentz
symmetry violations. Suh violations an leave an imprint not only on non-
gravitational physis, but also on gravity itself and this is exatly the gap
whih EinsteinAether theory is hoping to ll. The role of the aether is
played by the vetor eld. Even though the eld is dynamial and the theory
is fully ovariant, the vetor is set to be of unitary length a priori. This is
an impliit violation of bakground independene and introdues preferred
frame eets. It should be noted that Bekenstein's theory also shares this
harateristi, even though the fat that the vetor eld is not oupled to
the matter prevents detetion of the preferred frame (at least lassially).
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Tensor elds
Apart from salar and vetor elds, one ould also onsider inluding tensor
elds in the mediation of the gravitational interation. Most of the theories
developed under this perspetive inlude an extra seond rank tensor eld,
whih atually serves as a seond metri. The most well known of these
theories is Rosen's bimetri theory, whih, in addition to the spaetime met-
ri, also inludes a at, non-dynamial metri [178, 179, 180℄. Clearly, the
presene of the at, non-dynamial metri implies the existene of some
prior geometry and, therefore, the theory is not bakground independent.
Most of the urrent interest in bimetri theories omes from what is alled
variable speed of light Cosmology whih is proposed as an alternative
way to approah the problems usually address by the inationary paradigm
[181, 182, 183, 184℄. In brief, the relation between a variable speed of light
and the existene of a seond metri an be explained as follows: The ausal
propagation of eletromagneti waves is determined by the metri present
in Maxwell's equations. Therefore, if one introdues a metri dierent from
that desribing the geometry and uses this metri in Maxwell's equations,
the outome will be a theory in whih the light speed will not be determined
by the spaetime metri.
Ane onnetions
Finally, let us onsider the ase of gravitation theories that inlude ane on-
netions that are not neessarily related to the metri. Before going further,
it is worth ommenting that even in the early 1920s there was an ongoing
disussion about whether it is the metri or the onnetion that should be
onsidered as being the prinipal eld related to gravity (see e.g. [185℄). In
1924 Eddington presented a purely ane version of General Relativity in
vauum [131℄. In Eddington's theory the metri ame about as a derived
quantity. Later on, Shödinger generalized Eddington's theory to inlude a
non-symmetri metri [186℄, therefore arriving at a purely ane version of
EinsteinStraus theory whih was introdued as a uniation of gravity and
eletromagnetism [187℄ (see also [188, 189℄ for a reent review). Purely ane
theories of gravity do not now reeive muh attention, most probably due
to the diulties that arise when one attempts to add matter (however see
[190℄ for some proposals).
A more onventional approah is to onsider theories where both a metri
and a onnetion are present but are, at least to some degree, independent.
By far the most well-known theory of this sort is EinsteinCartan(Siama
Kibble) theory [191, 192, 193, 194, 195, 196℄. This theory assumes that a
onnetion and a metri desribe the geometry. The metri is symmetri and
ovariantly onserved by the onnetion (vanishing non-metriity). However,
the onnetion is not neessarily symmetri (and therefore it is not the Levi
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Civita onnetion of the metri). The spaetime assoiated with this theory
is alled a Riemann-Cartan spaetime. One of the main advantages of the
theory is that it allows torsion and relates its presene with the spin of mat-
ter. In fat, one ould argue that if General Relativity were to be extended to
mirophysis, spin angular momentum should somehow beome a soure of
the gravitational eld, muh like standard marosopi angular momentum
[196℄.
EinsteinCartan(SiamaKibble) theory is not the only theory that in-
ludes an independent onnetion. For instane, one an deide to abandon
the metriity assumption as well and allow the onnetion to be ompletely
independent of the metri. This generially leads to metri-ane theories of
gravity. However, as we will devote a large portion of the next hapter to
theories with suh harateristis and to the interation between spin and
gravity, we refrain from mentioning more here and refer the reader to Setion
3.6.
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Chapter 3
Modied ations and eld
equations for gravity
3.1 Introdution
Having disussed the more general aspets of gravitation theory and briey
reviewed or mentioned some early proposed alternatives to General Rela-
tivity, we will onentrate now on a number of spei gravitation theories
that have reeived attention lately. We begin by devoting this hapter to
the exploration of their theoretial aspets. In the following hapters, their
phenomenologial aspets will be studied as well.
The theories onsidered an ome from an ation as an many of the
interesting theories of gravity. We onentrate on theories whih inlude a
salar eld as an extra eld mediating the gravitational interation (suh as
salar-tensor theories), theories whose ation inludes higher order urvature
invariants and some spei ombinations of these two ases (e.g. Gauss
Bonnet gravity). We also extensively onsider theories with a onnetion
whih is independent of the metri.
The ations of these theories are presented and in many ases their re-
semblane with eetive low-energy ations oming from more fundamental
theories is briey disussed. We also present the derivation of the eld equa-
tions through the appliation of a suitable variational priniple and analyse
the basi harateristis of the theory, as expressed through the eld equa-
tions.
3.2 Salar-Tensor theory of gravity
3.2.1 A predeessor: BransDike theory
As already disussed in the previous hapters, Dike has been one of the
pioneers in the disussion of the oneptual basis of gravitation theories. In
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1961, motivated by Mah's Priniple  whih, aording to Dike, an take
the learer formulation the gravitational onstant should be a funtion of
the mass distribution of the universe"  he introdued, together with his
student Carl Brans, what is now alled BransDike Theory [133℄. This
theory inludes, apart from the metri, also a salar eld in the mediation
of the gravitational interation and it was based on earlier works by Pasual
Jordan [170℄ among others.
The ation for BransDike theory is
SBD =
1
16π G
∫
d4x
√−g
[
φR − ω0
φ
(∂µφ∂
µφ)
]
+ SM (gµν , ψ), (3.1)
where φ is a salar eld and ω0 is alled the BransDike parameter. Note
that φ is not present in the matter ation, i.e. it is not oupled to the matter,
but it is non-minimally oupled to gravity. Note also that G is, as usual,
Newton's gravitational onstant.
It is apparent from the ation (3.1) why BransDike theory an be on-
sidered as a theory with a varying gravitational onstant, sine one an
always dene an eetive gravitational onstant, or better an eetive grav-
itational oupling
Geff =
G
φ
. (3.2)
Therefore, the theory an indeed be thought as a manifestation of Dike's
formulation of Mah's Priniple.
BransDike theory has only one extra free parameter with respet to
General Relativity, ω0. This is a harateristi many would onsider as a
merit for an alternative theory of gravity, sine it makes it easy to test and
onstrain or even rule out the theory. Indeed, using the standard post-
Newtonian expansion [139℄ one an utilize Solar System tests to derive a
bound for ω0 (see for example [197℄):
|ω0| > 40 000. (3.3)
This unusually large value is hardly appealing sine one expets dimension-
less oupling parameters to be of order unity. Thus, BransDike theory is
no longer onsidered a viable alternative to General Relativity but serves
as a model theory within a more general lass of theories inluding a salar
eld.
3.2.2 Ation and eld equations
BransDike theory an be straightforwardly generalised into what is alled a
salar-tensor theory of gravity. A general form for the ation of suh theories
is
SST =
1
16π G
∫
d4x
√−g
[
φR − ω(φ)
φ
(∂µφ∂
µφ)− V (φ)
]
+ SM (gµν , ψ),
(3.4)
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where V (φ) is the potential of the salar eld φ and ω(φ) is some funtion
of φ. Note that by setting ω(φ) = ω0 we derive the ation
SBDV =
1
16π G
∫
d4x
√−g
[
φR− ω0
φ
(∂µφ∂
µφ)− V (φ)
]
+ SM (gµν , ψ).
(3.5)
If we also exlude the potential term V (φ), then we return to the ation
(3.1).
The theory desribed by ation (3.5) is a BransDike theory with a
potential for the salar and is sometimes referred to in the literature as a
salar-tensor theory and sometimes simply as BransDike theory. Even
though, stritly speaking, the theory introdued by Brans and Dike did not
inlude a potential, we will reserve the term salar-tensor theories for more
general theories desribed by the ation (3.4) and in what omes next we
will be referring to the ation (3.5) as BransDike theory with a potential
or simply BransDike theory.
It is worth larifying here that BransDike theory and any other ver-
sion of salar-tensor theory are metri theories of gravity: the salar eld
is not oupled diretly to the matter and so matter responds only to the
metri. The role of the salar eld is just to intervene in the generation of
the spaetime urvature assoiated with the metri [139℄.
Note also that the bound on ω0 mentioned earlier for BransDike theory
without a potential is still appliable in the presene of a potential or even
for a general salar-tensor theory in the form
|ω(φ0)| > 40 000, (3.6)
where φ0 is the present value of the salar. However, for this onstraint
to be appliable, the eetive mass of the salar eld should be low or, as
ommonly said, the potential should be light (∂2V/∂φ2 evaluated at φ0 plays
the role of an eetive mass). If the potential is heavy, then the salar eld
beomes very short-ranged and the bound is not appliable.
Sine salar-tensor theory is one of the most widely-studied alternatives
to General Relativity and there are standard text books analysing its har-
ateristis [198, 199℄, we will not go muh further in our disussion of it here.
Before deriving the eld equations from the ation, let us just omment that
non-minimally oupled salar elds are present in the low energy eetive a-
tion of more fundamental theories, suh as String Theory (e.g. dilaton), and
a potential might be expeted to be present after supersymmetry breaking.
We refer the reader to the literatures for more details [198, 199℄.
We an now proeed to vary the ation (3.4) to derive the eld equations.
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Independent variation with respet to the metri and the salar eld gives
Gµν =
8π G
φ
Tµν +
ω(φ)
φ2
(
∇µφ∇νφ− 1
2
gµν∇λφ∇λφ
)
+
+
1
φ
(∇µ∇νφ− gµν2φ)− V
2φ
gµν , (3.7)
2φ = − φ
2ω
(
R− V ′)− 1
2
∇µφ∇µφ
(
ω′(φ)
ω(φ)
− 1
φ
)
, (3.8)
where Gµν = Rµν − 12Rgµν is the Einstein tensor, Tµν ≡ −2√−g δSMδgµν is the
stress-energy tensor, ∇ denotes ovariant dierentiation, 2 ≡ ∇µ∇µ and a
prime denotes dierentiation with respet to the argument. One an take
the trae of eq. (3.7) and use the result to replae R in eq. (3.8) to derive
(2ω(φ) + 3)2φ = 8π GT − ω′(φ)∇λφ∇λφ+ φV ′ − 2V, (3.9)
where T ≡ gµνTµν is the the trae of the stress energy tensor. Note that
eq. (3.8) implies a oupling between the salar eld and the metri but
no oupling with matter, as expeted, so we should not be misled by the
presene of matter in eq. (3.9): the eld φ ats bak on matter only through
the geometry.
By setting ω(φ) = ω0 or by varying the ation (3.5) diretly, we an get
the simpler eld equations for BransDike theory with a potential:
Gµν =
8π G
φ
Tµν +
ω0
φ2
(
∇µφ∇νφ− 1
2
gµν∇λφ∇λφ
)
+
+
1
φ
(∇µ∇νφ− gµν2φ)− V
2φ
gµν , (3.10)
2ω0
φ
2φ+R− ω0
φ2
∇µφ∇µφ− V ′ = 0. (3.11)
In BransDike theory, eq. (3.9) takes the simpler form
(2ω0 + 3)2φ = 8πGT + φV
′ − 2V. (3.12)
Let us lose this setion with a warning about the eetive gravitational
oupling. As we said in the previous setion, for BransDike theory one an
dene Geff through eq. (3.2). In the same way as in eq. (3.2) one an dene
the eetive gravitational oupling for any salar-tensor theory. However, it
should be stressed that this is not going to be the oupling as measured by
a Cavendish experiment. The latter would be [200℄
G
(∗)
eff =
G
φ
2ω φ+ 2
2ω φ+ 3
. (3.13)
The reason for this dierene is quite straightforward: Geff is, in pratie,
the inverse of the oeient of R as read from the ation, whereas G
(∗)
eff is the
quantity of dimensions cm3 g−1 s−2 whih appears in Newton's seond law in
a two body problem, suh as a Cavendish experiment. These two quantities
are not generially the same.
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3.3 f(R) gravity in the metri formalism
3.3.1 The ation
We have already briey disussed in the previous hapter the possibility of
inluding higher order urvature invariants in the gravitational ation. At-
tempts towards this diretion were rst examined by Weyl and Eddington
in 1919 and 1922 respetively [169, 131℄, mainly on the basis of theoretial
ompleteness. It is easy to understand that ompliating the ation, and
onsequently the eld equations, with no apparent reason is not so appeal-
ing. For instane, the degree of the eld equations will beome higher than
seond and we urrently are unaware of any other physial theory with suh
harateristis.
However, starting from the early 1960s, there appeared indiations that
ompliating the gravitational ation might indeed have its merits. As dis-
ussed in the Introdution, General Relativity is not renormalisable and
therefore annot be onventionally quantized. In 1962, Utiyama and De
Witt showed that renormalisation at one-loop demands that the Einstein
Hilbert ation should be supplemented by higher order urvature terms [114℄.
Later on, Stelle showed that higher order ations are indeed renormalisable
(but not unitary) [115℄. More reent results show that when quantum or-
retions or String Theory are taken into aount, the eetive low energy
gravitational ation admits higher order urvature invariants [117, 118, 119℄.
Even though initially the relevane of suh terms in the ation was on-
sidered to be restrited to very strong gravity phenomena and they were
expeted to be strongly suppressed by small ouplings, this perspetive has
reently hanged as disussed in the Introdution. The main reason for this
was the motivation provided by the osmologial problems suh as the dark
energy problem, the late-time aelerated expansion of the universe, the os-
mologial onstant problems et. (see Chapter 1).
Higher order ations may inlude various urvature invariants, suh as
R2, RµνR
µν
et., but for orientation purposes one an onsider an ation of
the form
S =
1
16π G
∫
d4x
√−gf(R). (3.14)
The appealing feature of suh an ation is that it ombines mathematial
simpliity and a fair amount of generality. For example, viewing f as a series
expansion of f , i.e.
f(R) = · · ·+ α2
R2
+
α1
R
− 2Λ +R+ R
2
β2
+
R3
β3
· · · , (3.15)
where the αi and βj oeients have the appropriate dimensions, we see that
the ation inludes a number of phenomenologially interesting terms.
f(R) ations where rst rigorously studied by Buhdahl [201℄. We will
proeed to derive the eld equations for suh ations here. We will disuss
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the osmologial impliations and the way in whih suh theories an address
the osmologial problems in the next hapter.
3.3.2 Field equations
Adding a matter ation, the total ation for f(R) gravity takes the form
Smet =
1
16π G
∫
d4x
√−gf(R) + SM (gµν , ψ). (3.16)
Variation with respet to the metri gives, after some manipulations,
δSmet =
1
16π G
∫
d4x
√−g
[
f ′(R)Rµν − 1
2
f(R)gµν −
−∇µ∇νf ′(R) + gµν2f ′ − 8πGTµν
]
δgµν −
− 1
8πG
∫
δU
d3x
√
|h| f ′(R) δK. (3.17)
The integral in the last line represents a surfae term. However, unlike the
variation of the EinsteinHilbert ation, this surfae term is not the total
variation of a quantity, due to the presene of f ′(R). This implies that it
is not possible to heal the ation just by subtrating some surfae term
before making the variation.
Formally speaking, we annot derive the eld equations from this varia-
tion by applying the stationary ation priniple before nding a way to treat
the surfae term. However, the ation inludes higher order derivatives of
the metri and therefore it is possible to x more degrees of freedom on the
boundary than those of the metri itself. It has to be stressed at this point
that there are several auxiliary variables whih one an x in order to set
the surfae term to zero. Additionally, the hoie of the auxiliary variable
is not void of physial meaning, even though this might not be obvious at
a lassial level, sine it will be relevant for the Hamiltonian formulation of
the theory.
There is no unique presription for making the xing in the literature
so far. The situation gets even more ompliated if one takes into aount
that arbitrary surfae terms ould also be added into the ation in order to
allow dierent xings to lead to a well dene variation (see also [202℄ for a
disussion on the surfae term of f(R) gravity). Therefore, non-rigorous as
it may be, the standard approah at this stage is to neglet the surfae term,
silently assuming that a suitable xing has been hosen, and go diretly to
the eld equations
f ′(R)Rµν − 1
2
f(R)gµν −∇µ∇νf ′(R) + gµν2f ′ = 8π GTµν . (3.18)
This mathematial jump might seem worrying and ertainly gives no insight
for the hoie of auxiliary variables, whih would be neessary for a Hamil-
tonian formulation or a anonial quantisation. However, the eld equations
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(3.18) would be unaeted by the xing hosen and from a purely lassial
perspetive the eld equations are all that one needs.
Eqs. (3.18) are obviously fourth order partial dierential equations in the
metri. Notie, however, that the fourth order terms  the last two on the
left hand side  vanish when f ′(R) is a onstant, i.e. for an ation whih is
linear in R. Thus, it is straightforward for these equations to redue to the
Einstein equation one f(R) = R.
It is also worth notiing that the trae of eq. (3.18)
f ′(R)R − 2f(R) + 32f ′ = 8π GT, (3.19)
where T = gµνTµν , relates R with T dierentially and not algebraially as in
General Relativity, where R = −8πGT . This is already an indiation that
the eld equations of f(R) theories will admit more solutions than Einstein's
theory. As an example, we an mention here that Birkho's theorem, stating
that the Shwarzshild solution is the unique spherially symmetri vauum
solution, no longer holds in metri f(R) gravity. Without going into the
details of the alulation, let us stress that T = 0 no longer implies that
R = 0, or is even onstant.
Another important aspet of suh theories has to do with their maximally
symmetri solutions. The funtional form of f is what will aet whether
the maximally symmetri solution will be Minkowski, de Sitter or anti-de
Sitter. To see this, let us reall that maximally symmetri solutions lead to
a onstant Rii salar. For R = constant and Tµν = 0 eq. (3.19) redues to
f ′(R)R − 2f(R) = 0, (3.20)
whih, for a given f , is an algebrai equation in R. If R = 0 is a root of this
equation and one takes this root, then eq. (3.18) redues to Rµν = 0 and the
maximally symmetri solution is Minkowski spaetime. On the other hand,
if the root of eq. (3.20) is R = C, where C is a onstant, then eq. (3.18)
redues to Rµν = C/4gµν and the maximally symmetri solution is de Sitter
or anti-de Sitter depending on the sign of C, just as in General Relativity
with a osmologial onstant.
3.4 f(R) gravity in the Palatini formalism
3.4.1 The ation
In Setion 2.4.1, we showed how Einstein's equation an be derived using,
instead of the standard metri variation of the EinsteinHilbert ation, the
Palatini formalism, i.e. an independent variation with respet to the met-
ri and an independent onnetion (Palatini variation) of an ation with
gravitational Lagrangian R = gµνRµν , where Rµν is the Rii tensor on-
struted with the independent onnetion, and a matter ation independent
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of the onnetion. Reall the importane of this last assumption, of the
independene of the matter ation and the onnetion, as it is ruial for
the derivation and is a main harateristi of the Palatini formalism, whih
as we argued in Setion 2.4.1 has onsequenes for the physial meaning of
the independent onnetion: namely, this onnetion does not dene parallel
transport and the geometry is atually pseudo-Riemannian.
One an generalise the ation in exatly the same way that the Einstein
Hilbert ation was generalised in the previous setion:
Spal =
1
16π G
∫
d4x
√−gf(R) + SM(gµν , ψ). (3.21)
The motivation for studying suh ations is, in pratie, the same as in
metri f(R) gravity, and so we will not repeat it here. Applying the Palatini
variation to the ation (3.21) leads to what is alled f(R) gravity in the
Palatini formalism or simply Palatini f(R) gravity. Even though f is really
a funtion of R and not R in this ase, the term f(R) gravity is used as
a generi terminology to refer to a theory whose Lagrangian is a general
funtion of some Rii salar.
3.4.2 Field equations
Let us proeed to derive the eld equations for Palatini f(R) gravity. The
variation with respet to the metri is quite straightforward, sine Rµν does
not depend on it. However, the variation with respet to the onnetion is
more intriate, sine it requires δRµν . Taking into aount the denition
and symmetries of Rµν , and after some manipulations, it an be shown that
[155℄
δRµν = ∇¯λδΓλµν − ∇¯νδΓλµλ. (3.22)
We remind to the reader ∇¯λ denotes the ovariant derivative dened with
the independent onnetion.
The variation of the matter ation with respet to the independent on-
netion is zero sine we do not allow the matter ation to depend on Γλµν .
On the other hand, by denition
Tµν ≡ − 2√−g
δSM
δgµν
. (3.23)
Using eq. (3.22), the variation of the gravitational part of the ation takes
the form
δSpal =
1
16π G
∫
d4x
√−g
(
f ′(R)R(µν) −
1
2
f(R)gµν − 8π GTµν
)
δgµν +
+
1
16π G
∫
d4x
√−gf ′(R)gµν
(
∇¯λδΓλµν − ∇¯νδΓλµλ
)
. (3.24)
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Integrating by parts the terms in the seond line and taking into aount
that on the boundary δΓλµν = 0 and therefore surfae terms linear in δΓ
λ
µν
vanish, we get
δSpal =
1
16π G
∫
d4x
{
√−g
(
f ′(R)R(µν) −
1
2
f(R)gµν − 8πGTµν
)
δgµν +
+
[−∇¯λ (√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ] δΓλµν
}
. (3.25)
Applying the stationary ation priniple, straightforwardly leads to the equa-
tions
f ′(R)R(µν) −
1
2
f(R)gµν = 8π GTµν , (3.26)
−∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gσ(µ) δν)λ = 0, (3.27)
where indies inside parentheses are symmetrised. Taking the trae of eq.
(3.27), it an be easily shown that
∇¯σ
(√−gf ′(R)gσµ) = 0, (3.28)
whih implies that we an bring the eld equations into the more eonomi
form
f ′(R)R(µν) −
1
2
f(R)gµν = 8π GTµν , (3.29)
∇¯λ
(√−gf ′(R)gµν) = 0, (3.30)
3.4.3 Manipulations of the eld equations
Let us explore the harateristis of eqs. (3.29) and (3.30). Taking the trae
of eq. (3.29), we get
f ′(R)R− 2f(R) = 8π GT. (3.31)
For a given f , this is an algebrai equation in R. For all ases for whih
T = 0, whih inludes vauum and eletrovauum, R will therefore be a
onstant and a root of the equation
f ′(R)R− 2f(R) = 0. (3.32)
We will not onsider ases for whih this equation has no roots sine it an
be shown that the eld equations are then not onsistent [203℄. Therefore
hoies of f that lead to this behaviour should simply be avoided. Eq. (3.32)
an also be identially satised if f(R) ∝ R2. This very partiular hoie
for f leads to a onformally invariant theory [203℄. As is apparent from
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eq. (3.31), if f(R) ∝ R2 then only onformally invariant matter, for whih
T = 0 identially, an be oupled to gravity. Matter is not generially
onformally invariant though and so this partiular hoie of f is not suitable
for a low energy theory of gravity. We will, therefore, neglet it for now and
return to it in a later setion.
Let us now onsider eq. (3.30). Notie that if we dene a metri onformal
to gµν to be
hµν = f
′(R)gµν , (3.33)
then it an easily be shown that
1
√
−hhµν = √−gf ′(R)gµν . (3.34)
This implies that eq. (3.30) beomes the denition of the LeviCivita on-
netion of hµν . In this way, one in pratie solves eq. (3.30) and an then
express the independent onnetion as
Γλµν = h
λσ (∂µhνσ + ∂νhµσ − ∂σhµν) , (3.35)
or equivalently in terms of gµν
Γλµν =
1
f ′(R)g
λσ
(
∂µ
(
f ′(R)gνσ
)
+ ∂ν
(
f ′(R)gµσ
)− ∂σ (f ′(R)gµν)) ,
(3.36)
Given that eq. (3.31) relates R algebraially with T , and sine we have
an expliit expression for Γλµν in terms of R and gµν , we an in priniple
eliminate the independent onnetion from the eld equations and express
them only in terms of the metri and the matter elds. In fat, taking into
aount how the Rii tensor transforms under onformal transformations,
we an write
Rµν = Rµν + 3
2
1
(f ′(R))2
(∇µf ′(R)) (∇νf ′(R)) −
− 1
f ′(R)
(
∇µ∇ν − 1
2
gµν2
)
f ′(R). (3.37)
Contrating with gµν we get,
R = R+ 3
2(f ′(R))2
(∇µf ′(R)) (∇µf ′(R)) + 3
f ′(R)2f
′(R). (3.38)
Note the dierene between R and the Rii salar of hµν due to the fat
that gµν is used here for the ontration of Rµν .
1
This alulation holds for 4 dimensions. When the number of dimensionsD is dierent
that 4 then, instead of using eq. (3.33), the onformal metri hµν should be introdued as
hµν = [f
′(R]2/(D−2)gµν in order for eq. (3.34) to still hold.
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Replaing eqs. (3.37) and (3.38) in eq. (3.29), and after some easy ma-
nipulations, we get
Gµν =
8πG
f ′
Tµν − 1
2
gµν
(
R− f
f ′
)
+
1
f ′
(∇µ∇ν − gµν2) f ′−
− 3
2
1
f ′2
(
(∇µf ′)(∇νf ′)− 1
2
gµν(∇f ′)2
)
. (3.39)
Notie that, assuming we know the root of eq. (3.31), R = R(T ) and we have
ompletely eliminated the presene of the independent onnetion. There-
fore, we have suessfully redued the number of eld equations to one and
at the same time both side of eq. (3.39) depend only on the metri and the
matter elds. In a sense the theory has been brought to the form of General
Relativity with a modied soure.
We an now straightforwardly dedue the following:
• When f(R) = R, the theory redues to General Relativity, as disussed
in Setion 2.4.1.
• For matter elds for whih T = 0, due to eq. (3.32)R and onsequently
f(R) and f ′(R) are onstants and the theory redues to General Rel-
ativity with a osmologial onstant and a modied oupling onstant
G/f ′. If we denote the value of R when T = 0 as R0, then the value
of the osmologial onstant is
1
2
(
R0 − f(R0)
f ′(R0)
)
=
R0
4
, (3.40)
where we have used eq. (3.32). Besides vauum, T = 0 also for eletro-
magneti elds, radiation, and any other onformally invariant type of
matter.
• In the general ase T 6= 0, the modied soure on the right hand
side inludes derivatives of the stress-energy tensor, unlike in General
Relativity. These are impliit in the last two terms of eq. (3.39), sine
f ′ is in pratie a funtion of T , given that f ′ = f ′(R) and R = R(T )2.
The last observation is a ruial harateristi of Palatini f(R) gravity.
We will return to this later on and disuss its impliations. We will also
reonsider the possible representations of the eld equations and the ation
of Palatini f(R) gravity in Chapter 4.
2
Note that, apart from speial ases suh as a perfet uid, Tµν and onsequently T
already inlude rst derivatives of the matter elds, given that the matter ation has suh
a dependene. This implies that the right hand side of eq. (3.39) will inlude at least
seond derivatives of the matter elds, and possibly up to third derivatives.
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3.5 Other ations whih inlude higher-order ur-
vature invariants
3.5.1 Metri formalism
Generalising the EinsteinHilbert ation into an f(R) ation is a minimal
modiation that one an pursue in order to inlude higher urvature invari-
ants. In fat, there are a number of invariants that one an onstrut from
the metri, whih are not inluded in an f(R) ation. One an, for instane,
ontrat the Rii or the Riemann tensor with itself to form RµνR
µν
and
RµνλσR
µνλσ
. Other ombinations are also allowed, suh as RµνλσRµνRλσ or
invariants formed with other tensors, suh as the Weyl tensor. All of these
invariants an be onsidered as ombinations of ontrations of the Riemann
tensor one or more times with itself and the metri.
A spei hoie is the GaussBonnet invariant
G = R2 − 4RµνRµν +RµνκλRµνκλ. (3.41)
G apart from being an invariant in the sense used here, i.e. being a gener-
ally ovariant salar, is also a topologial invariant in four dimensions. This
means that it is related through the GaussBonnet formula to the Euler
harateristi of the 4-dimensional manifold, whih haraterises the topol-
ogy. Also, from Gauss's theorem, the variation of the salar density
√−gG
with respet the metri is a total divergene. Therefore, adding G to the
EinsteinHilbert ation will not ontribute to the eld equations and addi-
tionally a suitable surfae term an be found to eliminate the total divergene
[204℄.
Due to the above, it is possible to write the most general ation whih is
linear in seond order urvature invariants as [205℄:
S =
1
16π G
∫
d4x
√−g (R+ aR2 + bRµνRµν) , (3.42)
where the oeients a and b should have suitable dimensions. Inluding
an RµνλσR
µνλσ
term is equivalent to altering those oeients, sine one
an always add a GaussBonnet term with a suitable oeient in order to
eliminate RµνλσR
µνλσ
. The theory desribed by this ation is referred to
as fourth-order gravity, sine it leads to fourth order equations. Numerous
papers have been devoted to the study of fourth-order gravity. Instead of
listing them here, we refer the reader to some historial reviews [206, 207℄.
Notie that one an also hoose to inlude invariants involving derivatives
of the urvature terms, suh as R2R. The dierential order of the eld
equations is inreased as one adds higher derivative terms in the ation. The
rule of the thumb is that for every one order inrease in the ation one gets
a two order inrease in the eld equations. Thus, the R term leads to seond
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order equations, the R2 term or more general f(R) ations lead to fourth
order equations and the R2R and R22R terms lead to sixth and eighth
order equations respetively [208, 209, 210, 211℄.
Following the example of f(R) gravity, one an also hoose to inlude ar-
bitrary funtions of some of the above invariants in the ation. For instane,
ations of the form f(R,RµνRµν) an be onsidered. A omment is due at
this point: even though G is a topologial invariant and does not ontribute
to the eld equations if inluded in the ation, the presene of funtions of
G in the ation will inuene the dynamis. For example the ation
S =
∫
d4x
√−g
(
R
16π G
+ f(G)
)
, (3.43)
does not lead to the Einstein equations [212℄. We will disuss ations that
inlude the GaussBonnet invariant more extensively towards the end of this
hapter.
3.5.2 Palatini formalism
As in the metri formalism, one an generalise the ation to inlude higher
order urvature invariants also in the Palatini formalism. Not muh work
has been done in this diretion. In this setion we shall fous mainly on
two aspets of suh generalisations: the role of G and the eet of suh
generalisations on the eld equations.
As we have mentioned, in the Palatini formalism the geometry of spae-
time is pseudo-Riemannian, due to the fat that the independent onne-
tion Γλµν is not present in the matter ation and does not dene parallel
transport. This implies that G, as dened in eq. (3.41), is still the topolog-
ial invariant related to the Euler harateristi. To make this disussion
learer, let us onsider what happens if G is added to ation (2.27) of Se-
tion 2.4.1. The variation with respet to the metri will remain unhanged,
sine δ(
√−gG) ontributes only by a surfae term that an be removed as
mentioned earlier. Variation with respet to the onnetion will also remain
unhanged, sine G does not depend on Γλµν but is onstruted only using
the metri.
One should not onfuse G = R2− 4RµνRµν +RµνκλRµνκλ with the om-
bination R2 − 4RµνRµν +RµνκλRµνκλ whih is not a topologial invariant.
This implies that RµνκλRµνκλ in the ation annot be eliminated in favour of
R2 and RµνRµν terms as in the metri formalism. In the Palatini formalism
one is more interested in inluding in the ation invariants suh as RµνRµν
and RµνκλRµνκλ whih are onstruted using the independent onnetion as
well and not terms like RµνRµν whih depend only on the metri.
Let us see how the presene of suh invariants will aet the eld equa-
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tions. Consider the ation
Sp =
1
16π G
∫
d4x
√−g (R+ aRµνRµν) + SM (gµν , ψ) (3.44)
where a should be hosen so as to have proper dimensions. Sine we have
already omputed the variation of the rest of the ation, let us fous on the√−gRµνRµν part. This gives
δ(
√−gRµνRµν) = −1
2
√−ggαβRµνRµνδgαβ +
√−gδ(RµνRµν) =
= −1
2
√−ggαβRµνRµνδgαβ + 2
√−gRµαRµβδgαβ
+2
√−gRµνδRµν . (3.45)
Using eq. (3.22) and the variations (3.24) and (3.25) for f(R) = R as a
guide, we an straightforwardly derive the eld equations
R(µν) + 2aRσµRσν −
1
2
(
R+ aRσλRσλ
)
gµν = 8π GTµν , (3.46)
∇¯λ
(√−g (gµν + 2aRµν)) = 0. (3.47)
Comparing these equations with eqs. (3.29) and (3.30), the following
omment is due: Eq. (3.30) is in pratie an algebrai equation in Γλµν sine
∇¯ is linear in the onnetion and no derivatives of Γλµν are present. This is
why we were able to solve for Γλµν , eliminate it and rewrite the equations
easily in the form of eq. (3.39). This is not the ase here beauseRµν depends
on the derivatives of the onnetion. Therefore, eq. (3.47) is a dierential
equation relating Γλµν and gµν and we an onlude that inluding a higher
order term, suh as RµνRµν , indues more dynamis in the theory.
3.6 Metri-ane gravity
3.6.1 The signiane of oupling the onnetion to matter
We have mentioned several times that in the Palatini formalism the indepen-
dent onnetion Γλµν is not present in the matter ation and that this makes
the theory a metri theory of gravity and the geometry pseudo-Riemannian.
In fat, Palatini f(R) gravity satises the metri postulates, sine it an
be shown that the stress energy tensor of matter is indeed divergene-free
with respet to the LeviCivita onnetion of the metri [213℄. This should
have been expeted from the fat that the only eld oupled to matter is the
metri gµν .
How physial is it though to inlude an independent onnetion in the
theory without oupling it to the matter elds? Usually the ane onnetion
denes parallel transport and the ovariant derivative. The matter ation
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inludes ovariant derivatives of the matter elds and onsequently ouplings
between the elds and the onnetion in the general ases. Some known ex-
eptions to this rule are salar elds (sine in the ase of a salar, a ovariant
derivative redues to a partial one) and the Eletromagneti eld, due to the
spei struture of its ation having its roots in gauge invariane (we will
disuss this in detail shortly). Therefore, the assumption
δSM
δΓλµν
= 0 (3.48)
has physial impliations [167℄. It either implies that the matter ation
inludes only spei matter elds  an implausibly limiting option for a
gravitation theory  or that Γλµν is not the ane onnetion with whih
we dene parallel transport and the ovariant derivative, as we have been
stressing in the previous setions.
Of ourse, one is allowed to add an anity as an extra eld, even if
this anity does not have the usual geometri interpretation and it is the
LeviCivita onnetion of the metri that plays this role. This is what hap-
pens in the Palatini formalism. However, it is interesting to explore what
atually happens if the independent onnetion is given its usual geometri
harateristis, i.e. if it is Γλµν that denes parallel transport and therefore
is oupled to the matter. The matter ation will then be SM(g
µν ,Γλµν , ψ)
and its variation with respet to the onnetion will no longer vanish.
Suh a theory is a metri-ane theory of gravity. Besides the standard
motivation for alternative theories of gravity, from High Energy Physis and
Cosmology (mentioned in the Introdution and disussed previously in this
hapter for other theories), metri-ane gravity has one more appealing
harateristi: the onnetion an be left non-symmetri and the theory an
naturally inlude torsion. This implies that the theory an be oupled in a
more natural way to some matter elds, suh as fermions (Dira elds). Note
that the stress energy tensor of a Dira eld is not symmetri by denition
and this is something that poses an extra diulty when one attempts to
ouple suh elds to General Relativity. In fat, one might expet that at
some intermediate or high energy regime, the spin of partiles might interat
with the geometry and torsion an naturally arise [214℄ [.f. with Setion
2.4.3 and EinsteinCartan Theory [196℄℄. Metri-ane gravity, unlike Gen-
eral Relativity, allows for this to happen.
There are a number of early works in whih the metri and the parallel
transport dening onnetion are onsidered as being, to some degree, in-
dependent (see for instane [215, 216, 168, 217℄ and referenes therein). In
many ases, inluding EinsteinCartan theory, some part of the onnetion
is related to the metri (e.g. the non-metriity) [196℄. We will onsider the
ase where Γλµν is left ompletely unonstrained and is determined by the
eld equations. This approah was rst presented in [168℄ for an ation linear
74 CHAPTER 3. MODIFIED ACTIONS AND FIELD EQUATIONS
in R. We will generalize it here for f(R) ations [165, 218℄. Before going
any further, it should be noted that the metri-ane approah has also been
widely used in order to interpret gravity as a gauge theory (see, for example,
[219℄ for a study of f(R) ations and [214℄ for a thorough review).
3.6.2 The ation
Let us onstrut the ation whih we will be using step by step. To begin
with, we have already speied that the matter ation will have the general
form SM = SM (g
µν ,Γλµν , ψ). We an then onentrate on the gravitational
ation. We an one more use the requirement for having seond order dif-
ferential eld equations, as with the EinsteinHilbert ation, and ombine it
with that of having a Lagrangian whih is a generally ovariant salar. Again
R is an obvious hoie but not the only one, unlike in purely metri theories.
Remember that in the ase of the Palatini formalism, we ommented that
the hoie of the ation was to a large extent ad ho.
For instane, besides invariants built ombining the metri and the inde-
pendent onnetion, one might be tempted to use also invariants that depend
only on the metri. Using R, i.e. the salar urvature related to the metri
alone, would still lead to seond order eld equations. Another option an
arise if the onnetions are of suh a form that one an dene a seond met-
ri, hµν , that is ovariantly onserved, i.e. the metri of whih the Γs are the
LeviCivita onnetions (note that this is not neessarily true for a general
onnetion [220℄, and so it would lead to a less general theory). Then we
ould use this metri to ontrat the Riemann tensor and derive the Rii
salar R(h), whih is atually the salar urvature of the metri hµν . Going
even further we ould even use one of the two metris, gµν or hµν , to go from
the Riemann tensor to the Rii tensor and the other to derive the Rii
salar from the Rii tensor. The question that arises is whether not using
these other salar quantities in the ation onstitutes a further assumption,
whih is not needed in the purely metri formulation.
From the mathematial point of view, we ould use any of the Rii
salars dened above. However we think that for any possible hoie other
than R, there are good physial reasons for disarding it. In fat, when
onstruting a metri-ane theory, one assumes that the spaetime is fully
desribed by two independent geometrial objets, the metri and the on-
netion. The metri denes the hronologial struture, the onnetion de-
nes the ane struture of the manifold. This manifold is not hosen to be
pseudo-Riemannian (at least initially). One an always mathematially on-
sider a manifold on whih two dierent pseudo-Reimannian geometries are
imposed, one desribed by the metri gµν and the other by the metri hµν (if
it exists), but these separate geometries are not relevant for the spaetime in
whih a metri-ane theory ats. Therefore, quantities related to them, suh
as their salar urvatures, should not be used in the ation of a theory living
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on the non-Riemannian manifold under onsideration. Also, using quantities
derived by ontrating one with one metri and one with the other, should
also be avoided. There is only one metri that determines how distanes are
measured in our spaetime and this is gµν . This is the metri that is used
to evaluate inner produts and therefore it is the one that should be used to
raise or lower indies and perform ontrations.
Sine R does not depend on derivatives higher than rst order in either
the metri or the onnetion, as already mentioned in setion 2.4.1, there is
no reason a priori to restrit ourselves to an ation linear in R. Therefore,
it is equally natural to onsider an f(R) ation:
Sma =
1
16π G
∫
d4x
√−gf(R) + SM (gµν ,Γλµν , ψ). (3.49)
Choosing an ation linear in R, like (2.27), must be onsidered as a simpli-
fying hoie in metri-ane gravity, unlike in purely metri theories where
an ation linear in R is the only one that leads to seond order equations 3.
Even the f(R) ation is a simpliity hoie in metri-ane gravity and
it is not the most general ation that would lead to seond order equations.
Apart from not inluding the rst derivatives of the metri, an f(R) ation
also does not inlude terms quadrati in the rst derivative of the onnetion.
Moreover, if the onnetion is not symmetri there is an extra tensor available
for onstruting invariants: the Cartan torsion tensor (eq. (2.9)). We will
omment on possible generalisations of the ation in the next setion, as this
issue will prove to be ruial in metri-ane gravity.
3.6.3 Field equations
Sine we assume that the metri and the onnetion are fully independent,
we do not intend to make any assumptions about non-metriity and torsion.
Therefore, the onnetion will not be taken to be symmetri or ovariantly
onserved by the onnetion. The denitions presented in setion 2.2 will
be used extensively here. Let us attempt to derive eld equations from the
ation (3.49).
The variation
If we denote the gravitational part of the ation as
Sgrav =
1
16π G
∫
d4x
√−gf(R) (3.50)
the least ation priniple gives
0 = δSma = δSgrav + δSM , (3.51)
3
We are onning ourselves to Lagrangians that are funtions of the Rii salar only.
In a more general setting, one should mention that GaussBonnet type Lagrangians lead
to seond order eld equations as well.
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and the variation of the gravitational part gives
δSgrav =
1
16π G
∫
d4x δ
(√−gf(R)) =
=
1
16π G
∫
d4x
(
f(R)δ√−g +√−gf ′(R)δR)
=
1
16π G
∫
d4x
(
f(R)δ√−g +√−gf ′(R)δ (gµνRµν)
)
=
1
16π G
∫
d4x
√−g
(
f ′(R)R(µν) −
1
2
f(R)gµν
)
δgµν +
+
1
16π G
∫
d4x
√−gf ′(R)gµνδRµν , (3.52)
where we have used the symmetry of the metri (δgµνRµν = δgµνR(µν)).
To omplete this variation, we need to evaluate the quantity δR(µν). Rµν
depends only on the onnetions and so we an already see that the seond
term of the last line of eq. (3.52) will be the one related to the variation with
respet to Γλµν . We annot use eq. (3.22) here sine this was derived under
the assumption that Γλµν is symmetri. Taking into aount the denition of
the Rii tensor, eq. (2.11), one an generalise eq. (3.22) for a non-symmetri
onnetion:
δRµν = ∇¯λδΓλµν − ∇¯νδΓλµλ + 2Γσ[νλ]δΓλµσ. (3.53)
Using eq. (3.53), the variation of the gravitational part of the ation takes
the form
δSG =
1
2κ
∫
d4x
√−g
(
f ′(R)R(µν) −
1
2
f(R)gµν
)
δgµν +
+
1
2κ
∫
d4x
√−gf ′(R)gµν
(
∇¯λδΓλµν − ∇¯νδΓλµλ
)
+
+
1
2κ
∫
d4x 2
√−gf ′(R)gµσΓν[σλ]δΓλµν . (3.54)
Integrating the terms in the seond line by parts, we get
δSG =
1
2κ
∫
d4x
√−g
(
f ′(R)R(µν) −
1
2
f(R)gµν
)
δgµν + (3.55)
+
1
2κ
∫
d4x
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ
+2
√−gf ′(R)
(
gµνΓσ[λσ] − gµρΓσ[ρσ]δνλ + gµσΓν[σλ]
)]
δΓλµν + ST,
where ST stands for Surfae Terms. These terms are total divergenes lin-
ear in δΓλµν . Being total divergenes, we an turn their integral over the
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volume into an integral over the boundary surfae. Sine δΓλµν = 0 on the
boundary, they will then vanish. [Note that the rst two terms in the last
line of eq. (3.55) ame from the integration by parts of the seond line of
(3.54). This is beause dierentiation by parts and integration of ovariant
derivatives beomes non-trivial in the presene of a non-symmetri onne-
tion (for more information on this, see hapter 2 and p. 109 of Ref. [155℄).℄
This onludes the variation of the gravitational part of the ation.
We now have to onsider the variation of the matter ation. Sine
SM = SM(gµν ,Γ
λ
µν , ψ), (3.56)
we have
δSM =
δSM
δgµν
δgµν +
δSM
δΓλµν
δΓλµν . (3.57)
We an dene the stress-energy tensor in the usual way
Tµν ≡ − 2√−g
δSM
δgµν
. (3.58)
We also dene a new tensor, whih we shall all (following the nomenlature
of [168℄) the hypermomentum, as
∆ µνλ ≡ −
2√−g
δSM
δΓλµν
, (3.59)
i.e. the variation of the matter ation with respet to the onnetions. There-
fore, the variation of the matter ation will be
δSM = −1
2
∫
d4x
√−g
[
Tµνδg
µν +∆ µνλ δΓ
λ
µν
]
. (3.60)
Even though Γλµν is not a tensor, this does not mean that ∆
µν
λ is not a
tensor. δΓλµν is a tensor and, therefore, so is ∆
µν
λ .
Note also that the vanishing of ∆ µνλ would imply independene of the
matter ation from the onnetions. As we disussed, this would be ontrary
to the spirit of metri-ane gravity if it happened for any eld and the
theory would redue to f(R) gravity in the Palatini formalism. There are,
however, spei elds that have this attribute; the most ommon example
is the salar eld. There will therefore be ertain sorts of matter eld, as
we will see later on, where metri-ane f(R) gravity and f(R) gravity in
the Palatini formalism will give equivalent physial preditions, without of
ourse being equivalent theories overall. For instane, if we onsider a Dira
eld, the matter ation is no longer independent of the onnetion and ∆ µνλ
does not vanish.
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Projetive invariane and onsistent eld equations
We are now ready to derive the eld equations using the variation of the
gravitational and matter ations. This an be ahieved simply by summing
the variations (3.55) and (3.60) and applying the least ation priniple. We
obtain
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν , (3.61)
and
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+ (3.62)
+ 2f ′(R)
(
gµνΓσ[λσ] − gµρΓσ[ρσ]δνλ + gµσΓν[σλ]
)
= κ∆ µνλ .
We an also use the Cartan torsion tensor, eq. (2.9), to re-express eq. (3.62)
and highlight the presene of torsion:
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+ (3.63)
+ 2f ′(R)
(
gµνS σλσ − gµρS σρσ δνλ + gµσS νσλ
)
= κ∆ µνλ .
A areful look at the above equation reveals that if we take the trae on λ
and µ we get
0 = κ∆ µνµ , (3.64)
sine the left hand side is traeless. One an interpret this as a onstraint
on the form of ∆ µνλ , meaning that the matter ation has to be hosen in
suh a way that its variation with respet to the onnetions leads to a
traeless tensor. However, it is easy to understand that this is not satisfatory
sine there exist ommon forms of matter whih do not have this attribute.
Therefore the eld equations whih we have derived are inonsistent. This
problem is not new; it was pointed out for the simple ase of the Einstein
Hilbert ation long ago [168, 155, 221℄. Its roots an be traed in the form
of the ation itself and in the fat that in metri-ane gravity Γλµν has no
a priori dependene on the metri.
Let us onsider the projetive transformation
Γλµν → Γλµν + δλµξν, (3.65)
where ξν is an arbitrary ovariant vetor eld. One an easily show that the
Rii tensor will orrespondingly transform like
Rµν →Rµν − 2∂[µξν]. (3.66)
However, given that the metri is symmetri, this implies that the urvature
salar does not hange
R→ R,
3.6. METRIC-AFFINE GRAVITY 79
i.e. R is invariant under projetive transformations. Hene the Einstein
Hilbert ation or any other ation built from a funtion of R, suh as the
one used here, is projetive invariant in metri-ane gravity. However, the
matter ation is not generially projetive invariant and this is the ause of
the inonsisteny in the eld equations.
The onlusion that we have to draw is that when we want to onsider a
theory with a symmetri metri and an independent general onnetion, an
ation that depends only on the salar urvature is not suitable. The way to
bypass this problem is then obvious: we have to drop one of the assumptions
just listed. The rst option is to abandon the requirement of having a sym-
metri metri, sine in this aseR, and onsequently the gravitational ation,
would not be projetively invariant (see eq. (3.66)). For the EinsteinHilbert
Lagrangian this would lead to the well known EinsteinStraus theory [155℄,
and using an f(R) Lagrangian would lead to a generalisation of it. This the-
ory, even though it leads to fully onsistent eld equations, is haraterised
by the fat that, in vauum, neither non-metriity nor torsion vanish [155℄.
In partiular, this implies that torsion in the EinsteinStrauss theory is not
just introdued by matter elds but is intrinsi to gravity and an propa-
gate. Although logially possible, suh an option does not seem very well
motivated from a physial point of view, as one would more naturally expet
any twirling" of spaetime to be somehow diretly indued by the intera-
tion with matter. Additionally, there is no experimental evidene so far of
propagating torsion. Note that the eets of non-propagating torsion appear
only in the presene of the matter induing it and therefore they are signif-
iantly harder to detet. We shall therefore not pursue a route that allows
for propagating torsion any further. Instead we will onsider the alternative
solutions to our problem.
The seond path towards a onsistent theory is to modify the ation by
adding some extra terms. These terms should be hosen in suh a way so as
to break projetive invariane. There were proposals in this diretion in the
past, based on the study of an ation linear in R (see [217℄ and referenes
therein). As an example, we an mention the proposal of [215℄: adding to the
Lagrangian the term gµν∂µΓ
σ
[νσ]. Suh a hoie leads to a fully onsistent
theory and is mathematially very interesting. However, we nd it diult
to physially motivate the presene of this term in the gravitational ation.
Muh more physially justied, instead, are orretions of the type RµνRµν ,
RαβµνRαβµν et. In fat, as we have already mentioned, suh terms might
very naturally be present in the gravitational ation if we onsider it as
an eetive, low energy, lassial ation oming from a more fundamental
theory [117, 118, 119, 128, 129, 130℄. We shall not disuss suh modiations
in detail here, sine this goes beyond the sope of this study; however, we
will make some omments. It is easy to verify, working for example with
the simplest term RµνRµν , that suh modiations will in general lead to
onsistent eld equations. One should also mention that from a eld theory
80 CHAPTER 3. MODIFIED ACTIONS AND FIELD EQUATIONS
point of view one ould hoose to inlude all of the terms of the same order
in some variable. As we have already mentioned, an f(R) ation does not
inlude rst derivatives of the metri and, what is more, there are a number of
terms whih one ould onsider that an be onstruted with ombinations
of the derivatives of the onnetion, espeially now that the latter is not
symmetri.
However, any of the additions disussed above will generially lead to a
theory with the same attribute as EinsteinStraus theory, i.e. in vauum,
torsion will not generially vanish. One might imagine that a ertain om-
bination of higher order urvature invariants would lead to a theory with
vanishing torsion in vauum. To nd suh a theory would ertainly be very
interesting but is beyond the sope of the present investigation
4
. In on-
lusion, this route generially leads to theories where again the presene
of torsion seems to be an unmotivated ompliation rather than a physial
feature.
With no presription for how to form a more general gravitational ation
whih an lead to a physially attrative theory, we are left with only one
alternative: to nd a way of deriving onsistent eld equations with the
ation at hand. To understand how this is possible, we should re-examine
the meaning of projetive invariane. This is very similar to gauge invariane
in Eletromagnetism (EM). It tells us that the orresponding eld, in this
ase the onnetions Γλµν , an be determined from the eld equations up to a
projetive transformation (eq. (3.65)). Breaking this invariane an therefore
ome by xing some degrees of freedom of the eld, similarly to gauge xing.
The number of degrees of freedom whih we need to x is obviously the
number of the omponents of the four-vetor used for the transformation,
i.e. simply four. In pratie, this means that we should start by assuming
that the onnetion is not the most general whih one an onstrut, but
satises some onstraints. Instead of plaing an unphysial onstraint on
the ation of the matter elds, as ditated by eqs. (3.63) and (3.64), we an
atually make a statement about spaetime properties. This is equivalent to
saying that the matter elds an have all of the possible degrees of freedom
but that the spaetime has some rigidity and annot respond to some of
them. (We shall ome bak to this point again later on. Let us just say that
this is, for example, what happens in General Relativity when one assumes
that there is no torsion and no non-metriity.)
We now have to hoose the degrees of freedom of the onnetions that we
need to x. Sine there are four of these, our proedure will be equivalent
to xing a four-vetor. We an again let the studies of the EinsteinHilbert
ation [217℄ lead the way. The proposal of Hehl et al. [217℄ was to x part of
4
One ould even imagine proposing the absene of torsion in vauum as a possible ri-
terion in order to selet a suitable ombination of high energy (strong gravity) orretions
to our f(R) ation.
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the non-metriity, namely the Weyl vetor Qµ (eq. (2.8)). The easiest way
to do this is by adding to the ation a term ontaining a Lagrange multiplier
Aµ, whih has the form
SLM =
∫
d4x
√−gAµQµ. (3.68)
This way, one does not need to redo the variation of the rest of the ation,
but instead, only to evaluate the variation of the extra term. Varying with
respet to the metri, the onnetions and A respetively, we get the new
eld equations
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν + κ
4
√−g∂σ(
√−gAσ)gµν , (3.69)
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+
+2f ′(R)
(
gµνS σλσ − gµρS σρσ δνλ + gµσS νσλ
)
=
= κ
(
∆ µνλ −
1
4
δµλA
ν
)
, (3.70)
Qµ = 0. (3.71)
Taking the trae of eq. (3.70) gives
Aν = ∆ µνµ , (3.72)
whih is the onsisteny riterion, i.e. it gives the value whih we should
hoose for Aν so that the equations are onsistent. This proedure obviously
works when f(R) is a linear funtion as shown in [217℄. However, we will
demonstrate here that it is not equally appealing in any other ase.
Consider the simple ase where no matter is present and let us searh for
the solution of the eld equations for whih the torsion vanishes, i.e.
S νσλ = 0. (3.73)
In this ase eqs. (3.70) and (3.72) give
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ] = 0, (3.74)
whih is no dierent from eq. (3.27) whih we derived for Palatini f(R) grav-
ity. Therefore, one more by ontrating the indies ν and λ and replaing
the result bak in the equation, we get
∇¯λ
(√−gf ′(R)gµν) = 0. (3.75)
This equation implies that one an dene a metri hµν suh that
hµν = f
′(R)gµν , (3.76)
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whih is ovariantly onserved by the onnetions Γλµν [see setion 3.4.3
and disussion after eq. (3.33)℄. Now notie the following: hµν has zero
non-metriity by denition, leading to
∇¯λhµν = 0. (3.77)
A ontration with the metri will give
4
1
f ′(R)∂λf
′(R) + gµνf ′(R)∇¯λgµν = 0 (3.78)
Now remember that eq. (3.71) fores the vanishing of the Weyl vetor Qλ ≡
gµν∇¯λgµν . Therefore the above equation implies that
1
f ′(R)∂λf
′(R) = 0, (3.79)
i.e. that f ′(R) is just a onstant. If f(R) is taken to be linear in R, every-
thing is onsistent, but this is not the ase if one onsiders a more general
f(R) ation5.
The above exerise learly shows that there exist no solutions of the eld
equations under our assumptions whenever f(R) is non-linear, i.e. there
is no vauum solution with vanishing torsion. The reason for this is sim-
ply that part of the non-metriity in our theory is due to the form of the
ation. Therefore, onstraining the non-metriity in any way turns out to
be a onstraint on the form of the Lagrangian itself, unless the rest of the
unonstrained part of the onnetion, torsion, an help to anel out the
non-metriity indued by f(R). This indiates that if we want to onsider
an ation more general than the EinsteinHilbert one, we should denitely
avoid plaing suh kinds of onstraint.
One ould add that in a true metri-ane theory of gravity, the onne-
tion and the metri are assumed to be ompletely independent elds, related
only by the eld equations. Therefore, imposing a onstraint that inludes
both the metri and the onnetion, suh as a metriity ondition, seems
to be ontraditing the very spirit of the theory, sine it gives an a priori
relation between the two quantities.
The above not only demonstrate the unappealing features of the proe-
dure adopted in [217℄ but also makes it lear that the four degrees of freedom
whih we have to x are related to torsion. This implies that the torsionless
version of the theory should be fully onsistent without xing any degrees
of freedom. Let us now verify that. We an go bak to the variation of the
5
In [165℄ a misalulation (eq. (57)) led to an erroneous laim that torsion vanishes in
vauum in this version of the theory. This is not true, but the result onerning whether
a non metriity ondition should be fored still holds as shown by the urrent disussion.
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ation in eq. (3.55) and fore the onnetion to be symmetri. This gives
δSG =
1
2κ
∫
d4x
[
√−g
(
f ′(R)R(µν) −
1
2
f(R)gµν
)
δgµν + (3.80)
+
[
−∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gσ(µ) δν)λ] δΓλµν
]
,
and so the orresponding eld equations are
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν , (3.81)
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gσ(µ) δν)λ] = κ∆ (µν)λ .
(3.82)
where ∆ µνλ is also symmetrized due to the symmetry of the onnetion. One
an easily verify that these equations are fully onsistent. They are the eld
equations of f(R) metri-ane gravity without torsion.
Turning bak to our problem, we need to x four degrees of freedom of
the torsion tensor in order to make the version of the theory with torsion
physially meaningful. A presription has been given in [221℄ for a linear
ation and we shall see that it will work for our more general Lagrangian
too. This presription is to set the vetor Sµ = S
σ
σµ equal to zero. Note that
this does not mean that Γ σµσ should vanish but merely that Γ
σ
µσ = Γ
σ
σµ . We
shall again use a Lagrange multiplier, Bµ, for this purpose. The additional
term in the ation will be
SLM =
∫
d4x
√−gBµSµ. (3.83)
It should be lear that the addition of this term does not imply that we
are hanging the ation, sine it is simply a mathematial trik to avoid
doing the variation of the initial ation under the assumption that Sµ = 0.
The new eld equations whih we get from the variation with respet to the
metri, the onnetions and Bµ are
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν , (3.84)
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+
+2f ′(R)
(
gµνS σλσ − gµρS σρσ δνλ + gµσS νσλ
)
=
= κ(∆ µνλ −B[µδν]λ), (3.85)
S σµσ = 0, (3.86)
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respetively. Using the third equation, we an simplify the seond one to
beome
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+
+2f ′(R)gµσS νσλ = κ(∆ µνλ −B[νδµ]λ). (3.87)
Taking the trae over µ and λ gives
Bµ =
2
3
∆ σµσ . (3.88)
Therefore the nal form of the eld equations is
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν , (3.89)
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+
+2f ′(R)gµσS νσλ = κ(∆ µνλ −
2
3
∆ σ[νσ δ
µ]
λ), (3.90)
S σµσ = 0. (3.91)
These equations have no onsisteny problems and are the ones whih we
will be using from now on.
So, in the end, we see that we an solve the inonsisteny problem of the
unonstrained eld equations by imposing a ertain rigidness on spaetime,
in the sense that spaetime is allowed to twirl due to its interation with the
matter elds but only in a way that keeps Sµ = 0. This is not, of ourse,
the most general ase that one an think of but as we demonstrated here, it
is indeed the most general within the framework of f(R) gravity.
We are now ready to investigate further the role of matter in determining
the properties of spaetime. In partiular, we shall investigate the physial
meaning of the hypermomentum ∆ µνλ and disuss spei examples of mat-
ter ations so as to gain a better understanding of the gravity-matter relation
in the theories under srutiny here.
3.6.4 Matter ations
In the previous setion, we derived the eld equations for the gravitational
eld in the presene of matter. We onsidered both the ase where torsion
was allowed (eqs. (3.89), (3.90) and (3.91)) and the torsionless version of the
same theory (eqs. (3.81) and (3.82)). Observe that the rst equation in both
sets is the same, namely eqs. (3.81) and (3.89). The seond one in eah set is
the one that has an expliit dependene on ∆ µνλ , the quantity that is derived
when varying the matter ation with respet to the onnetion, whih has
no analogue in General Relativity. We shall now onsider separately more
spei forms of the matter ation.
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Matter ation independent of the onnetion
Let us start by examining the simple ase where the quantity ∆ µνλ is zero,
i.e. SM is independent of the onnetion. In this ase eq. (3.90) takes the
form
1√−g
[
−∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gµσ) δνλ]+
+ 2f ′(R)gµσS νσλ = 0. (3.92)
Contrating the indies ν and λ and using eq. (3.91), this gives
∇¯σ
(√−gf ′(R)gµσ) = 0. (3.93)
Using this result, eq. (3.92) takes the form
− 1√−g ∇¯λ
(√−gf ′(R)gµν)+ 2f ′(R)gµσS νσλ = 0. (3.94)
Taking the antisymmetri part of this equation with respet to the indies
µ and ν leads to
gσ[µSσλ
ν] = 0, (3.95)
whih an be written as
Sµλν = Sνλµ. (3.96)
This indiates that the Cartan torsion tensor must be symmetri with respet
to the rst and third indies. However, by denition, it is also antisymmetri
in the rst two indies.
It is easy to prove that any third rank tensor with symmetri and an-
tisymmetri pairs of indies, vanishes: Take the tensor Mµνλ whih is sym-
metri in its rst and third index (Mµνλ = Mλνµ) and antisymmetri in the
rst and seond index (Mµνλ = −Mνµλ). Exploiting these symmetries we
an write
Mµνλ = Mλνµ = −Mνλµ = −Mµλν =Mλµν = Mνµλ = −Mµνλ.
Therefore, Mµνλ = 0.
Consequently, eq. (3.96) leads to
S νσλ = 0, (3.97)
and torsion vanishes. The onnetion is now fully symmetri and the eld
equations are
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν , (3.98)
∇¯λ
(√−gf ′(R)gµν) = 0. (3.99)
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Note that these are the same equations that one derives for a theory in whih
the matter ation is assumed a priori to be independent of the onnetion,
i.e. for Palatini f(R) gravity and eqs. (3.29) and (3.30). It should be stressed,
however, that here the independene of the matter ation from the onnetion
is due to the fat that we have hosen to onsider matter elds with this
property and not to a general harateristi of the theory, as in Palatini
f(R) gravity. We will disuss shortly whih matter elds have this property
and what is the form of the eld equations when matter elds without this
property are present.
Returning to the eld equations, we see that eq. (3.99) implies that one
an dene a metri hµν suh that
hµν = f
′(R)gµν , (3.100)
whih is ovariantly onserved by the onnetions Γλµν [see setion 3.4.3 and
disussion after eq. (3.33)℄. This metri is, of ourse, symmetri sine it
is onformal to gµν , and so the onnetions should be symmetri as well.
In other words, it has been shown that ∆ µνλ = 0 leads to a symmetri
onnetion, whih means that there is no torsion when the matter ation
does not depend on the onnetion. This is an important aspet of this
lass of metri-ane theories of gravity. It shows that metri-ane f(R)
gravity allows the presene of torsion but does not fore it. Torsion is merely
introdued by spei forms of matter, those for whih the matter ation has a
dependene on the onnetions. Therefore, as matter tells spaetime how to
urve, matter will also tell spaetime how to twirl. Notie also that the non-
metriity does not vanish. This is beause, as we also saw previously, part
of the non-metriity is introdued by the form of the Lagrangian, i.e. f(R)
ations lead generially to theories with intrinsi non-metriity.
It is interesting to note the speial nature of the partiular ase in whih
the f(R) Lagrangian is atually linear in R, i.e.
f(R) = R− 2Λ. (3.101)
Then eq. (3.98) gives
R(µν) −
1
2
Rgµν + Λgµν = κTµν , (3.102)
and eq. (3.99) gives
Γλµν = {λµν}, (3.103)
i.e. the Γs turn out to be the LeviCivita onnetions of the metri and so
the theory atually redues to standard General Relativity whih, from this
point of view, an now be onsidered as a sub-ase of a metri-ane theory.
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Vauum
Having explored the ase where ∆ µνλ = 0, it is easy to onsider the vauum
ase, where also Tµν = 0. The eld equations in this ase take the form
f ′(R)R(µν) −
1
2
f(R)gµν = 0, (3.104)
∇¯λ
(√−gf ′(R)gµν) = 0. (3.105)
We do not need to make any manipulations to investigate the nature of
these equations. They oinide with the equations of Palatini f(R) gravity
in vauum and therefore we an just follow the step of setion 3.4.3 setting
Tµν to zero in order to realize that the theory redues to General Relativity
with a osmologial onstant.
However, for the sake of larity, let us repeat some of the steps. Con-
trating eq. (3.104) we get
f ′(R)R− 2f(R) = 0. (3.106)
This is an algebrai equation for R one f(R) has been speied. In general,
we expet this equation to have a number of solutions,
R = ci, i = 1, 2, . . . (3.107)
where the ci are onstants. As already mentioned in setion 3.4.3, there is
also a possibility that eq. (3.106) (eq. (3.31) in setion 3.4.3) will have no real
solutions or will be satised for anyR (whih happens for f(R) = aR2, where
a is an arbitrary onstant) but sine suh ases mainly seem uninteresting
or are burdened with serious diulties when matter is also onsidered, we
shall not study them here (see setion 3.4.3 and [203℄).
Let us, therefore, return to the ase where eq. (3.106) has the solutions
given in eq. (3.107). In this ase, sine R is a onstant, f ′(R) is also a
onstant and eq. (3.105) beomes
∇¯λ
(√−ggµν) = 0. (3.108)
This is the metriity ondition for the ane onnetions, Γλµν . Therefore,
the ane onnetions now beome the LeviCivita onnetions of the metri,
gµν ,
Γλµν = {λµν}, (3.109)
and Rµν = Rµν . Eq. (3.104) an be re-written in the form
Rµν − 1
4
cigµν = 0, (3.110)
whih is exatly the Einstein eld equation with a osmologial onstant.
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Therefore, in the end we see that a general f(R) theory of gravity in
vauum, studied within the framework of metri-ane variation, will lead
to the Einstein equation with a osmologial onstant. This is not the ase
if one uses the metri variational priniple as, in this ase, one ends up
with fourth order eld equations, i.e. with a signiant departure from the
standard Einstein equations (see for example setion 3.3.2 or [201℄). Another
important feature that deserves to be ommented upon is the following:
Contrary to the spirit of General Relativity where the osmologial onstant
has a unique value, here the osmologial onstant is also allowed to have
dierent values, ci, orresponding to dierent solutions of eq. (3.106). So, in
vauum, the ation (3.49) is in a sense equivalent to a whole set of Einstein
Hilbert ations [222℄ (or, more preisely, ations of the form (2.24) plus a
osmologial onstant).
Matter ation dependent on the onnetion
We now fous on the more general ase in whih ∆ µνλ 6= 0 and therefore the
matter ation inludes matter elds oupled to the onnetion. We an nd
two interesting sub-ases here. These are when ∆ µνλ is either fully symmetri
or fully antisymmetri in the indies µ and ν. As before, the equation under
investigation will be eq. (3.90). We shall split it here into its symmetri and
antisymmetri parts in the indies µ and ν:
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gσ(µ) δν)λ]+
+2f ′(R)gσ(µSσλν) = κ∆ (µν)λ , (3.111)
1√−g ∇¯σ
(√−gf ′(R)gσ[µ) δν]λ + 2f ′(R)gσ[µSσλν] =
= κ(∆
[µν]
λ −
2
3
∆ σ[νσ δ
µ]
λ). (3.112)
Let us assume now that
∆
[µν]
λ = 0, (3.113)
and take the trae of either of the above equations. This leads to
3∇¯σ
(√−gf ′(R)gσµ) = 2√−gκ∆ σµσ . (3.114)
Using this and eq. (3.113), eq. (3.112) takes the form
gσ[µS
ν]
σλ = 0, (3.115)
whih is the same as eq. (3.95) whih we have shown leads to
S νσλ = 0. (3.116)
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Then, one again, the torsion tensor vanishes and we drop to the system of
equations
f ′(R)R(µν) −
1
2
f(R)gµν = κTµν , (3.117)
1√−g
[
− ∇¯λ
(√−gf ′(R)gµν)+ ∇¯σ (√−gf ′(R)gσ(µ) δν)λ] = κ∆ (µν)λ .
(3.118)
whih are the same as eqs. (3.81) and (3.82) i.e. the equations for the tor-
sionless version of the theory. This indiates that any torsion is atually
introdued by the antisymmetri part of ∆ µνλ .
We an now examine the opposite ase where it is the symmetri part of
∆ µνλ that vanishes. Then
∆
(µν)
λ = 0, (3.119)
and taking the trae of either eq. (3.111) or eq. (3.112) straightforwardly
gives
∇¯σ
(√−gf ′(R)gσµ) = 0. (3.120)
Therefore, eqs. (3.111) and (3.112) take the form
− 1√−g ∇¯λ
(√−gf ′(R)gµν)+ 2f ′(R)gσ(µSσλν) = 0, (3.121)
2f ′(R)gσ[µSσλν] = κ(∆ [µν]λ −
2
3
∆ σ[νσ δ
µ]
λ). (3.122)
Taking into aount the general expression for the ovariant derivative of a
tensor density
∇¯λ(
√−gJα...β...) =
√−g∇¯λ(Jα...β...)−
√−gΓσσλJα...β..., (3.123)
and the fat that Γσσλ = Γ
σ
λσ by eq. (3.91), one an easily show that
eq. (3.121) an be written as
∇ˆλ
(√−gf ′(R)gµν) = 0, (3.124)
where ∇ˆλ denotes the ovariant derivative dened with the symmetri part
of the onnetion. This equation tells us that, as before, we an dene a
symmetri metri
hµν = f
′(R)gµν , (3.125)
whih is now ovariantly onserved by the symmetri part of onnetions,
Γλ(µν). If f(R) is linear in R, hµν and gµν oinide, of ourse. Additionally,
eq. (3.122) shows that the torsion is fully introdued by the matter elds.
Therefore we an onlude that when ∆ µνλ is fully antisymmetri, there is
torsion, but the only non-metriity present is that introdued by the form of
the gravitational Lagrangian, i.e. matter introdues no extra non-metriity.
90 CHAPTER 3. MODIFIED ACTIONS AND FIELD EQUATIONS
We an then onlude that, in the metri-ane framework disussed here,
matter an indue both non-metriity and torsion: the symmetri part of
∆ µνλ introdues non-metriity, the antisymmetri part is instead responsible
for introduing torsion. While some non-metriity is generially indued also
by the f(R) Lagrangian (with the relevant exeption of the linear ase),
torsion is only a produt of the presene of matter.
Spei matter elds
Having studied the impliations of a vanishing or non vanishing∆ µνλ , we now
want to disuss these properties in terms of spei elds. Sine ∆ µνλ is the
result of the variation of the matter ation with respet to the onnetion, we
will need the matter ations of the elds in urved spaetime for this purpose.
In purely metri theories one knows that any ovariant equation, and hene
also the ation, an be written in a loal inertial frame by assuming that the
metri is at and the onnetions vanish, turning the ovariant derivatives
into partial ones. Therefore, one an expet that the inverse proedure,
whih is alled the minimal oupling priniple, should hold as well and an
be used to provide us with the matter ation in urved spaetime starting
from its expression in a loal inertial frame. This expetation is based on
the following onjeture: The omponents of the gravitational eld should
be used in the matter ation on an only as neessary basis. The root of
this onjeture an be traed to requiring minimal oupling between the
gravitational eld and the matter elds (hene the name minimal oupling
priniple). In General Relativity this onjeture an be stated for pratial
purposes in the following form: the metri should be used in the matter ation
only for ontrating indies and onstruting the terms that need to be added
in order to write a viable ovariant matter ation. This implies that the
onnetions should appear in this ation only inside ovariant derivatives
and never alone whih is, of ourse, perfetly reasonable sine, rst of all,
they are not independent elds and, seondly, they are not tensors themselves
and so they have no plae in a ovariant expression. At the same time, other
terms that would vanish in at spaetime like, for example, ontrations of
the urvature tensor with the elds or their derivatives, should be avoided.
The previous statements are not appliable in metri ane gravity for
several reasons: the onnetions now are independent elds and, what is
more, if they are not symmetri, there is a tensor that one an onstrut
via their linear ombination: the Cartan torsion tensor. Additionally, going
to some loal inertial frame in metri-ane gravity is a two-step proedure
in whih one has to separately impose that the metri is at and that the
onnetions vanish. However, the ritial point is that when inverting this
proedure one should keep in mind that there might be dependenes on the
onnetions in the equations other than those in the ovariant derivatives.
The standard minimal oupling priniple will therefore not, in general, give
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the orret answer in metri-ane gravity theories.
The above disussion an be well understood through a simple example,
using the eletromagneti eld. In order to ompute the hypermomentum
∆ µνλ of the eletromagneti eld, we need to start from the ation
SEM = −1
4
∫
d4x
√−gFµνFµν , (3.126)
where Fµν is the eletromagneti eld tensor. As we know, in the absene
of gravity this tensor is dened as
Fµν ≡ ∂µAν − ∂νAµ, (3.127)
where Aµ is the eletromagneti four-potential. If we naively followed the
minimal oupling priniple and simply replaed the partial derivatives with
ovariant ones, the denition of the eletromagneti eld tensor would take
the form:
Fµν ≡ ∇¯µAν − ∇¯νAµ = ∂µAν − ∂νAµ − 2Γσ[µν]Aσ, (3.128)
and one an easily verify that it would then no longer be gauge invariant,
i.e. invariant under redenition of the four potential of the form Aµ →
Aµ + ∂µφ, where φ is a salar quantity. Gauge invariane, however, is a
ritial aspet of the eletromagneti eld sine it is related to the onserva-
tion of harge and the fat that the eletri and magneti elds are atually
measurable quantities. Therefore breaking gauge invariane annot lead to
a viable theory. One ould assume that the problem lies in the fat that the
onnetion is not symmetri, i.e. torsion is allowed, sine it is the antisym-
metri part of the onnetion that prevents gauge invariane of eq. (3.128),
and hene it might seem that standard eletromagnetism is inompatible
with torsion. This explanation was given for example in [223℄ (see also ref-
erenes therein for other disussions following the same line). We do not
agree with either this approah or its onlusion: As we said, the problem is
atually muh simpler but also more fundamental and lies in the assumption
that the minimal oupling priniple still holds in metri-ane gravity.
In order to demonstrate this point, let us turn our attention to the deni-
tion of the eletromagneti eld tensor in the language of dierential forms.
This is
F ≡ dA, (3.129)
where d is the standard exterior derivative [163℄. Remember that the exterior
derivative is related to Gauss's theorem whih allows us to go from an integral
over the volume to an integral over the boundary surfae of this volume. Now
notie that the volume element has no dependene on the onnetion and
is the same as that of General Relativity,
√−g d4x. This implies that the
denition of the exterior derivative should remain unhanged when expressed
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in terms of partial derivatives. Partial derivatives on the other hand are
dened in the same way in this theory as in General Relativity. Therefore,
from the denition (3.129) we understand that Fµν should be given in terms
of the partial derivatives by the following equation
Fµν ≡ [dA]µν = ∂µAν − ∂νAµ, (3.130)
whih is the same as eq. (3.127) and respets gauge invariane. The expres-
sion in terms of the partial derivatives may not look ovariant but an easily
be written in a manifestly ovariant form:
Fµν ≡ ∂µAν − ∂νAµ = ∇¯µAν − ∇¯νAµ + 2Γσ[µν]Aσ
= ∇¯µAν − ∇¯νAµ + 2S σµν Aσ. (3.131)
Besides, the expression for F in terms of the exterior derivative is ovariant
anyway.
It is now obvious that the minimal oupling priniple was leading us
to the wrong expression, ausing a series of misoneptions. However, we
are still in need of a presription that will allow us to derive the matter
ations in urved spaetime. Notie that if we require gravity and matter
to be minimally oupled, then the physial basis of the onjeture that the
omponents of the gravitational eld should be used in the matter ation on
an only as neessary basis still holds, sine its validity is not related to
any of the assumptions of General Relativity. Thus, we an use it to express
a metri-ane minimal oupling priniple: The metri should be used in
the matter ation only for ontrating indies and the onnetion should be
used only in order to onstrut the extra terms that must be added in order
to write a viable ovariant matter ation. The analogy with the statement
used in General Relativity is obvious, and dierenes lie in the dierent
harater of the onnetions in the two theories. One an easily verify that
the matter ation of the eletromagneti eld whih we derived earlier an
be straightforwardly onstruted using this metriane minimal oupling
priniple.
We would like to stress one more that both the metriane minimal
oupling priniple presented above and the standard one, are based on the
requirement that the gravitational eld should be minimally oupled to the
matter. One ould, of ourse, hoose to onstrut a theory without suh
a requirement and allow non-minimal oupling
6
. This an be done both
6
Note that if one onsiders the possible ations for lassial gravity as eetive ones
 obtained as the low energy limit of some more fundamental high energy theory 
then it is natural to imagine that the form of the oupling (minimal or some spei
type of non-minimal) might ease to be a free hoie (see e.g. Chapter 7 of [199℄ for an
enlightening disussion). However, one ould still expet that non-minimal oupling terms
will be suppressed at low energies by appropriate powers of the sale assoiated with the
fundamental theory (Plank sale, string sale, et.) and in this sense the use of a minimal
oupling priniple at low energies ould be justied.
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in metri-ane gravity and in General Relativity. Clearly, in metri-ane
gravity one has more options when it omes to non-minimal oupling, sine
besides urvature terms, also terms ontaining the Cartan torsion tensor
an be used. However, it is easy to see that the number of viable oupling
terms is strongly redued by the symmetry of the metri (whih also implies
symmetry of the stress-energy tensor) and by the onstraints of the theory,
e.g. the vanishing of the trae of S σµν when onsidering f(R) ations.
Allowing non-minimal oupling between gravity and matter in a gravita-
tion theory drastially hanges the orresponding phenomenology and there
might be interesting prospets for suh attempts in metri-ane gravity. For
the rest of this thesis, however, we will ontinue to assume minimal oupling
between gravity and matter, sine this is the most onventional option.
Let us now return to the eletromagneti eld. Now that we have a
suitable expression for the eletromagneti eld tensor, we an proeed to
derive the eld equations for eletrovauum. Notie that Fµν has no real
dependene on the onnetions and so we an straightforwardly write
∆ µνλ = 0. (3.132)
The stress-energy tensor Tµν an be evaluated using eq. (3.58) and has the
standard form
Tµν = F
σ
µ Fσν −
1
4
gµνF
αβFαβ . (3.133)
With the use of eqs. (3.98) and(3.99), we an write the eld equations as
f ′(R)R(µν) −
1
2
f(R)gµν = κF σµ Fσν −
κ
4
gµνF
αβFαβ , (3.134)
∇¯λ
(√−gf ′(R)gµν) = 0. (3.135)
We an use, however, the fat that the stress-energy tensor of the eletro-
magneti eld is traeless. If we take the trae of eq. (3.134) we get
f ′(R)R− 2f(R) = 0, (3.136)
whih, as we disussed previously for the vauum ase, is an algebrai equa-
tion in R one f(R) has been speied. Solving it will give a number of
roots (see also the disussion after eq. (3.107))
R = ci, i = 1, 2, . . . (3.137)
and f(ci) and f
′(ci) will be onstants. Therefore eq. (3.135) implies that the
metri is ovariantly onserved by the ovariant derivative dened using the
onnetion and so
Γλµν = {λµν}, (3.138)
and we are left with the following eld equation:
Rµν − 1
4
cigµν = κ
′F σµ Fσν −
κ′
4
gµνF
αβFαβ , (3.139)
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whih is the Einstein equation for eletrovauum with a osmologial on-
stant and a modied oupling onstant κ′ = κ/f ′(ci). The resaling of κ
should not mislead us into thinking that either the gravitational onstant,
G, or the ne struture onstant, α, hange in any way. It just aets the
strength of the oupling between gravity and the eletromagneti eld,
i.e. how muh urvature is indued per unit energy of the eletromagneti
eld. The values of the osmologial onstant and κ′ depend on the fun-
tional form of f(R) and therefore they are xed one one selets an ation.
For example, f(R) = R or f(R) = aR2 +R both lead to ci = 0 and κ′ = κ
and the resulting theory will be indistinguishable from General Relativity.
For more general forms of f(R), the theory is still formally equivalent to
General Relativity but note that the modiation of κ should, at least the-
oretially, be subjet to experiment. If suh an experiment is tehnially
possible it might help us plae bounds on the form of the ation.
As already mentioned, a vanishing ∆ µνλ implies that there is no de-
pendene of the matter ation on the onnetions, or equivalently on the
ovariant derivative. As we just saw, the eletromagneti eld, and onse-
quently any other gauge eld, has this attribute. The same is true for a
salar eld, as the ovariant derivatives of a salar are redued to partial
derivatives. Therefore, neither of these elds will introdue torsion or extra
non-metriity. For the eletromagneti eld speially, the fat that the
trae of its stress energy tensor is zero leads to the Einstein eld equations,
sine the non-metriity introdued by the form of the Lagrangian has to
vanish as well. For the salar eld, whose stress energy tensor does not have
a vanishing trae, this will not happen. The eld equations an be derived
straightforwardly by replaing the usual stress energy tensor of a salar eld
in eqs. (3.98) and (3.99).
Let us now turn to matter elds for whih ∆ µνλ does not vanish. In prin-
iple, any a tensor eld should have an ation with an expliit dependene
on the onnetion, leading to a non vanishing ∆ µνλ . For a massive vetor
eld, whih is in general desribed by the Proa lagrangian, one an hoose
to dene the eld strength in terms of the exterior derivative, as it was done
before for the eletromagneti eld (massless vetor eld). In this ase, there
will be only partial derivatives in the matter ation and torsion will not ou-
ple to this eld. This way, massive vetor elds will not produe or feel
torsion. This generalization of the speial relativisti Proa lagrangian to a
ovariant one, suitable for urved spae time, seems to be in aordane to
the metri-ane minimal oupling priniple we expressed earlier, as it does
not needlessly promote the partial derivatives to ovariant ones. However,
sine in the ase of a massive vetor eld there is no gauge invariane, one
ould indeed hoose to just promote the partial derivatives in the Proa la-
grangian to ovariant ones (see for instane [196℄). If the latter presription
is followed then torsion ouples to massive vetor elds as well.
Another typial example of a eld with a non-vanishing ∆ µνλ would be
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the Dira eld. The Dira Lagrangian has an expliit dependene on the o-
variant derivative, and therefore an expliit dependene on the onnetions.
Additionally, there are no viability riteria, unlike in the ase of the eletro-
magneti eld, that will fore us to inlude extra terms proportional to the
Cartan torsion tensor whih will anel out the presene of the antisymmet-
ri part of the onnetion. Therefore, the proedure for deriving the matter
ation is straightforward (see [196℄ for the full form of the ation
7
). We an
infer from the above that a Dira eld will potentially introdue both torsion
and non-metriity. Note that the elds whih annot introdue torsion will
also not feel it, sine they are not oupled to the Cartan tensor, and so
photons or salar partiles will not be aeted by torsion even if other matter
elds produe it.
It is also interesting to study matter ongurations in whih matter is
treated marosopially, the most ommon being that of a perfet uid with
no vortiity. Let us here onsider separately the ases where torsion is al-
lowed in the theory and where it is not inluded. In the latter ase, the
onsideration of a perfet uid with no vortiity is idential to standard
General Relativity. Without going into a long detour regarding the orret
Lagrangian formulation of general relativisti uid mehanis, we will quote
some standard results: Sine the matter ation an be desribed by three
salars, the energy density, the pressure and the veloity potential (see for
example [226, 227℄), the ation has no dependene on the ovariant deriva-
tive and so ∆ µνλ will vanish. When torsion is allowed, there are two distint
ases depending on the mirosopi properties of the uid. If a perfet uid
is used to eetively desribe partiles whose orresponding eld desrip-
tion does not introdue torsion, then no dierene from the previous ase
arises. If, on the other hand, the uid is omposed of partiles whose eld
desription an introdue torsion, then their spin has to be taken into a-
ount (see [196℄ and referenes therein). There will however be an averaging
over volume of the quantities desribing the matter, and if one assumes that
the spin is randomly oriented and not polarized, then it should average to
zero. This desription an be applied in physial situations suh as gravi-
7
Note that the result of [196℄ is for a theory that has, by denition, vanishing non-
metriity (U4 theory). However, the form of the matter ation is the same one the proper
ovariant derivative is used. For disussions about the matter ations in theories with
torsion see also [224, 225℄. Note that, even though the results obtained here are in omplete
agreement with the ones presented in those works, in many ases the reasoning diers sine
there is no attempt there to formulate a metri-ane minimal oupling priniple. The
standard minimal oupling priniple is used there in ases where it provides the orret
results, while it is noted that it does not apply to spei ases, suh as the eletromagneti
eld. For eah of these ases, individual arguments are used in order to derive the matter
ation in urved spaetime. The underlying physis in the two approahes is the same,
but we believe that the idea of a metri-ane minimal oupling priniple is an essential
onept sine, besides its elegane and the analogy with the standard minimal oupling
priniple, it leaves no room for exeptions.
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tational ollapse or Cosmology. The fat that the expetation value of the
spin will be zero will lead to a vanishing expetation value for the torsion
tensor. However, utuations around the expetation value will aet the
geometry leading to orretions to the eld equations whih will depend on
the energy density of the spei speies of partile. Sine the torsion ten-
sor is oupled to the hypermomentum through the gravitational onstant
(eq. (3.90)), the eet of these utuations will be suppressed by a Plank
mass squared. Therefore we an onlude that for Cosmology, and espeially
for late times where the energy density is small, the standard perfet uid
desription might serve as an adequate approximation.
It is remarkable that the two matter desriptions most ommonly used in
Cosmology, the perfet uid with no vortiity and the salar eld, lead to a
vanishing ∆ µνλ for a symmetri onnetion. It is also notieable that in our
framework, even if torsion is allowed, the results remain unhanged for the
perfet uid ase, apart from small orretions whih should be negligible. It
would be interesting to onsider also the ase of a an imperfet uid (i.e. to
allow also visosity, heat ow, et.), whih is ertainly relevant for some
observationally interesting systems in relativisti Astrophysis. As in the
ase of a perfet uid, if we onsider partiles with a spin and allow torsion,
the standard imperfet uid desription will not be exat. Note however, that
even in the simpler ase of a priori symmetri onnetions, we do not expet
the matter ation to be independent of suh onnetions (in ontrast with the
perfet uid ase). This ould lead to a non-vanishing ∆ µνλ and onsequently
to some non-metriity, whih might lead to interesting deviations away from
General Relativity results.
Disussion
It has been shown that when the variation of the matter ation leads to a
tensor symmetri in its last two indies, then torsion vanishes. When the
same tensor is antisymmetri, matter introdues only torsion and not non-
metriity. Matter elds whose matter ation is independent of the onnetion
annot introdue either torsion or non-metriity. As already mentioned,
sine torsion is absent in vauum and in some spei matter ongurations
but present in all other ases, we an infer that it is atually introdued by
matter. By onsidering for whih kind of elds torsion vanishes and for whih
it does not, we an arrive at a very interesting onlusion. Torsion is zero in
vauum and in the presene of a salar eld or an eletromagneti eld. It
does not neessarily vanish, however, in the presene of a Dira eld or other
vetor and tensor elds. This shows a orrespondene between torsion and
the presene of elds that desribe partiles with spin. We are, therefore,
led to the idea that partiles with spin seem to be the soures of torsion. Of
ourse a photon, the partile assoiated with the eletromagneti eld, is a
spin one partile. However, in Quantum Field theory a photon and in general
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massless partiles with spin are not haraterized their spin but atually by
their heliity. Suh partiles are desribed by gauge elds whih, just as the
eletromagneti eld, will not introdue any torsion. It is remarkable that
this exeptional nature of the photon and other massless elds seems to be
present also here.
The study of the eletromagneti eld turned out to be very helpful, sine
it demonstrated that the usual minimal oupling priniple does not hold in
metri-ane gravity. However, as we showed, one an still express a metri-
ane minimal oupling priniple based on the spirit of minimal oupling
between gravity and matter.
We have also disussed the ase where matter is treated marosopially.
As already mentioned, a perfet uid with no vortiity annot introdue any
extra non-metriity for a symmetri onnetion. When torsion is allowed,
the onept of a perfet uid has to be generalized if one wants to inlude
partiles with spin, but also in this ase only small ontributions to torsion
will be introdued whih will be negligible in most ases. On the other hand,
for both symmetri and general onnetions, we suspet that there might be
larger deviations from General Relativity when a seriously imperfet uid is
onsidered. However, for many appliations in Cosmology and Astrophysis,
a perfet uid desription is taken as being a good approximation. Moreover,
many of the experimental tests passed by General Relativity are related to ei-
ther vauum or to environments where matter an be more or less aurately
desribed as a perfet uid. This means that a metri-ane theory ould be
in total aordane with these tests when the EinsteinHilbert ation and
possibly many of its extensions are used.
However, the possible relevane of imperfet uid matter in some yet
to be aurately observed astrophysial systems (suh as aretion ows or
ompat objets [228℄) leaves open the possibility for future disrimination
between the lass of theories disussed here and standard General Relativity.
In physial systems where matter annot neessarily be desribed aurately
enough by a perfet uid, one might hope to see deviations from the standard
behaviour predited by General Relativity. Even starting with the standard
EinsteinHilbert ation, torsion and non-metriity should aet the dynam-
is and might make them deviate notieably from the standard ones. This
deviation ould persist even in a nearly-Newtonian regime. It ould be inter-
esting to study this in the ontext of galati dynamis sine in this ase the
eets may be important and may even make some ontribution in relation
to the unexpeted behaviour of galati rotation urves. Of ourse, until a
thorough and quantitative study is performed, all of the above remains at
the level of speulations, even though they seem qualitatively interesting.
It is important to note that our attempt to inlude torsion showed that
this annot be done in the ontext of f(R) gravity unless one xes some de-
grees of freedom of the onnetion as mentioned earlier. The other possibility
that was disussed here was to modify the ation by adding some higher or-
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der urvature invariant. As we said, it is very diult to nd a presription
for an ation of this form that will lead to a physially meaningful theory of
gravitation with torsion sine the simple ase will have unwanted attributes.
This is the reason why we did not pursue this here. Note however, that we
already know that rotating test partiles do not follow geodesis. Therefore,
it would be reasonable to assume that, sine marosopi angular momentum
interats with the geometry, intrinsi angular momentum (spin) should inter-
at with the geometry as well. This property should beome more important
at small length-sales or high energies. Therefore, it seems remarkable that
an attempt to inlude torsion and at the same time avoid plaing a priori
onstraints on the onnetion, leads to the onlusion that the ation should
be supplemented with higher order urvature invariants, whih is in total
agreement with the preditions oming from quantum orretions, String
Theory and M-theory.
To onlude this setion, we would like to stress one more that metri-
ane f(R) gravity redues to General Relativity, or a theory very lose
to it, in most of the ases relevant to known experimental tests (vauum,
eletrovauum, et.) and yet is phenomenologially muh riher. This may
help to address some of the puzzles of physis related to gravity.
3.7 GaussBonnet gravity
3.7.1 The ation
In the ourse of this hapter we have studied f(R) theories of gravity exten-
sively and we have briey onsidered salar-tensor theory and theories whose
ation inludes higher-order urvature invariants, suh as RµνR
µν
. Sine an
ation may inlude suh invariants, one is tempted to onsider the option
that a salar eld might not only be oupled to the Rii salar, as in salar-
tensor theory, but also to higher order terms. A theory with a salar eld and
more general ouplings would be quite ompliated and diult to handle
though. Therefore, besides the general motivation for pursuing alternative
theories of gravity oming from puzzles related to Cosmology and Quantum
Gravity, one would like to have some motivation for spei ouplings in
order to go further.
Indeed there are motivations from String Theory to believe that salar
elds might be oupled to the GaussBonnet invariant G, as dened in
eq. (3.41). To be more preise, one expets to nd two types of salar eld
in the low energy eetive ation of gravity oming from heteroti String
Theory: moduli, φ, whih are related to the size and shape of the internal
ompatiation manifold, and the dilaton, σ, whih plays the role of the
string loop expansion parameter. There are reasons to believe that moduli
generally ouple to urvature squared terms [229, 230℄ but that moduli-
dependent higher loop ontributions, suh as terms ubi or higher order in
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the Riemann tensor, vanish leaving a oupling with a GaussBonnet term
to be of spei interest [229, 230, 231℄. On the other hand, the dilaton
usually ouples to the the Rii salar, as in salar-tensor theory
8
. However,
there are laims that the dilaton might evolve in suh a way so as to settle
to a onstant [232, 233℄. Under these assumptions, the eetive low energy
gravitational ation takes the form
SGB =
∫
d4x
√−g
[
R
16π G
− λ
2
∂µφ∂
µφ− V (φ) + f(φ)G
]
+ SM (g
µν , ψ),
(3.140)
where λ is +1 for a anonial salar eld and −1 for a phantom eld.
It is straightforward to generalize this ation in order to inlude a kineti
term and a oupling with G for the dilaton σ 9. One an also allow a oupling
for the dilaton to R and/or matter, if, of ourse, the dilaton is not assumed
to settle to a onstant as laimed in [232, 233℄. However, onsidering these
laims and the ompliations whih suh ouplings would introdue, we will
onern ourselves here with the ation (3.140), whih in any ase an work
as an exellent starting point for studying ouplings between a salar and
the GaussBonnet invariant.
A theory desribed by the ation (3.140) is usually alled GaussBonnet
gravity. Note, however, that the term GaussBonnet gravity is sometimes
used to refer to other theories in 4 or more dimensions inluding in some way
the GaussBonnet invariant in the gravitational ation and, therefore, are
should be taken to avoid onfusion. We will be using this terminology here
stritly referring to the ation (3.140). Before going further and deriving the
eld equations, it is also worth mentioning that GaussBonnet gravity has
been shown to have many appealing features when it omes to singularities
and osmologial appliations (e.g. [231, 234℄) and therefore part of the mo-
tivation for its study omes from that. We will disuss suh appliations of
the theory in the next hapter.
8
A onformal transformation of the metri an be used in order to nd a representation
of the theory in whih the oupling with the Rii salar is avoided and a oupling to
matter is introdued (Jordan to Einstein frame). We will disuss this extensively in the
forthoming hapters.
9
In salar-tensor theory, the salar is in many ases onsidered to be the dilaton. Even
though we denote the dilaton here by σ and the moduli by φ, in setion 3.2 we used φ for
the salar sine this is standard notation for a general salar eld.
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3.7.2 The eld equations
We proeed here with the variation of the ation. Variation with respet to
the metri gµν quite straightforwardly leads to the equation
1
κ2
Gµν − 1
2
gµνf(φ)G + 2f(φ)RRµν − 2∇µ∇ν (f(φ)R) +
+2gµν∇2 (f(φ)R)− 8f(φ)RµρRνρ + 4∇ρ∇µ (f(φ)Rνρ) +
+4∇ρ∇ν (f(φ)Rµρ)− 4∇2 (f(φ)Rµν)− 4gµν∇ρ∇σ (f(φ)Rρσ) +
+2f(φ)RµρστRνρστ − 4∇ρ∇σ (f(φ)Rµρσν) = T µν + T µνφ , (3.141)
where we have dened
T µνφ = λ
(
1
2
∂µφ∂νφ− 1
4
gµν∂ρφ∂
ρφ
)
− 1
2
gµνV (φ). (3.142)
Note that, as stressed in setion 3.5.1, G is a topologial invariant and the
variation of the term
√−gG is a total divergene not ontributing to the eld
equations (formally a suitable surfae term should be added in the ation
in order to anel the total divergene). However, the term φ
√−gG will
ontribute in the eld equations for the metri sine φδ
√−gG will no longer
be a surfae term but an only be turned into one after an integration by
parts.
Following [234℄, we an use the following relations oming from the
Bianhi identities:
∇ρRρτµν = ∇µRντ −∇νRµτ , (3.143)
∇ρRρµ = 1
2
∇µR , (3.144)
∇ρ∇σRµρνσ = ∇2Rµν − 1
2
∇µ∇νR+RµρνσRρσ −RµρRνρ, (3.145)
∇ρ∇(µRν)ρ = 1
2
∇(µ∇ν)R−RµρνσRρσ +RµρRνρ , (3.146)
∇ρ∇σRρσ = 1
2
2R , (3.147)
in order to obtain from eq. (3.141) the equation
1
κ2
Gµν − 1
2
gµνf(φ)G + 2f(φ)RRµν + 4f(φ)RµρRνρ + (3.148)
+2f(φ)RµρστRνρστ − 4f(φ)RµρσνRρσ = T µν + T µνφ + T µνf ,
where
T µνf = 2 (∇µ∇νf(φ))R− 2gµν
(∇2f(φ))R−
−4 (∇ρ∇µf(φ))Rνρ − 4 (∇ρ∇νf(φ))Rµρ +
+4
(∇2f(φ))Rµν + 4gµν (∇ρ∇σf(φ))Rρσ −
−4 (∇ρ∇σf(φ))Rµρνσ (3.149)
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We know that the GaussBonnet term in the ation is topologially invariant
and therefore for f(φ) = onstant the eld equations should be unmodied
with respet to General Relativity. Thus, the terms proportional to f(φ)
without derivatives should anel out leading to the identity
gµνG = 4RRµν − 8RµρRνρ + 4RµρστRνρστ − 8RµρσνRρσ. (3.150)
Now eq. (3.148) an be simply written as
Gµν = κ2
[
T µν + T µνφ + T
µν
f
]
. (3.151)
On the other hand, variation of the ation with respet to φ gives
λ∇2φ− V ′(φ) + f ′(φ)G = 0, (3.152)
and eqs. (3.151) and (3.152) onstitute the eld equations of the theory.
A omment is due at this point onerning the onservation of energy-
momentum. The matter ation for GaussBonnet gravity is built out of a
generally ovariant salar and the matter is minimally oupled to the metri
and not oupled to the salar eld φ. Therefore, GaussBonnet gravity is a
metri theory of gravity and Tµν is divergene free. Also, one an add that the
ation (3.140) is manifestly dieomorphism invariant, being onstruted with
a generally ovariant salar. It is trivial to use dieomorphism invariane to
derive that ∇µT µν = 0.
However, in General Relativity the fat that T µν is divergene free fol-
lows also as a onsequene of the eld equations due to the Bianhi identity
∇µGµν = 0 (eq. (3.144)). Therefore, one expets that ∇µT µν = 0 should be
derivable also from a ombination of the eld equations (3.151) and (3.152),
the Bianhi identity and probably some generalization of the Bianhi iden-
tity. As an exerise, we will prove that this is indeed the ase.
For ∇µT µν = 0 to hold, and given that ∇µGµν = 0 is a mathematial
identity (eq. (3.144)), one needs
∇µT µνφ +∇µT µνf = 0. (3.153)
Let us examine these terms separately. For the rst one, a straightforward
alulation together with the use of the identity ∇µ∇νψ = ∇ν∇µψ for any
salar ψ, gives
∇µT µνφ =
1
2
(
λ∇2φ− V ′(φ))∇νφ. (3.154)
Calulating∇µT µνf is not, unfortunately, equally straightforward but is rather
a tedious alulation, so we will not present it here in detail. We will, how-
ever, sketh the steps so that the reader an easily reprodue it. The rst
step is to take into aount that for an arbitrary vetor V µ
∇β∇αV µ −∇α∇βV µ = RµνβαV ν , (3.155)
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and that for an arbitrary salar ψ
(∇2∇ν −∇ν∇2)ψ = Rµν∇µψ, (3.156)
and one an then dedue, after some manipulations, that
∇µT µνf =
(
2RRµν − 4RµρRνρ − 4RµρσνRρσ
)∇µf(φ)−
−4(∇µ∇ρ∇σf)Rµρνσ, (3.157)
where the identity (3.144) has also been used extensively to replae ∇µRµν
at all ourrenes and the symmetries of the Riemann tensor have been used
as well. Now note that from eq. (3.155), with a suitable ontration with the
Riemann tensor, one gets
RµρστRνρστ∇µf = −Rνσµρ(∇µ∇ρ∇σf −∇ρ∇µ∇σf), (3.158)
where some relabelling of the dummy indies has also taken plae. Sine the
Riemann tensor is antisymmetri in its last two indies and symmetri in
the exhange of pairs of indies, we an write
RµρστRνρστ∇µf = −2Rνσµρ∇µ∇ρ∇σf =
= −2Rµρνσ∇µ∇ρ∇σf. (3.159)
We an then use this to substitute for the last term in eq. (3.157), giving
∇µT µνf = (2RRµν − 4RµρRνρ + 2RµρστRνρστ −
−4RµρσνRρσ)∇µf(φ). (3.160)
Finally, we re-write this equation in a more eonomial form, taking advan-
tage of the identity (3.150):
∇µT µνf =
1
2
G∇νf. (3.161)
Note that eq. (3.161) is just a mathematial identity.
We an now substitute eqs. (3.154) and (3.161) into eq. (3.153). This
gives
1
2
(
λ∇2φ− V ′(φ) + f ′(φ)G)∇νφ = 0. (3.162)
Obviously this equation is trivially satised if and only if the salar eld satis-
es its eld equation, namely eq. (3.62). Therefore, the matter stress-energy
tensor is divergene-free on shell, i.e. when φ satises its eld equation. Note
that in General Relativity one an onsider the matter stress-energy tensor
as being divergene-free as a onsequene of the Bianhi identity, whereas in
this ase eq. (3.153) is not a mathematial identity, as just demonstrated,
but requires knowledge of the dynamis of the salar eld. Therefore we
will avoid alling it a generalised Bianhi identity, even though this is often
done for similar equations in the literature. In a sense, one ould refer to
the ombination of eq. (3.161) with the Bianhi identity as the generalised
Bianhi identity.
Chapter 4
Redenition of variables and
equivalene of theories
4.1 Dynamial Equivalene
In the previous hapters, we have presented a number of alternative theories
of gravity. A reasonable question to ask is how dierent these theories really
are. Indeed, as we will see shortly, some of the theories whih we have on-
sidered so far an be ast into the form of others, one suitable redenitions
of the elds are utilized.
There is no unique presription for redening the elds of a theory. Some
of the most ommon redenitions are renormalizations and onformal trans-
formations. Additionally, one an utilize auxiliary elds in order to re-write
the ation or the eld equations of a theory. Before getting into this issue
though, some larifying remarks are needed.
It is important to mention that, at least within a lassial perspetive
like the one followed here, two theories are onsidered to be dynamially
equivalent if, under a suitable redenition of the gravitational and matter
elds, one an make their eld equations oinide. The same statement
an be made at the level of the ation. Dynamially equivalent theories
give exatly the same results in desribing a dynamial system to whih
the theories are appliable. There are learly advantages in exploring the
dynamial equivalene between theories: we an use results already derived
for one theory in another equivalent theory.
The term dynamial equivalene an be onsidered misleading in lassial
gravity. Within a lassial perspetive, a theory is fully desribed by a
set of eld equations. When we are referring to gravitation theories, these
equations will be desribing the dynamis of gravitating systems. Therefore,
two dynamially equivalent theories an atually be onsidered just dierent
representations of the same theory.
The issue of distinguishing between truly dierent theories and dierent
103
104 CHAPTER 4. EQUIVALENCE OF THEORIES
representations of the same theory (or dynamially equivalent theories) is an
intriate one. It has serious impliations and has been the ause of many
misoneptions in the past, espeially when onformal transformations are
used in order to redene the elds (e.g. the Jordan and Einstein frames in
salar-tensor theory). Sine many of its aspets an be more easily appre-
iated one a omplete disussion of the alternative theories of gravity has
already been presented, we have deided to allow this disussion to extend
over two dierent hapters, the urrent one and Chapter 7.
In the urrent hapter we will approah the problem only from an oper-
ational viewpoint and onsider only the theories presented in the previous
hapter. We will, therefore, merely analyse spei eld redenitions that
are neessary to show the dynamial equivalene between some of these theo-
ries. The use of onformal redenitions of the metri will be avoided in order
to simplify the disussion and we will onne ourselves to deriving results
that are needed in the forthoming hapters.
We will return to this subjet again in Chapter 7, where we intend to dis-
uss the role of onformal transformations and redenition of elds in gravi-
tation theories, and to analyse extensively the impliations whih these have
for our understanding of the underlying theory and our ability to propose
alternative gravity theories, hopefully larifying some ommon and long-
standing misoneptions onerning these issues.
4.2 f(R) gravity and BransDike theory
4.2.1 Redenition of variables
The dynamial equivalene between f(R) gravity and salar-tensor theory,
or more speially BransDike theory with a potential for the salar, has
been onsidered by many authors (see, for instane, [235, 236, 237, 238, 239,
240, 241, 242, 243, 244, 245, 246, 166℄). Let us follow the lines of [166℄ in
order to see how it omes about
1
. We will work at the level of the ation
but the same approah an be used to work diretly at the level of the eld
equations. We begin with metri f(R) gravity. For the onveniene of the
reader, we re-write here the ation (3.16):
Smet =
1
16π G
∫
d4x
√−gf(R) + SM (gµν , ψ). (4.1)
One an introdue a new eld χ and write a dynamially equivalent ation
[236℄:
Smet =
1
16π G
∫
d4x
√−g (f(χ) + f ′(χ)(R − χ))+ SM (gµν , ψ). (4.2)
1
Note that there are minor dierenes between the terminology of Ref. [166℄ and the
one used here.
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Variation with respet to χ leads to the equation χ = R if f ′′(χ) 6= 0, whih
reprodues ation (3.16). Redening the eld χ by φ = f ′(χ) and setting
V (φ) = χ(φ)φ− f(χ(φ)), (4.3)
the ation takes the form
Smet =
1
16π G
∫
d4x
√−g (φR− V (φ)) + SM (gµν , ψ). (4.4)
Comparison with the ation (3.5) reveals that ation (4.4) is the ation of
a BransDike theory with BransDike parameter ω0 = 0
2
. Therefore, as
has been observed long ago, metri f(R) theories are dynamially equivalent
to a lass of BransDike theories with vanishing kineti term [236, 240℄.
Let us set aside Palatini f(R) gravity for the moment, and onsider
diretly metri-ane f(R) gravity. For simpliity, we will assume that the
independent onnetion is symmetri (torsion-less theory) sine, as we will
argue later on, the results of this setion will be ompletely unaeted by
this hoie. One more, we re-write the ation for this theory here for the
onveniene of the reader:
Sma =
1
16π G
∫
d4x
√−gf(R) + SM (gµν ,Γλµν , ψ). (4.5)
Following the same steps as before, we an introdue the salar eld χ and
then redene it in terms of φ. The ation takes the form:
Sma =
1
16π G
∫
d4x
√−g (φR− V (φ)) + SM(gµν ,Γλµν , ψ). (4.6)
Even though the gravitational part of this ation is formally the same as
that of ation (4.4), this ation is not a BransDike ation with ω0 = 0 for
two reasons: Firstly, the matter ation depends on the onnetion, unlike
BransDike theory, and seondly R is not the Rii salar of the metri
gµν . Therefore, there is no equivalene between BransDike theory and the
general ase of f(R) theories in whih the onnetions are independent of the
metri. The reason is that, unlike BransDike theory, the theory desribed
by the ation (4.5) is not a metri theory. The matter ation is oupled to
the onnetion as well, whih in this ase is an independent eld. This makes
the theory a metri-ane theory of gravity, as has been disussed extensively
in the previous hapter.
Let us examine what will happen if we fore the matter ation to be
independent of the onnetion, as is usually done in the literature [242, 246℄.
Essentially, by forbidding the oupling between the matter elds and the
onnetion, we redued the ation to (3.21)
Spal =
1
16π G
∫
d4x
√−gf(R) + SM(gµν , ψ) (4.7)
2
Ation (4.4) is also known as the O'Hanlon ation [247℄.
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and the theory to Palatini f(R) gravity. The eld equations of the theory are
eqs. (3.29) and (3.30) and as already mentioned, the latter implies that the
onnetions are the LeviCivita onnetions of the metri hµν = f
′(R)gµν
(see Setion 3.4.3). Using the redenition whih we introdued to relate
the ations (4.7) and (4.6), we an express the relation between the two
onformal metris simply as hµν = φgµν . Then, using eq. (3.38), we an
express R in terms of R and φ:
R = R+ 3
2φ2
∇µφ∇µφ− 3
φ
2φ. (4.8)
Putting this into the ation (4.6), the latter takes the form:
Spal =
1
2κ
∫
d4x
√−g
(
φR+
3
2φ
∂µφ∂
µφ− V (φ)
)
+ SM (gµν , ψ), (4.9)
where we have negleted a total divergene. The matter ation now has no
dependene on Γλµν sine this was our initial requirement. Therefore, this
is indeed the ation of a BransDike theory with BransDike parameter
ω0 = −3/2.
The equations that one derives from the ation (4.9) are eqs. (3.10) and
(3.11) one ω0 is set to be −3/2. Note that, for ω0 = −3/2 and one we
set φ ≡ f ′(R), eqs. (3.10) and (3.11) an be ombined to give eq. (3.39),
whih we derived in Setion 3.4.3 after simple mathematial manipulations
and without any referene to BransDike theory. Additionally, it is worth
mentioning that, for ω0 = −3/2, eq. (3.12) redues to
κT + φV ′(φ)− 2V (φ) = 0, (4.10)
whih is an algebrai equation linking φ and T for a given potential. One an
then verify again that in vauum, where T = 0, φ will have to be a onstant
and so the theory redues to Einstein gravity with a osmologial onstant,
this time determined by the value of φ.
4.2.2 Physial Impliations and speial ases
In order to obtain the equivalene between BransDike theory with ω0 =
−3/2 and metri-ane f(R) gravity, we had to fore the matter ation to be
independent of the onnetions, i.e. to redue the theory to Palatini f(R)
gravity. This led to the fat that the onnetions beame the LeviCivita
onnetions of the metri hµν = φgµν , whih allowed us to eliminate the
dependene of the ation on the onnetions. We an onstrut a theory
where the matter ation would be allowed to depend on the onnetions,
but the onnetions would be assumed to be the LeviCivita onnetions of
a metri onformal to gµν a priori. One may be misled into thinking that
suh a theory ould be ast into the form of a BransDike theory, sine
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in this ase the dependene of the ation on the onnetions an indeed be
eliminated. No mathematial alulations are required to show that this is
not so. The gravitational part of the ation would, of ourse, turn out to
be the same as that of (4.9) if φ (its square root to be preise) is used to
represent the onformal fator. Notie, however, that sine the matter ation
initially had a dependene on the independent onnetion, after eliminating
the onnetion in favour of salar φ, the matter will have a dependene not
only on the metri but also on φ beause the onnetion will be funtion of
both the metri and φ. Therefore, the salar eld would be oupled to matter
diretly and in a non-trivial way, unlike BransDike theory or salartensor
theory in general.
The above disussion demonstrates that it is the oupling of the onne-
tions to matter that really prevents the ation (4.5) from being dynamially
equivalent to (3.1). One annot ahieve suh equivalene by onstraining the
onnetion. The only exeption is if the onformal fator relating gµν and
the metri that is ompatible with the onnetion, is a onstant. In this ase
the theory will just redue to metri f(R) gravity and, as mentioned before,
it will be equivalent to a BransDike theory with ω0 = 0.
The fat that f(R) gravity in the Palatini formalism is equivalent to a
lass of BransDike theories when the matter ation is independent of the
onnetion, demonstrates learly that the former is intrinsially a metri the-
ory. This, as mentioned in the previous hapter, should have been expeted
sine the matter is oupled only to the metri. Even though Γλµν is not a
salar, the theory atually has only one extra salar degree of freedom with
respet to General Relativity
3
. The independent onnetion representation
of the theory just prevents us from seeing this diretly, beause the ation
is written in this frame in terms of what turns out to be an unfortunate
hoie of variables. On the other hand, if one wants to onstrut a metri-
ane theory of gravity, matter should be oupled to the onnetion as also
laimed in [165℄. In this ase, any dynamial equivalene with BransDike
theory breaks down. This laries one more why we have reserved the term
metriane f(R) theory of gravity for these theories, in order to distin-
guish them from those for whih there is no oupling between the matter and
the onnetion and whih are usually referred to in the literature as f(R)
theories of gravity in the Palatini formalism.
It is also important to mention that f(R) theories of gravity in the met-
ri formalism and in the Palatini formalism are dynamially equivalent to
dierent lasses of BransDike theories. This implies that they annot be
dynamially equivalent to eah other, i.e. no redenition of variables or ma-
nipulation an be found that will bring a Palatini f(R) theory into the form
of some metri f(R) theory. Therefore, these theories will give dierent phys-
3
f. [213℄ where similar onlusions about the role of the independent onnetion in
Palatini f(R) gravity are derived by examining energy onservation.
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Figure 4.1: Shemati diagram relating various versions of f(R) gravity and
BransDike theory, stating the various assumptions needed in passing from
one to another.
ial preditions. The same is, of ourse, true for metri-ane f(R) theories
of gravity as well, sine they annot be ast into the form of a BransDike
theory. There is, however, an exeption: metriane f(R) gravity will re-
due to Palatini f(R) gravity in vauum, or in any other ase where the only
matter elds present are by denition independent of the onnetion; suh
as salar elds, the eletromagneti eld or a perfet uid [165℄. Therefore,
even though there is no equivalene between metri-ane f(R) gravity and
BransDike theories with ω0 = −3/2, their phenomenology will be idential
in many interesting ases, inluding osmologial appliations.
We have mentioned that the results will remain unhanged if we allow
the onnetion present in the ation (4.5) to be non-symmetri. Let us now
justify this: in the ase of f(R) gravity where the matter is independent
of the onnetion, it is true sine the non-symmetri part of the onnetion
vanishes even if no suh assumption is made a priori, and the eld equations
of the orresponding theory are idential to eqs. (3.29) and (3.30) (see Setion
3.6 and [165℄). On the other hand, when studying the ase where matter
is oupled to the onnetion, we did not have to use the symmetry of the
onnetions, neither did we have to use the eld equations, but we worked
at the level of the ation. We have summed up the results presented so far
in this setion in the shemati diagram of g. 4.1 [166℄.
It should be mentioned that BransDike theory with ω0 = −3/2 has
not reeived very muh attention (see however [248℄). The reason is that
when BransDike theory was rst introdued, only the kineti term of the
salar eld was present in the ation. Therefore, hoosing ω0 = −3/2 would
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lead to an ill-posed theory, sine only matter desribed by a stress-energy
tensor with a vanishing trae ould be oupled to the theory. This an be
understood by examining eq. (4.10) in the absene of terms inluding the
potential. However, one the potential of the salar eld is onsidered in
the ation, no inonsisteny ours. Note that a BransDike gravitational
ation with ω0 = −3/2 and no potential term is onformally invariant and
dynamially equivalent to Conformal Relativity (or Hoyle-Narlikar theory)
[249℄. The ation of Conformal Relativity [250, 251, 252℄ has the form
SCR =
1
2κ
∫
d4x
√−gΨ
(
1
6
ΨR−2Ψ
)
, (4.11)
whih an also be re-written as
SCR = − 1
2κ
∫
d4x
√−gΨ
[
2− 1
6
R
]
Ψ, (4.12)
in order to highlight the fat that it is onformally invariant. A eld rede-
nition Ψ2 = 6φ will give
SCR =
1
2κ
∫
d4x
√−g
(
φR+
3
2φ
∇µφ∇µφ
)
, (4.13)
where a total divergene has been disarded. The dynamial equivalene is
therefore straightforward.
The ase of a vanishing potential has no analogue in f(R) gravity. Using
eq. (4.3) and remembering that φ = f ′(χ) and on shell R = χ, one an easily
verify that setting V (φ) = 0 will lead to the the following equation for f(R):
f ′(R)R− f(R) = 0. (4.14)
This equation an be identially satised only for f(R) = R. However,
to go from the f(R) representation to the BransDike representation, one
assumes f ′′(R) 6= 0, so no f(R) Lagrangian an lead to a BransDike
theory with a vanishing potential. It is remarkable that this ill-posed ase
does not exist in Palatini f(R) gravity. There is, however, a onformally
invariant gravitational ation in this ontext as well. One has to hoose
f(R) = aR2, where a is some onstant [235℄. In this ase the potential of
the equivalent BransDike theory will be V (φ) = φ2/4a. For this potential,
all terms apart from the one ontaining T in eq. (4.10) will again vanish, as
would happen for a vanishing potential. The orrespondene an easily be
generalised for n-dimensional manifolds, where n ≥ 2. For the gravitational
ation to be onformally invariant in the ontext of f(R) gravity, one should
hoose f(R) = aRn/2 [203℄. The orresponding potential an be omputed
using eq. (4.3) and has the form
V (φ) =
(n
2
− 1
)
a
(
2φ
na
)n/(n−2)
(4.15)
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Eq. (3.12) will generalize for n dimensions in the following way:
(n− 2)
(
ω0 +
n− 1
n− 2
)
2φ = κT +
(n
2
− 1
)(
φV ′ − n
n− 2V
)
, (4.16)
implying that for n dimensions the speial ase whih we are examining
orresponds to ω0 = −(n − 1)/(n − 2). This indiates that a BransDike
gravitational ation with ω0 = −(n − 1)/(n − 2) and a potential V (φ) =
bφn/(n−2), where b is some onstant, will be onformally invariant in an n-
dimensional manifold. As an example we an examine the 4-dimensional
ation:
Sn=4 =
1
2κ
∫
d4x
√−g
(
φR+
3
2φ
∇µφ∇µφ− bφ2
)
. (4.17)
Using the redenition Ψ2 = 6φ as before, we an bring the ation to the
following form
Sn=4 =
1
2κ
∫
d4x
√−gΨ
(
1
6
ΨR−2Ψ− bΨ
3
36
)
, (4.18)
whih is a generalization of the ation (4.11). It is easy to verify that this
spei potential will not break onformal invariane. Under the onformal
transformation gµν → Ω2gµν , the root of the determinant will transform as√−g → Ω4√−g and so, with an appropriate redenition of the salar eld
Ψ˜ = Ω−1Ψ, the ation will return to the form of (4.18). In fat, eq. (4.18)
an also be written in the form
Sn=4 = − 1
2κ
∫
d4x
√−g
(
Ψ
[
2− 1
6
R
]
Ψ+ b
Ψ4
36
)
, (4.19)
in whih the onformal invariane an be more obvious for some and resem-
bles ation (4.12).
4.2.3 Higher-order urvature invariants
We have seen that both metri and Palatini f(R) gravity aquire a Brans
Dike representation. It is interesting to examine whether we an eliminate
higher-order urvature invariants in favour of salar elds in the ation as
well. As has been disussed in Setion 3.5.1, in the metri formalism, the
presene of a general funtion of the salar urvature or of quadrati terms
suh as RµνRµν , leads to fourth order equations, whereas an R2R term or
an R22R term lead to sixth and eighth order equations respetively [208,
209, 210, 211℄. As an be found in the literature, theories inluding any of
the above terms an be rewritten as a multi-salar-tensor theory, i.e. these
terms an be eliminated in favour of one or more salars. The number of
salar elds needed is diretly related to the order of the eld equations: for
fourth order equations, as in metri f(R) gravity, one needs just one salar,
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for sixth order equations one needs two salars, and for every further two
orders one more salar has to be introdued [209, 253℄.
In Palatini f(R) gravity, however, things are not equally straightforward.
To understand this, one has to reall that, in order to bring a Palatini f(R)
ation into the form of a BransDike ation, we used the solution of the
seond eld equation, eq. (3.30). More speially, due to this equation
we were able to introdue the onformal metri hµν and therefore relate
quantities onstruted with the initially independent onnetion, suh as R,
with purely metri quantities, suh as R. Adding a higher order urvature
term in the ation will inevitably modify eq. (3.30). In Setion 3.5.1, we have
given the simple example of adding an RµνRµν term to an otherwise linear
ation inR, in order to demonstrate how the presene of this term introdues
more dynamis for the independent onnetion. Indeed, this simple example
an be used here as well: eq. (3.46) is no longer an algebrai equation in
Γλµν , as is eq. (3.30), and therefore it annot be trivially solved in order to
express this onnetion, and onsequently the quantities onstruted with
it, in terms of the metri gµν . Thus, a dynamial equivalene with some
salar-tensor theory is neither straightforward nor guaranteed.
4.3 Why f(R) gravity then?
Sine f(R) gravity in both the metri formalism and the Palatini formalism
an aquire a salar-tensor theory representation, one might be led to ask two
questions: rstly, why should we onsider the f(R) representation and not
just work with the salar-tensor one, and seondly, why, sine we know quite
a lot about salar-tensor theory, should we onsider f(R) gravity unexplored
or interesting?
The answer to the rst question is quite straightforward. There is atu-
ally no reason to prefer either of the two representations a priori  at least
as far as lassial gravity is onerned. There an be appliations where
the f(R) representation an be more onvenient and appliations where the
salar-tensor representation is more onvenient. One should probably men-
tion that habit aets our taste and, therefore, an f(R) representation seems
to appear more appealing to relativists due to its more apparent geometrial
nature, whereas the salar-tensor representation seems to be more appeal-
ing to partile physiists. This issue an have theoretial impliations. To
give an example: if f(R) gravity is onsidered as a step towards a more
ompliated theory, whih generalisation would be more straightforward will
depend on the hosen representation. This issue will be addressed more
extensively and in more general terms in Chapter 7.
Whether f(R) theories of gravity are unexplored and interesting or just
an already-studied subase of salar tensor theory, is a more pratial ques-
tion that ertainly deserves a diret answer. It is indeed true that salar-
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tensor theory and, more preisely, BransDike theory are well-studied the-
ories whih have been extensively used in many appliations, inluding Cos-
mology. However, the spei hoies ω0 = 0,−3/2 for the BransDike
parameter are quite exeptional. We have already mention in Setion 4.2.2
why the ω0 = −3/2 ase has not been studied in the past. It is also worth-
while mentioning that most alulations whih are done for a general value
of ω0 in the literature atually exlude ω0 = −3/2, mainly beause they are
done in suh a way that the ombination 2ω0 + 3 appears in a denomina-
tor (see Chapter 6 for details and examples). As far as the ω0 = 0 ase
is onerned, one an probably speulate that it is the apparent absene of
the kineti term for the salar in the ation whih did not seem appealing
and prevented the study of this theory. In any ase, the onlusion is that
the theories in the BransDike lass that orrespond to metri and Palatini
f(R) gravity had not yet been explored before the reent re-introdution of
f(R) gravity and, as will also beome apparent later, several of their spe-
ial harateristis when ompared with more standard BransDike theories
were revealed though studies of f(R) gravity.
4.4 GaussBonnet gravity and f(G) gravity
In Setion 3.7 we introdued GaussBonnet gravity through the ation (3.140)
whih we repeat here for onveniene
SGB =
∫
d4x
√−g
[
R
16π G
− λ
2
∂µφ∂
µφ− V (φ) + f(φ)G
]
+ SM (g
µν , ψ).
(4.20)
This theory inludes a spei ombination of higher-order urvature invari-
ants: the GaussBonnet term G (see also Setion 3.5.1). As has been dis-
ussed, the GaussBonnet term is a topologial invariant and the variation
of the density
√−gG leads to a total divergene, therefore not ontribut-
ing to the eld equations. However, in GaussBonnet gravity this term is
oupled to the salar eld φ and, therefore, does ontribute to the eld equa-
tions. One ould think along the following lines: a onformal redenition of
the metri, together with a suitable redenition of the salar eld ould po-
tentially deouple the transformed GaussBonnet term from the redened
salar, therefore allowing us to omit its presene. However, this idea annot
work in pratie, simply beause
√−gG transforms under onformal rede-
nition of the metri gµν → Ω2gµν as
√−gG → √−gG + √−g[8Rµν (∇µ lnΩ∇ν lnΩ−∇µ∇ν lnΩ)
+ 8(∇2 lnΩ)2 − 8(∇µ∇ν lnΩ)2
+ 8(∇2 lnΩ)(∇µ lnΩ)2 − 4R(∇2 lnΩ)
+ 16(∇µ lnΩ∇ν lnΩ)(∇µ∇ν lnΩ)
]
. (4.21)
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Even though extra terms ontaining derivatives of the onformal fator will
appear after the onformal transformation, no fator appears in front of the
GaussBonnet term. Therefore, it is not possible to eliminate the oupling
with the salar eld, and onsequently the presene of the GaussBonnet
term, by means of a onformal transformation. We onlude that Gauss
Bonnet gravity annot be rewritten as a salar-tensor theory.
However, there is a spei subase of the ation (4.20) that an be ast
into the form of another theory already present in the literature, namely that
given by the ation
S =
∫
d4x
√−g
(
R
16π G
+ f(G)
)
, (4.22)
whih has already been mentioned in Setion 3.5.1 as ation (3.43) [212℄.
The funtion f(G) an be a general funtion of the GaussBonnet term but
for the omputation whih follow we identify its funtional form with that of
the funtion f present in eq. (4.20). Following Ref. [212℄, one an introdue
two auxiliary salar elds A and B, in order to re-write the ation (4.22) as
S =
∫
d4x
√−g
(
R
16π G
+B (G −A) + f(A)
)
. (4.23)
Variation with respet to B leads to A = G and so ation (4.22) is then
reovered. Variation with respet to A leads to
B = f ′(A). (4.24)
Replaing this bak in eq. (4.23) gives
S =
∫
d4x
√−g
(
R
16π G
+ f ′(A) (G −A) + f(A)
)
. (4.25)
Simply redening
φ = A, (4.26)
V (φ) = Af ′(A)− f(A), (4.27)
leads to
S =
∫
d4x
√−g
[
R
16π G
− V (φ) + f(φ)G
]
+ SM (g
µν , ψ). (4.28)
Clearly, this is ation (4.20) for λ = 0, i.e. when the salar eld has no kineti
term. Therefore, for the spei ase of λ = 0, GaussBonnet gravity is
dynamially equivalent to a theory desribed by ation (4.22), whih inludes
a general funtion of the GaussBonnet term in addition to the standard
EinsteinHilbert ation [212℄.
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Chapter 5
Cosmology in modied gravity
5.1 Introdution
During the ourse of the 90 years that have passed sine the introdution
of General Relativity by Einstein, the study and development of alternative
theories of gravity has always been pursued in parallel, even though there
have been periods of intense eort and periods of slower development, de-
pending on the ontemporary motivation. We have extensively disussed the
motivations for modifying gravity and it would not be wise to attempt to
rank them aording to importane. However, one ould still observe that
the urrent stimulus in this subjet area is mainly powered by observational
osmology, simply beause the osmologial riddles are the most reent of the
problems whih alternative gravity aims to address. Therefore, it is impor-
tant to onsider the osmologial phenomenology of the theories presented
in the previous hapter and to explore how well they an address issues suh
as the late time aelerated expansion of the universe, the nature of dark
energy et.
Irrespetive of the theory of gravity, the main assumptions of osmol-
ogy remain the same sine they are not related to the dynamis but to the
symmetries that we expet the universe to exhibit when one fouses on large
sale evolution and ignores small sale inhomogeneities. Therefore, the argu-
ments for homogeneity and isotropy presented in Setion 1.3.1 are still valid
and we an use the Friedmann-Lemaître-Robertson-Walker metri as a loal
desription of spaetime:
ds2 = −dt2 + a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2(θ)dφ2
]
. (5.1)
We remind the reader that k = −1, 0, 1 aording to whether the universe is
hyperspherial, spatially at, or hyperboli and that a(t) is alled the sale
fator. Part of the standard approah, whih we follow here as well, is to use
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a perfet uid desription for the matter for whih
T µν = (ρ+ p)uµuν + p gµν , (5.2)
where uµ denotes the four-veloity of an observer omoving with the uid
and ρ and p are the energy density and the pressure of the uid respetively.
One a gravity theory is hosen, one an insert the FLRW ansatz (5.1) and
the stress-energy tensor (5.2) into the eld equations of the theory and derive
equations governing the evolution of the sale fator a(t). These are general-
izations of the Friedmann equations (1.5) and (1.6) and we will oasionally
refer to them as the generalised Friedmann equations.
Note that the value of k is an external parameter. As in many other
works in the literature, for what follows we will hoose k = 0, i.e. we fous
on a spatially at universe. This hoie in made in order to simplify the
equations and should be viewed septially. It is sometimes laimed in the
literature that suh a hoie is favoured by the data. However, this is not
entirely orret. Even though the data (e.g. [43℄) indiate that the urrent
value of Ωk is very lose to zero (see eq. (1.14) and the related disussion in
Setion 1.3.3) it should be stressed that this does not really reveal the value
of k itself. Sine
Ωk = − k
a2H2
, (5.3)
the urrent value of Ωk is sensitive of the urrent value of a(t), i.e. the amount
of expansion the universe has undergone after the Big Bang. A signiant
amount of expansion an easily drive Ωk very lose to zero. The suess of
the inationary paradigm is exatly that it explains the atness problem 
how did the universe beome so at (see Setion 1.3.2)  in a dynamial
way, allowing us to avoid having to ne tune the parameter k (having k = 0
is statistially very exeptional).
The above having been said, hoosing k = 0 for simpliity is not a dra-
mati departure from generality when it ome to late time osmology. If it is
viewed as an approximation and not as a hoie of an initial ondition, then
one an say that, sine Ωk as inferred from observations is very lose to zero
at urrent times, the terms related to k will be subdominant in the Fried-
mann or generalised Friedmann equations and therefore one ould hoose to
disard them by setting k = 0, without great loss of auray. In any ase,
results derived under the assumption that k = 0 should be onsidered pre-
liminary until the inuene of the spatial urvature is preisely determined,
sine there are indiations that even a very small value of Ωk may have an
eet on them (see, for instane, Ref. [254℄).
Having set the ground, we are now ready to explore the osmologial
impliation of a number of alternative theories of gravitation. Taking into
aount that osmology in salar-tensor theory has already been extensively
studied [199℄, we fous on the various versions of f(R) gravity and on Gauss
Bonnet gravity. A study limited to these theories annot be onsidered as
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exhaustive and many more modiations of the gravitational ations are pos-
sible. However, from a phenomenologial point of view, suh theories an
work as useful examples for understanding how modiations of the gravita-
tional ation an help us to address the well-known osmologial problems,
sine they inlude a number of interesting terms in the gravitational ation.
5.2 f(R) gravity in the metri formalism
5.2.1 Generalised Friedmann equations
We start with f(R) gravity in the metri formalism. We present in this
setion the modied Friedmann equations for suh theories, whih date bak
to Buhdahl's paper [201℄. The proedure for deriving these equations is
atually quite straightforward sine the omponents of Rµν for the ansatz
(5.1) an be easily found in textbooks. The time-time omponent of the eld
equations (3.18) gives the modied Friedmann equation(
a˙
a
)2
− 1
3f ′(R)
{
1
2
[
f(R)−Rf ′(R)]− 3( a˙
a
)
R˙f ′′(R)
}
=
1
3
κρ, (5.4)
and the spae-spae omponents gives
2
(
a¨
a
)
+
(
a˙
a
)2
+
1
f ′(R)
{
2
(
a˙
a
)
R˙f ′′(R) + R¨f ′′(R)+
+ R˙2f ′′′(R)− 1
2
[
f(R)−Rf ′(R)] } = −κp, (5.5)
where κ = 8π G. R is given by
R = 6
[
a¨
a
+
(
a˙
a
)2]
= 6
(
H˙ + 2H2
)
, (5.6)
and H = a˙/a as usual. A ombination of eqs. (5.4) and (5.5) gives(
a¨
a
)
+
1
2f ′(R)
{( a˙
a
)
R˙f ′′(R) + R¨f ′′(R)+
+ R˙2f ′′′(R)− 1
3
[
f(R)−Rf ′(R)] } = −κ
6
[ρ+ 3p] . (5.7)
Setting f(R) = R, one has f ′(R) = 1 and f ′′ = f ′′′ = 0 and eqs. (5.4) and
(5.7) redue to the standard Friedmann equations (1.5) and (1.6).
5.2.2 1/R terms and late time osmology
The rst attempt to onsider f(R) theories of gravity as a way to explain late-
time osmologial aeleration was probably Ref. [255℄. The main objetive
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is to have modied gravity aount for dark energy and onsequently explain
the late time aelerated expansion of the universe. One of the easiest ways
to see how this omes about is the following [256℄: If we dene the quantities
ρde =
κ−1
f ′(R)
{
1
2
[
f(R)−Rf ′(R)]− 3( a˙
a
)
R˙f ′′(R)
}
, (5.8)
pde =
κ−1
f ′(R)
{
2
(
a˙
a
)
R˙f ′′(R) + R¨f ′′(R)+
+ R˙2f ′′′(R)− 1
2
[
f(R)−Rf ′(R)]}, (5.9)
and use them to re-write eqs. (5.4) and (5.7) we get(
a˙
a
)2
=
1
3
κρtot, (5.10)(
a¨
a
)
= −κ
6
[ρtot + 3ptot] , (5.11)
where
ρtot = ρ+ ρde, (5.12)
ptot = p+ pde. (5.13)
Through some simple redenitions, we have brought the equations gov-
erning the osmologial dynamis into the form of the standard Friedmann
equations. Additionally, the terms related to high order terms present in the
ation are now onveniently denoted as ρde and pde, sine these terms are
playing here the role of dark energy. Therefore, the whole theory, for what
regards osmology, has been brought into the form of General Relativity
with some kind of dark energy, whose nature an atually be attributed to
a modiation of gravity.
Now the important question is: What is the eetive equation of state
relating ρde and pde? Viewed as funtions of R, these quantities are obviously
related and the eetive equation of state will depend on the funtional form
of f(R). Therefore, without going into more details, one an expet that a
onvenient hoie for f(R) an lead to a suitable value of wde (pde = wdeρde),
so that the modied theory of gravity an aount for the observations indi-
ating late time aelerated expansion.
We will give two simple examples that an be found in the literature:
Firstly, one an onsider the funtion f to be of the form f(R) ∝ Rn. It is
quite straightforward to alulate wde as a funtion of n if the sale fator
is assumed to be a generi power law a(t) = a0(t/t0)
α
(a general a(t) would
lead to a time dependent wde) [256℄. The result is
wde = −6n
2 − 7n− 1
6n2 − 9n+ 3 , (5.14)
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for n 6= 1, and α is given is terms of n as
α =
−2n2 + 3n− 1
n− 2 . (5.15)
A suitable hoie of n an lead to a desired value for wde. The seond example
whih we will refer to is a model of the form f(R) = R−µ2(n+1)/Rn, where
µ is a suitably hosen parameter [257℄. In this ase, and one again if the
sale fator is assumed to be a generi power law, wde an again be written
as a funtion of n [257℄:
wde = −1 + 2(n + 2)
3(2n + 1)(n + 1)
. (5.16)
The most typial model within this lass is that with n = 1 [257℄, in whih
ase wde = −2/3. Note that in this lass of models, a positive n implies the
presene of a term inversely proportional to R in the ation, ontrary to the
situation for the Rn models.
We have hosen to disuss metri f(R) gravity and late time aelera-
tion in terms of its representation as introduing a form of eetive dark
energy, sine this approah is simple and has a diret relation with the usual
approah to osmologial problems. Obviously, there is more to say about
the osmologial dynamis of metri f(R) gravity, suh as making a om-
plete dynamial analysis of the equations governing the osmi evolution, or
making a preise study of spei models and their osmologial behaviour.
For the moment, however, let us mention that our goal here is merely to
demonstrate how simple modiations of gravity an address the dark en-
ergy problem. Note also that we have not hosen the examples aording to
their overall viability as gravitation theories  we will disuss these issues
later on  but aording to simpliity.
5.2.3 More general models and osmologial onstraints
We have seen qualitatively how simple metri f(R) gravity models, and es-
peially those inluding an inverse power of R, an be used as an attempt to
solve the osmologial puzzle of the late time aelerated expansion. Clearly
one an onsider muh more general funtions f . These do not have to be
polynomials neessarily. However, taking f to be a polynomial with positive
and/or negative powers of R has ertain advantages. Besides simpliity, one
an argue that hoosing f to be a polynomial is a pratial way to inlude in
the ation some phenomenologially interesting terms whih might be of lead-
ing order in the Taylor expansion of an eetive Lagrangian [.f. eq. (3.15)℄.
However, before referring to more general models we should mention that
spei models of what is now alled metri f(R) gravity were not initially
introdued in osmology in order to aount for the phenomenology related
to the later stages of its evolution: Alexei Starobinski, who, as mentioned
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in the introdution, was one of the pioneers of the idea of ination, had
rst proposed a senario of this sort for giving a gravity driven ination-
ary period [20℄. The model, whih was atually presented before the more
onventional models based on salar elds, inluded an R2 term in the grav-
itational Lagrangian. The presene of this term is able to drive the universe
to an aelerated expansion whih takes plae at early times. We refer the
reader to the literature for more details (e.g. [20, 258, 239℄).
It seems reasonable to expet that a single model, inluding both positive
and negative powers of R, would be able to lead to both an early time
inationary period and a late time aelerated expansion. This was indeed
shown in [259℄. Another interesting lass of models are those ontaining a
lnR term [260℄. See also [261, 262℄ for reviews of metri f(R) gravity and
osmology and [263℄ for a disussion of the osmologial dynamis of Rn
models.
For a model of f(R) gravity to be onsidered suessful from a osmolog-
ial perspetive, however, it is not enough to have the orret early or late
time behaviour in a qualitative sense. There are a number of preise tests
related to osmologial observations that any gravity theory should pass
1
.
For instane, there have been studies of the onstraints imposed on spei
models of metri f(R) gravity by Big Bang Nuleosynthesis and loal fth-
fore experiments [264℄ and attempts to explore the details of osmologial
perturbations [265℄. The stability of the de-Sitter solution, whih is supposed
to be a late time attrator for models with late time aeleration, has been
onsidered [266, 267, 268℄, as well as the proess of produing the baryon
asymmetry in the universe, Baryogenesis [269℄. To avoid getting into tehni-
al details let us just say that, even though some of these studies, suh as the
one related to Baryogenesis, show that metri f(R) gravity does not lead to
signiant deviations away from the standard piture, the overall impression
is that simple models are unlikely to produe the osmologial dynamis and
also agree in detail with all of the other observations. There is, of ourse,
ongoing researh on this (e.g. [270, 271℄).
An issue that requires a speial mention is the question raised in [272℄
about whether metri f(R) gravity an lead to osmologial models whih
inlude both a standard matter dominated era and a phase of aelerated
expansion. Aording to [272℄ all f(R) theories that behave as a power of R
at large or small R will have a matter era in whih the sale fator will sale
like t1/2 instead of the standard law t2/3, making the theory grossly inonsis-
tent with observations. This issue has raised a lively debate [273, 274℄. The
outome is that Rn and R − µ2(n+1)/Rn models do indeed lead to an una-
eptable behaviour during matter domination [275℄, but there an be more
1
In addition, viable gravity theories should at the same time pass also tests relevant
to other sales, suh as the sales of the Solar System and ompat objets. It is not an
easy task to onstrut a theory that fulls all of these requirements simultaneously. We
will however disuss this issue later.
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ompliated models that do not have this unappealing harateristi. In
fat, a sheme has been developed to reonstrut the ation for metri f(R)
gravity from a desired osmologial evolution as inferred from observation
[276, 277℄.
Let us lose this setion by stressing that f(R) ations, and espeially
Rn and R− µ2(n+1)/Rn models, should be onsidered as toy theories. Even
from a dimensional analysis or leading order point of view, it is hard to on-
sider suh ations as exat eetive low energy ations. An ation inluding
an R2 term, for example, is most likely to inlude an RµνR
µν
term as well.
From this view point, f(R) gravity is just a preliminary step that one takes
in order to explore the possibilities whih are oered by modiations of the
gravitational ations. Attempts to study the osmology of more general a-
tions inluding higher order urvature invariants have been made (e.g. [278℄)
and there is hope that some of the shortomings of metri f(R) gravity may
not be there for more omplete theories.
5.3 f(R) gravity in the Palatini formalism
5.3.1 Generalised Friedmann equations
Let us now onsider Palatini f(R) gravity. The ation of the theory is (3.21)
and the eld equations are eqs. (3.29) and (3.30). We start by deriving
the generalised Friedmann equation. Using the FLRW metri (5.1) we need
to ompute the omponents of Rµν , whih is the Rii tensor onstruted
with the independent onnetion (see eq. (2.11)). Sine what we know is
an ansatz for the metri, it is pratial to work with metri quantities and,
therefore, eqs. (3.36), (3.37) and (3.38) an be used to arrive to the result.
The non-vanishing omponents of Rµν are
R00 = −3 a¨
a
+
3
2
(f ′)−2(∂0f ′)2 − 3
2
(f ′)−1∇0∇0f ′, (5.17)
Rij = [aa¨+ 2a˙2 + (f ′)−1
{
λ
µν
}
∂0f
′ +
a2
2
(f ′)−1∇0∇0f ′]δij , (5.18)
where the subsript 0 denotes the time omponent and we remind the reader
that ∇ is the ovariant derivative assoiated with gµν . Combining eqs. (5.17)
and (5.18) with eq. (3.29) one quite straightforwardly arrives at the gener-
alised Friedmann equation (e.g. [279℄)(
H +
1
2
f˙ ′
f ′
)2
=
1
6
κ(ρ+ 3p)
f ′
+
1
6
f
f ′
, (5.19)
where the overdot denotes dierentiation with respet to oordinate time.
Note that when f is linear, f ′ = 1 and, therefore, f˙ ′ = 0. Taking into
aount eq. (3.31), one an easily show that in this ase eq. (5.19) redues
to the standard Friedmann equation.
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5.3.2 A toy model as an example
Having derived the generalised Friedmann equation, we an now go ahead
and study the osmologial evolution in Palatini f(R) gravity. The rst
thing that we would like to hek is whih osmologial eras an take plae
in general. It is required that any model should lead to a radiation dominated
era followed by a matter dominated era. In addition to this, a model whih
draws its motivation from late time osmology should provide a resolution
for the aelerated expansion of the universe. In fat, it was shown in [280℄
that models whih inlude in the ation a 1/R term in addition to the more
standard R term do indeed have this property. Several studies of this issue
followed [281, 282, 283, 284℄.
It is also interesting to onsider whether spei hoies for the La-
grangian an lead to early time ination without the need for a spei
inaton eld introdued for this purpose. In the ase of metri f(R) gravity,
this was indeed the ase. In Palatini f(R) gravity things are quite dier-
ent. Models whih inlude an R2 term have been studied and it has been
shown that the presene of this term annot lead to an inationary period
[279, 285, 286℄. This, however, as will also beome learer later, is atually
due to the speial nature of an R2 term within the framework of Palatini
f(R) gravity [283℄. An R2 term, as already mentioned, gives a zero ontri-
bution on the left hand side of eq. (3.31) and we will see that this makes this
term quite ineetive as far as ination is onerned.
Let us explore all of the above in more detail through an example. Con-
sider the spei model in whih f is given by
f(R) = R
3
β2
+R− ǫ
2
3R , (5.20)
where ǫ and β are for the moment some parameters, on whih we will try to
put onstraints later. Our hoie of the form of the Lagrangian is based on
the interesting phenomenology whih it will lead to. When f is hosen to
have the form given in eq. (5.20), in vauum eq. (3.31) gives
R4 − β2R2 + ǫ2β2 = 0. (5.21)
Note that even if we inluded an R2 term in eq. (5.20), eq. (5.21) would
remain unhanged due to the form of eq. (3.31). Thus, even though we have
avoided inluding this term for the sake of simpliity, there is no reason to
believe that this will seriously aet our results in any way. One an easily
solve eq. (5.21) to get
R2 = β
2
2
[
1±
√
1− 4 (ǫ/β)2
]
. (5.22)
If ǫ ≪ β, this orresponds to two de Sitter and two anti-de Sitter solutions
for R. Here we will onsider the two de Sitter solutions, namely:
R1 ∼ β, R2 ∼ ǫ. (5.23)
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If we further assume that ǫ is suiently small and β is suiently large,
then sine the expansion rate of the de Sitter universe sales like the square
root of the salar urvature, R1 an at as the seed for an early-time ination
and R2 as the seed for a late-time aelerated expansion.
To see this expliitly, let us onsider FLRW osmology in more detail.
At very early times, we expet the matter to be fully relativisti. Denoting
by ρr and pr the energy density and pressure, the equation of state will be
pr = ρr/3. Thus T = 0 and eq. (3.31) will redue to eq. (5.21) and have
the solution given by eqs. (5.23). If we ask for the urvature to be large,
we infer that R = R1 = β. Therefore, the universe will undergo a de Sitter
phase whih an aount for the early-time ination. As usual, onservation
of energy implies ρr ∼ a−4. On the other hand, R and onsequently f(R)
are now large onstants, whereas f˙ ′ = 0 sine f ′(R) is a onstant as well.
Therefore, it is easy to verify that the last term on the right hand side of eq.
(5.19) will quikly dominate, with H being given by
H ∼
√
β/12. (5.24)
In this sense, an inationary period an our in Palatini f(R) gravity.
Whether this senario is realisti or not will be explored shortly.
Let us now onsider the matter and radiation dominated eras. When
the temperature is low enough, we expet some matter omponents to be
non-relativisti. As an idealisation we an assume that the matter has two
omponents. Radiation, for whih pr = ρr/3, and non-relativisti matter,
for whih the pressure pm = 0 (dust) and the energy density is denoted by
ρm. Eq. (3.31) takes the following form:
R3
β2
−R+ ǫ
2
R = −κ
2ρm. (5.25)
Energy onservation requires that
ρ˙m + 3Hρm = 0. (5.26)
Using eqs. (5.25) and (5.26), it is easy to show after some mathematial
manipulations that
R˙ =
3HR
(
R2 − R4
β2
− ǫ2
)
(
3R4
β2
−R2 − ǫ2
) . (5.27)
The modied Friedmann equation (5.19) takes the form
H2 =
2κ2ρ+ Λeff
6
(
3R2
β2
+ 1 + ǫ
2
3R2
) (
1 + 32A
)2 (5.28)
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where ρ = ρr + ρm,
A =
(
6R4
β2
− 23ǫ2
)(
R2 − R4
β2
− ǫ2
)
(
3R4
β2
−R2 − ǫ2
)(
3R4
β2
+R2 + ǫ23
) , (5.29)
Λeff = 2
(R3
β2
+
ǫ2
3R
)
, (5.30)
and we have used eq. (5.25) and the equation of state for the relativisti
omponent of the osmologial uid.
Now R is no longer a onstant. Its value is given by the root of eq. (5.25).
Assuming thatR is now less than β and signiantly larger than ǫ, eqs. (5.27)
and (5.28) give
R˙ ∼ −3HR, H2 ∼ R
3
3β2
(5.31)
Thus, it is easy to see that
R ∼ t−2/3, a(t) ∼ t2/9. (5.32)
From eqs. (5.32), one onludes that
ρr ∼ t−8/9, Λeff ∼ t−2. (5.33)
i.e. Λeff dereases muh faster than the energy density of relativisti matter.
Hene, the universe will soon enter a radiation dominated era haraterized
by a very low value of R (and onsequently Λeff).
We next investigate the behaviour of the modied Friedmann equation
(5.28). Λeff at this stage of the evolution will be negligible ompared to κρ
and A ∼ 0 to a very good approximation. On the other hand, f ′ = 3R2/β2+
1 + ǫ2/(3R2) will tend to 1 provided that ǫ is small enough. Therefore, eq.
(5.28) redues to
H2 ∼ κ2ρ, (5.34)
where, as before, ρ = ρr + ρm. Eq. (5.34) resembles standard osmology. It
is reasonable, therefore to assume that everything an ontinue as expeted,
i.e. radiation dominated era, Big Bang Nuleosynthesis (BBN), and matter
dominated era.
Finally, we onsider what will happen at late times. At some point
we expet matter to beome subdominant with respet to Λeff due to the
inrease of the sale fator. Note that Λeff asymptotially reahes 2ǫ/3 as
matter dilutes. Thus at late times we an arrive at the piture where ρ ∼ 0
and the universe will therefore again enter a de Sitter phase of aelerated
expansion qualitatively similar to that indiated by urrent observations.
What needs to be stressed here is that the analysis of this setion gives a
very rough desription of the osmologial dynamis of Palatini f(R) gravity.
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Additionally, the model used is hosen ad ho, just beause it leads to some
interesting phenomenology from a demonstrative point of view. In the next
setion, we will proeed to hek the validity of what has been presented
here in more detail and for more generi hoies of f .
5.3.3 Constraining positive and negative powers of R
Even though a simple model like the one desribed by eq. (5.20) was helpful
for understanding the basi features of osmology in Palatini f(R) gravity,
one would like to onsider more generi hoies for f . At the same time
it is important to go beyond the qualitative results and use the numerous
observations to get quantitative ones. Suh a study was performed in [287℄.
Assuming that the gravitational ation inludes, besides the standard linear
term, a term inversely proportional to R, the authors used four dierent
sets of osmologial data to onstrain it. These are the Supernova Type Ia
gold set [40℄, the CMBR shift parameter [288℄, the baryon osillation length
sale [42℄ and the linear growth fator at the 2dF Galaxy Redshift Survey
eetive redshift [289, 290℄. However, as stated in the onlusions of [287℄,
the restrited form of f(R), inluding only a term inversely proportional to
R, prevents the study from being exhaustive.
In [284℄ the osmologial behaviour of more general models of Palatini
f(R) gravity was studied and the results of [287℄ where generalised. Fol-
lowing [284℄ we onsider here a general model. We leave the funtion f
unspeied and try to derive results independent of its form as long as this
is possible. Sine suh a general study is a quite tedious analytial task
given the omplexity of the funtions involved and the non-linearity of the
equations, we also adopt the following representation for f , whih is suitable
for our purposes, whenever needed:
f(R) = 1
ǫd−11
Rd +R− ǫ
b+1
2
Rb , (5.35)
with ǫ1, ǫ2 > 0, d > 1 and b ≥ 0; b = 0 orresponds to the ΛCDM model
when ǫ1 → ∞. The dimensions of ǫ1 and ǫ2 are (eV)2. Part of our task in
this setion will be to onstrain the value of ǫ1, given that for the value of ǫ2
no extended disussion is really neessary. In fat, in order for a model to be
able to lead to late-time aelerated expansion onsistent with the urrent
observations, ǫ2 should by roughly of the order of 10
−67 (eV)2 [280℄.
First of all, let us see how a model with a general funtion f would behave
in vauum, or whenever T = 0 (radiation, et.). If we dene
F(R) ≡ f ′(R)R− 2f(R), (5.36)
then eq. (3.31) beomes
F(R) = κT, (5.37)
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and for T = 0,
F(R) = 0. (5.38)
Eq. (5.38) is an algebrai equation whih, in general, will have a number of
roots, Rn. Our notation implies thatR is positive in the presene of ordinary
matter and so here we will onsider the positive solutions (i.e. the positive
roots). Eah of these solutions orresponds to a de Sitter expansion, sine
R is onstant. If one wants to explain the late-time aelerated expansion
one of these solutions, say R2, will have to be small. If in addition to this
we also want our model to drive an early-time ination, there should be a
seond solution, R1 orresponding to a larger value of R.
For example, introduing in eq. (3.31) the ansatz given for f in eq. (5.35),
one gets
d− 2
ǫd−11
Rd+b −Rb+1 + (b+ 2)ǫb+12 = 0. (5.39)
If ǫ1 ≫ ǫ2 and d > 2 then this equation has two obvious solutions
R1 ∼ ǫ1, R2 ∼ ǫ2. (5.40)
These solutions an at as seeds for a de Sitter expansion, sine the expan-
sion rate of the de Sitter universe sales like the square root of the salar
urvature. Notie that the rest of the solutions of eq. (5.38), for R < R1 and
R > R2 will not be relevant here. During the evolution we do not expet,
as will beome even more obvious later on, that R will exeed R2 or beome
smaller than R1.
Before going further, it is worth mentioning that one an use eq. (3.31)
together with the onservation of energy to express R˙ as a funtion of R:
R˙ = −3H(Rf
′ − 2f)
Rf ′′ − f ′ . (5.41)
Using eq. (5.41) to re-express f˙ ′(= f ′′R˙) and assuming that the universe is
lled with dust (p = 0) and radiation (p = ρ/3), eq. (5.19) gives, after some
mathematial manipulation,
H2 =
1
6f ′
2κρ+Rf ′ − f(
1− 32 f
′′(Rf ′−2f)
f ′(Rf ′′−f ′)
)2 , (5.42)
where again ρ = ρr + ρm.
Early times
Following the lines of Setion 5.3.2, we an make the following observation.
Sine we expet the matter to be fully relativisti at very early times, in this
regime T = 0 and onsequently R is onstant. This implies that the seond
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term on the left hand side of eq. (5.19) vanishes. Additionally, onservation
of energy requires that the rst term on the right hand side of the same
equation sales like a(t)−4, whih means that the seond term on the same
side, depending only on the onstant urvature, will soon dominate if f(R)
is large enough for this to happen before matter beomes non relativisti. R
an either be equal to R1 or to R2. Sine we want R2 to be the value that
will provide the late time aeleration, f should be hosen in suh a way that
f(R2) will beome dominant only at late times when the energy densities of
both matter and radiation have dropped signiantly. Therefore, if we want
to have an early inationary era we have to hoose the larger solution R1,
and f should have a form that allows f(R1) to dominate with respet to
radiation at very early times. The Hubble parameter will then be given by
H ∼
√
f(R1)
6f ′(R1) , (5.43)
As an example, we an use the ansatz given in eq. (5.35). The modied
Friedmann equation is then
H ∼
√
ǫ1
3(d+ 1)
, (5.44)
and the universe undergoes a de Sitter expansion whih an aount for the
early-time ination.
Sooner or later this inationary expansion will lead to a derease of the
temperature and some portion of the matter will beome non relativisti.
This straightforwardly implies that R will stop being onstant and will have
to evolve. Reall that in Palatini f(R) gravity, the eld equation for the
onnetion implies the existene of a metri hµν , whih is onformal to gµν
(see Setions 3.4.3 and eq. (3.33)). Then f ′(R) plays the role of the on-
formal fator relating these two metris, and therefore we do not onsider
sign hanges to be feasible throughout the evolution of the universe. We also
know that in a ertain range of values of R it should be lose to one. This
is the ase beause there should be a range of values of R, for whih f(R)
behaves essentially like R, i.e. our theory should be well approximated by
standard General Relativity in order for us to be able to derive the orret
Newtonian limit (see [291℄ and Setion 6.2). Together with T ≤ 0, the above
implies the following:
f ′(R) > 0, F < 0, ∀ R2 < R < R1. (5.45)
Sine F is a ontinuous funtion keeping the same sign in this interval
and F(R1) = F(R2) = 0, there should be a value for R, say Re, where
F ′(Re)=0, i.e. an extremum. Eq. (5.37) implies that the time evolution of
R is given by
R˙ = κT˙ /F ′(R). (5.46)
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Figure 5.1: The behaviour of a general funtion F(R) over the interval
R1 > R > R2. Re denotes the value of R where F has a minimum. From
this graph one an easily see that F ′ is positive when Re < R < R1 and
negative when R2 < R < Re.
Dierentiating eq. (5.36), we get
F ′ = f ′′R− f ′. (5.47)
Using the fat that f˙ ′ = f ′′R˙, and using eq. (5.47) to express f ′′ in terms of
F ′, f ′ and R, one an easily show that
f˙ ′
f ′
=
F ′ + f ′
Rf ′ R˙. (5.48)
The onstraints given in eq. (5.45) imply that for Re < R < R1, F ′ > 0.
An easy way to understand this is to remember that F is negative in that
interval but zero at R = R1 and so it should be an inreasing funtion (see
also g. 5.1). Sine, f ′ and R are also positive, then what determines the
sign of f˙ ′/f ′ in the neighbourhood of Re is the sign of R˙.
Let us see what will happen if we require R to derease, i.e. R˙ < 0. Eq.
(5.41) implies that as R→ Re, R˙ → −∞ if T˙ 6= 0, sine F ′(Re) = 0. There-
fore, f˙ ′/f ′ → −∞ and using eq. (5.19) we an infer that H →∞. Physially,
the above implies the following: R has no way to derease to a value less
than Re without giving the universe an innite expansion. In pratie, any
attempt for R to approah Re would lead to a dramatially rapid expansion
until non-relativisti matter fully dilutes and R settles bak to R1. Thus,
one the urvature terms in the modied Friedmann equation dominate the
evolution, there is no turning bak to matter domination through a ontin-
uous proess. The two vauum solutions R1 and R2 seem to be somehow
disonneted in the evolution and R has to remain in the region lose to
only one of them. This is a general statement independent of the form of
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matter that is present sine T was left unspeied in its derivation. So, even
though, as shown in [283℄, inluding positive powers of R in the ation an
lead to early-time ination, there seems to be no graeful exit from it. The
only alternative left would be to onsider that due to some other physial
and non-lassial proess, the equation presented here eases to be valid for
some time interval, whih, however seems highly implausible.
Sine it seems impossible to provide an exit from this gravity driven
ination it seems reasonable to hek whether we an at least totally avoid
it. If we hoose as our initial solution R2 instead of R1 then the urvature
terms will not dominate as long as R is onstant. However, there is still
one subtle point. At some stage during the evolution the energy density of
non-relativisti matter will have to rise sooner or later, foring R to hange
its value. It is also reasonable to assume that if ination is not driven by
urvature, we will have to adopt a more standard approah to guarantee that
it will happen, like an inaton eld. It is obvious, however, keeping in mind
the previous disussion, that one would want R to be always less than Re
and this will impose a onstraint whih will depend on the funtional form
of f . For example, if one assumes that f is desribed by the ansatz given
in eq. (5.35) then, onsidering ordinary matter, R < Re at all times implies
that ǫ1 ≫ κρm at all times. Let us also onsider the ase of a slow-rolling
inaton eld, φ. Then, if we denote its energy density by ρφ and its pressure
by pφ we have, as usual,
ρφ =
1
2
φ˙2 + V (φ), (5.49)
pφ =
1
2
φ˙2 − V (φ), (5.50)
where V (φ) is the salar eld potential. During the period when φ dominates
the evolution, T = φ˙2 − 4V (φ) and sine slow-roll implies that φ˙2 ≪ V (φ),
T ≈ −4V (φ). Therefore, if we want R < Re, so that ination proeeds as
usual, then ǫ1 ≫ V (φ) at all times.
If R is less than Re for all values of T then it is easy to verify that
everything will evolve naturally after the end of ination. For R2 < R < Re,
F ′ < 0 and as non-relativisti matter dilutes, ρ˙m < 0, and so from eq. (5.46)
we see that R˙ < 0 so that R will have to derease to reah the value R2
asymptotially.
The above disussion is not relevant, of ourse, if the only term with a
positive power present in the ation, besides R itself, is R2. In this ase, due
to the form of F , this term does not appear in eq. (5.37). This spei ase
has been studied in [286℄. One thing that is worth ommenting on, before
losing this disussion, is the following. The onstraint f ′ > 0 (see eq. (5.45)),
whih is implied by the fat that f ′ plays the role of the onformal fator
relating the metris gµν and hµν , an, depending on the form of f , impose
a further onstraint on the value of the onstants in front of the positive
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power terms. In [285℄ ination driven by an inaton eld was studied in the
presene of an R2 term. The authors derived a onstraint for the onstant
appearing in front of the R2 term in the ation by requiring that the square
of the Hubble parameter should be positive during the kineti dominated
phase. This onstraint is exatly what would one derive by requiring f ′ to
be always positive.
Big Bang Nuleosynthesis
Let us now turn our attention to the next osmologial era, radiation domi-
nation and Big Bang Nuleosynthesis (BBN). Current observations indiate
that the standard osmologial model an t the data related to the pri-
mordial abundanes of light elements. On the other hand, how a modied
gravity model like the one disussed here would t those data has not been
yet worked out. However, there is little room for modifying the behaviour
of the Friedmann equation during BBN and it seems reasonable to ask that
the model under investigation should resemble standard osmology during
these osmologial eras [48℄. This implies that eq. (5.42) should be similar
to the standard Friedmann equation
H2 =
1
3
κρ. (5.51)
By omparing eqs. (5.42) and (5.51), one sees that during BBN
f ′ ∼ 1 (5.52)
1− 3
2
f ′′(Rf ′ − 2f)
f ′(Rf ′′ − f ′) ∼ 1 (5.53)
Rf ′ − 3f ∼ 0 (5.54)
To make the piture learer, we give the expliit expressions for f ′ and f ′′
when f is given by eq. (5.35):
f ′ = d
Rd−1
ǫd−11
+ 1 + b
ǫb+12
Rb+1 , (5.55)
f ′′ = d(d− 1)R
d−2
ǫd−11
− b(b+ 1) ǫ
b+1
2
Rb+2 . (5.56)
Let us for the moment assume that the term inversely proportional to R is
not present. In order for ondition (5.52) to be fullled ǫ1 ≫ RBBN . This
is the natural onstraint on the value of ǫ1 imposed when one asks for the
model to have almost idential behaviour to the standard one during BBN.
One ǫ1 is hosen to have a large enough value, all three onstraints (5.52),
(5.53) and (5.54) are easily fullled and the modied Friedmann equation
(5.42) beomes idential to the standard one, eq. (5.51), for the relevant
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values of R. The above onstraint an be viewed as a suient onstraint
for the model to be viable but not as a neessary one. However, one ould
also laim that, even if the modiations in the Friedmann equation do not
neessarily have to be negligible, they should at least lead to seond order
orretions and not aet the leading order. This implies that ǫ1 should
denitely be larger than RBBN .
We have, however, negleted the presene of the term inversely propor-
tional to R. In the absene of positive powers, this term should be negligible
during BBN sine RBBN is muh larger than ǫ2. This piture may hange if
we onsider the full version of the model. Eq. (3.106) an take the following
form
Rf ′ − 2f = −κρ0m(1 + z)3, (5.57)
where ρ0m is the present value of the energy density of non-relativisti matter
and z is the redshift. We have assumed here that a0 = 1. Using eq. (5.57)
one an derive how R will sale with the redshift. If ǫ1 ≫ RBBN , then for
all of the evolution of the universe after BBN, R sales almost like (1 + z)3.
This indiates that, sine BBN takes plae at a very high redshift, RBBN is
indeed muh larger than ǫ2. If, however, one assumes that ǫ1 is large enough
to alter the behaviour of eq. (5.57), then R will have a milder saling with
the redshift, meaning that RBBN an get very lose to ǫ2. Then the three
onstraints (5.52), (5.53) and (5.54) might not be fullled not only due to
the presene of the term with the positive power of R greater than 1 but also
beause of the term with the negative power. This will be a seondary eet
related to the term with a positive power greater than 1, as shown earlier.
It will be avoided if again ǫ1 ≫RBBN and will be subdominant if ǫ1 is just
smaller than RBBN . Unfortunately, sine the value of RBBN is very model
dependent, it is diult to turn this onstraint into a numerial one.
5.3.4 Late times
Now let us hek the behaviour of the modied Friedmann equation at late
times. The salar urvature R dereases with time to reah a value lose
to ǫ2. Therefore the onditions (5.52), (5.53) and (5.54) will at some point
ease to hold beause of the term involving the negative power of R. Any
ontribution of the term involving the positive power of R greater than 1
will be negligible for two reasons. Firstly, sine the value of ǫ1 should be
suh that these terms are already negligible during BBN, it is safe to assume
that they will remain so throughout the rest of the evolution of the universe.
The same results an be inferred by using the onstraints derived in Setion
5.3.3.
As we mentioned earlier, satisfying the present bounds related to the pri-
mordial abundanies of light elements aording to BBN is straightforward if
the modied Friedmann equation of the model does not deviate signiantly
from the standard one during the BBN epoh. This was the ondition whih
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we imposed to derive the onstraints just presented. However, one an-
not ompletely disard the possibility that a modied gravity model whose
modied Friedmann equation does deviate slightly but signiantly from the
standard one during BBN ould still be viable: it is not yet lear how a
modiation of gravity will then inuene the light element abundanies and
BBN as a whole. Under this perspetive, the onstraints presented here are
sueient for a viable model: if the modied Friedmann equation redues
to the standard one with high preision during BBN, one is assured that the
urrent bounds on light element abundanies will be both unaeted and
satised. However, these onstraints annot yet be onsidered as being an
absolutely neessary ondition for the model to be viable, until a more de-
tailed study of the eet of a modiation of gravity on BBN is performed.
In any ase, even if one assumes that there is some slight ontribution from
the terms being disussed in the modied Friedmann equation during BBN,
suh a ontribution should beome weaker at later times.
The onstraints oming from the early-time behaviour are neessary but
it is diult to turn them into numerial ones. At the same time one an
always laim that the early time evolution of the universe is not very well
established and there might still be room for new physis there aeting
these onstraints. However, let us antiipate that the Newtonian limit of the
theory will also provide onstraints whih will turn out to be in agreement
with those derived here and atually more stringent (see Setion 6.2). The
range of values of R whih is of interest for late-time observations is between
the value of R at deoupling Rdec and the urrent value of R, R0. For these
values, it is safe to onsider that [284℄
f ∼ R− ǫ
b+1
2
Rb , (5.58)
f ′ ∼ 1 + b ǫ
b+1
2
Rb+1 , (5.59)
f ′′ ∼ −b(b+ 1) ǫ
b+1
2
Rb+2 , (5.60)
with extremely high auray for all times after deoupling. It is easy to see
that the modied Friedmann equation of the model desribed in (5.35) will
be idential at late times to that of a model with no positive powers of the
urvature greater than 1 (ǫ1 →∞).
In [287℄ the authors onsider f to be of the form
f(R) = R
(
1 + α
( R
H20
)β−1)
, (5.61)
where α and β are dimensionless parameters, with β < 1 (note that in our
notation R is positive). This representation of the funtion f is very useful
when one wants to onstrain some dimensionless parameter. Comparing
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it with our ansatz, eq. (5.35), we get d = δ + 1, b = −β and ǫ1 → ∞,
sine in eq. (5.61) there is no positive power of R greater than 1. In order to
onstrain the values of α and β they use a rather extensive list of osmologial
observations. The rst quantity whih they onsider is the CMBR shift
parameter [288, 292, 293℄ whih in a spatially at universe is given by
R =
√
ΩmH20
∫ zdec
0
dz˜
H(z˜)
, (5.62)
where zdec is the redshift at deoupling and Ωm ≡ κρ0m/(3H20 ). When ex-
pressed in terms of the salar urvature, eq. (5.62) beomes
R =
√
ΩmH20
∫ zdec
0
dz
H(z)
=
√
ΩmH20
∫ R0
Rdec
a′(R)
a(R)2
dR
H(R) (5.63)
=
1
34/3
(
ΩmH
2
0
)1/6 ∫ Rdec
R0
Rf ′′ − f ′
(Rf ′ − 2f)2/3
dR
H(R) .
Using the values for zdec and R obtained with WMAP [43℄, namely zdec =
1088+1−2 and R = 1.716 ± 0.062, they nd that the best t model is (α, β) =
(−8.4,−0.27). The Gold data set of Supernovae is also used [40℄. What
is important for this analysis is the expression for the luminosity distane,
whih in terms of R is
DL(z) = (1 + z)
∫ z
0
dz˜
H(z˜)
=
√
ΩmH
2
0
1
a(R)
∫ R0
R
a′(R)
a(R)2 (5.64)
=
1
3
√
ΩmH20
(Rf ′ − 2f)1/3 ×∫ Rdec
R0
Rf ′′ − f ′
(Rf ′ − 2f)2/3
dR
H(R) .
Marginalizing over the Hubble parameter h, the authors again onstrain α
and β and the best t model is (α, β) = (−10.0,−0.51). Another inde-
pendent observation whih they use is that of the imprint of the primordial
baryon-photon aousti osillations on the matter power spetrum. The di-
mensionless quantity A [294, 295, 296, 297, 298℄,
A =
√
ΩmE(z1)
−1/3
[
1
z1
∫ z1
0
dz
E(z)
]2/3
, (5.65)
where E(z) = H(z)/H0, an at as a standard ruler. The data from the
Sloan Digital Sky Survey [42℄ provide a value for A, namely
A = Dv(z = 0.35)
√
ΩmH20
0.35c
= 0.469 ± 0.017, (5.66)
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where
Dv(z) =
[
DM (z)
2 cz
H(z)
]1/3
, (5.67)
and DM (z) is the omoving angular diameter distane. The best t model
using this value is (α, β) = (−1.1, 0.57). Finally, in [287℄ these three sets of
data are ombined to give a best t for (α, β) = (−3.6, 0.09).
The above observations are potentially very useful, of ourse, in studying
the viability of a model like (5.61). Two omments are due:
Firstly, as shown here, the modied Friedmann equation of a more general
model like (5.35), whih also inludes positive powers of R greater than 1, is
eetively idential to that of (5.61) at late times. Therefore, it is expeted
that the results of [287℄ will remain unaeted by the inlusion of positive
powers of the salar urvature greater than 1, sine these terms have to
satisfy the onstraints derived in this setion. Additionally, one an onlude
that the late evolution of the universe is not aeted by the positive powers
of the salar urvature greater than 1 present in the ation. This an be
rephrased in two interesting ways: The results of observational tests relevant
to the late-time evolution of the universe are insensitive to the inlusion of
additional positive powers of R or observational tests relevant to the late-time
evolution annot onstrain the presene of additional positive powers of R in
the gravitational ation. The seond expression implies that suh tests are
not suient to judge the overall form of the gravitational ation.
Seondly, it is worth ommenting on the result of [287℄. The best t model
for the ombination of the dierent data sets suggests that their exponent β
is equal 0.09 (see eq. (5.61)) and therefore favours the ΛCDM model, being
well within the 1σ ontour. However, one gets dierent values for β when the
dierent data sets are onsidered individually. For the SNe data the best t
model has β = −0.51 and the baryon osillations β = 0.57, both disfavouring
the ΛCDM model, but also being mutually ontraditory. The CMBR shift
parameter gives β = −0.27 whih again is signiantly dierent from the
other two values. Of ourse, one might expet that the ombination of the
data will give the most trustworthy result. However, this is not neessarily
true, sine one ould regard the very wide disrepanies in the value of β
oming from dierent observations as an indiation that more aurate data
are needed to derive any safe onlusion. It would also be interesting to study
to what extent a model with β = −1, whih is the model ommonly used
in the literature, an individually t the urrent data and to ompare the
results with other models built to explain the urrent aelerated expansion,
suh as quintessene, salar-tensor theories, et. One should bear in mind
that the ΛCDM model has always been the best t so far. However, the
motivation for reating alternative models does not ome from observations
but from our inability to solve the theoretial problems that arise if one
adopts the standard piture (oinidene problem, et.).
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Before losing this setion, let us briey mention the fourth sheme used
in [287℄ in order to obtain onstraints: large sale struture and growth of
perturbations. The results derived there through this sheme do not atually
improve the onstraints obtained with the three shemes already mentioned.
As the authors of [287℄ orretly state, a more detailed analysis should be
performed along the lines of [299℄, in whih a more standard linearized per-
turbation analysis is performed. In fat there are a a number of works whih
plae onstraints on Palatini f(R) gravity using perturbation analysis, the
matter power spetrum, large sale struture et. The general onlusion is
that the models whih are very lose to the ΛCDM model are the only ones
that ould satisfy the relevant onstraints. It is, therefore, very diult to
onstrut viable alternative models. Simple models suh as those used above
are very muh disfavoured by the observations. We refer the reader to the
literature for more details [299, 300, 301, 302, 303, 304℄.
5.4 Metri-ane f(R) gravity and osmology
Instead of presenting here a detailed study of the osmologial aspets of
metri-ane f(R) theories of gravity, we wish to remind the reader that the
main dierene from Palatini f(R) gravity is the following: In the Palatini
formalism, the matter ation is assumed to be independent of the onne-
tions whereas in the metri-ane formalism no suh assumption is made.
More preisely, as we have argued, suh an a priori assumption is against
the spirit of metri-ane gravity. However, as was explained in Setion
3.6, whenever the only matter elds onsidered are perfet uids with no
vortiity, eletromagneti elds or salar elds, metri-ane f(R) gravity
does redue to Palatini f(R) gravity, as the matter ation of those elds are
independent of the onnetion without this having to be imposed as an ex-
ternal assumption. In osmology, these are indeed the only elds onsidered
in most appliations. This implies that the main features of osmology in
metri-ane f(R) gravity will not be dierent from those of Palatini f(R)
gravity.
Therefore, no detailed study is needed and the reader may refer to the
previous setion. However, what is mentioned here has to be approahed
with aution. In Setion 3.6.4 we have already ommented on the diulties
that arise when one attempts to adopt marosopi desriptions of matter,
suh as perfet uids, when spin and torsion are taken into aount. The
denition of a perfet uid might have to be generalised and the details
of osmologial evolution ould be aeted (see 3.6.4 for details). A more
detailed analysis of osmology in metri-ane f(R) gravity is still pending.
136 CHAPTER 5. COSMOLOGY IN MODIFIED GRAVITY
5.5 GaussBonnet gravity
5.5.1 Generalised Friedmann equations
In Setion 3.7 we introdued GaussBonnet gravity, derived the eld equa-
tions and studied some of their harateristis. We have also made a refer-
ene to the motivation from heteroti String Theory for the study of suh
ations. As is the ase for many alternative theories of gravity, in Gauss
Bonnet gravity there is also strong motivation from osmology. More spei-
ally there have been works showing that GaussBonnet gravity an address
the dark energy problem without the need for any exoti matter ompo-
nents [234, 305, 306℄. Additionally, suh a theory an have other interesting
harateristis in relation to osmologial phenomenology inluding early
time ination [307, 308, 309℄ and avoidane of future and past singularities
[231, 234, 310℄.
Let us briey derive the modied Friedmann equations for GaussBonnet
gravity (see also [234, 307℄). Reall that the ation of the theory is given
by eq. (3.140) and the eld equations for the metri and the salar eld are
given by eqs. (3.151) and (3.152) respetively. Using the at (k = 0) form of
the FLRW metri, eq. (5.1), and assuming that the salar only depends on
time, one gets from the time-time and spae-spae omponents of eq. (3.151)
respetively (after some manipulations involving also the denitions for the
quantities T µνφ and T
µν
f )
H2 =
1
3
κ
(
ρ+
λ
2
φ˙2 + V (φ)− 24φ˙f ′(φ)H3
)
, (5.68)(
a¨
a
)
≡ H˙ +H2 =− κ
6
(ρ+ 3p)− κ
6
(
2λφ˙2 − 2V (φ) +
+24H3φ˙f ′(φ) + 24
∂
∂t
(
H2f˙
))
. (5.69)
The GaussBonnet invariant an easily be expressed in terms of H and its
time derivative as
G = 24H2
(
H˙ +H2
)
. (5.70)
The equation of motion for the salar takes the form
λ
(
φ¨+ 3Hφ˙
)
+ V ′(φ)− 24f ′(φ)H2
(
H˙ +H2
)
= 0. (5.71)
Eqs. (5.68), (5.69) and (5.71) govern the osmologial dynamis. Note
that the potential V (φ) and the oupling between the salar and the Gauss
Bonnet term f(φ) are left unspeied at this stage. Besides providing initial
onditions, one needs to hoose the funtional form of V (φ) and f(φ) in
order to solve the equations.
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5.5.2 GaussBonnet gravity as dark energy
Let us see how GaussBonnet gravity an aount for dark energy. We will
proeed as in Setion 5.2.2 and attempt to bring the modied Friedmann
equations into the form for standard matter plus a dark energy omponent.
It is not diult to see that if one denes
ρde =
λ
2
φ˙2 + V (φ)− 24φ˙f ′(φ)H3, (5.72)
pde =
λ
2
φ˙2 − V (φ) + 8 ∂
∂t
(
H2f˙
)
+ 16H3φ˙f ′(φ), (5.73)
then eqs. (5.68) and (5.69) an be written in the form
H2 =
1
3
κ (ρtot) , (5.74)(
a¨
a
)
= −κ
6
(ρtot + 3ptot) , (5.75)
where
ρtot = ρ+ ρde, (5.76)
ptot = p+ pde. (5.77)
Clearly, eqs. (5.74) and (5.75) are formally the same as those whih one would
derive in General Relativity one the presene of a dark energy omponent
is assumed. As usual, we an dene an eetive equation of state parameter
wde ≡ pde/ρde. Reall that, if we assume that the salar eld dominates the
evolution, then
wde =
2q − 1
3
, (5.78)
where q ≡ −aa¨/a˙2 is the deeleration parameter.
Sine the role of dark energy is to provide the late-time aelerated ex-
pansion, let us fous on how this an be ahieved within the framework of
GaussBonnet gravity. Due to the resemblane of the theory to General
Relativity with a minimally oupled salar eld, we know that if f˙ = 0 (or
f = 0), the minimal ondition for having aeleration, ρde + 3pde < 0, is
satised when V (φ) > λφ˙2. However, in our ase f˙ 6= 0 and its sign is
important for determining the behaviour of the sale fator. One an show
that when f˙ < 0 (whih will generially hold for a anonial salar, λ > 0),
the aeleration ondition is indeed satised if V (φ) > λφ˙2.
Note that the role of f an atually be more ative. In priniple it
an even lead to an era of aeleration even if there is no potential term.
The eetive equation of state depends on both f and V . Choosing these
funtions appropriately, one an ontrol how muh eet eah of them will
have on the osmi evolution. Common well motivated hoies for f and V
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are exponentials, i.e. V = V0e
−aκφ
and f = f0e
bκφ
where a, b and f0 are
of order unity while V0 is as small as the energy density of the osmologial
onstant in order to guarantee that the theory will t observations related
to the late-time osmologial expansion (e.g. [234℄). In suh models, the
aeleration is mainly due to the potential terms.
In the same way that GaussBonnet gravity an lead to a late-time a-
eleration, it an also lead to an early-time inationary period. As already
mentioned, the theory is very similar to General Relativity plus a minimally
oupled salar eld, suh as the inaton eld usually used to drive ination.
Of ourse, the oupling of the salar eld to the GaussBonnet term does
lead to qualitative dierenes. For instane, the slow roll variables should be
redened, the generation of perturbations will dier et. [307℄. We will not
go further in examining spei models or analysing the osmologial fea-
tures of GaussBonnet gravity. We refer the reader to the relevant literature
instead [234, 306, 307, 308, 309℄.
However, before losing it is important to refer to the onfrontation with
osmologial observations. Current literature on the subjet inludes studies
of the impat of the GaussBonnet oupling in relation to several onstraints:
those oming from the Cosmi Mirowave Bakground, galaxy distributions,
large sale struture and supernovae as well as from studies of osmologial
perturbations related to the Cosmi Mirowave Bakground and the matter
power spetrum [311, 312℄. Remarkably, the theory seems to be in good
agreement with the data as far as these studies are onerned. However, as
reported in [312℄, onstraints from baryon osillations and nuleosynthesis
appear to disfavour simple models. A sheme with whih one an reonstrut
the ation from the expansion history has been developed in [313℄. Finally,
note that more general ations whih inlude ouplings between the dilaton
and the GaussBonnet term have also been studied (e.g. [308, 309℄).
Chapter 6
Weak and strong gravity
regimes in Modied gravity
6.1 Introdution
Up to now we have studied the theoretial basis of several theories of gravity
and have examined their osmologial features. However, we have not yet
referred to a number of other important issues for any theory of gravitation.
To begin with, we have not onsidered the Newtonian limit of any of the
theories mentioned. This is obviously a ruial issue, sine any theory of
gravity should redue to Newtonian gravity at a suitable limit. The validity
of Newton's theory in a weak gravity regime and at ertain length sales
is hardly questionable. Additionally, deviations from it as gravity beomes
stronger are well onstrained by Solar System tests and the post-Newtonian
expansion [139℄ is a powerful tool for judging the viability of a theory. Con-
straints oming from Cosmology are important but in most ases onstraints
oming from Solar System tests with the use of the post-Newtonian approx-
imation are more stringent. One should take into aount that alternative
theories of gravity motivated by osmologial problems are tailored to t
osmologial observations to some extent. Diulties start to arise when a
theory is required to perform well in Cosmology and, at the same time, to
omply with the bounds imposed by Solar System tests.
Another aspet of the theories under investigation whih has not been
disussed so far regards other solutions of their eld equations, apart from the
osmologial ones. Even though many of the harateristis of a gravitation
theory an be inferred from the form of its ation or of its eld equations
and without any referene to spei solutions, the study of spei solutions
always adds to our insight. It is important, for instane, that one should
hek whether solutions whih desribe any onguration of physial interest
do exist and do have properties whih agree with observations. In addition
to this, it is not only the weak gravity regime that an provide onstraints for
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alternative theories of gravity. Binary system tests (see [314℄ and referenes
therein) or other strong gravity tests (e.g. [315℄) oer the opportunity to test
gravity beyond the weak eld regime.
We will attempt to over this gap in the present hapter. To this end,
we will study the Newtonian limit and the post-Newtonian expansion of
f(R) gravity in both the metri formalism and the Palatini formalism, as
well as in GaussBonnet gravity. We will also address other issues related
to the weak eld regime of f(R) theories of gravity as well as referring to
vauum solutions in these theories. For what regards non-vauum solutions
and the strong gravity regime the progress in the literature is muh smaller.
We restrit ourselves to disussing non-vauum solutions in Palatini f(R)
gravity whih, apart from the interest whih they have within the framework
of this theory, also serve as a very good example to demonstrate how studying
matter ongurations in the strong gravity regime an help to onstrain or
even rule out theories.
It should be mentioned that our disussion of the strong and weak gravity
regimes of alternative theories of gravity in this hapter is far from exhaus-
tive. One ould also onsider other theories but, more importantly, there are
aspets of the theories under investigation that we will not be extensively
referring to here. In some ases, suh as vauum [316, 317, 318℄ and non
vauum [319℄ solutions in metri f(R) gravity, the reader an refer to the
literature for more details. However, studies of most of the subjets whih
we will not refer to here are still pending. To name a few: the Newtonian
and Post Newtonian limits in metri-ane f(R) gravity have not yet been
onsidered and not muh attention has yet been paid to vauum and non-
vauum solutions in GaussBonnet gravity and metri-ane f(R) gravity,
or to strong gravity tests in either of these two theories.
6.2 The Nearly Newtonian regime in f(R) gravity
6.2.1 Metri f(R) gravity
Within the ontext of metri f(R) gravity, the subjets of the Newtonian
limit, the post-Newtonian expansion and onfrontation with Solar System
experiments, have long been debated. A large number of papers have been
published and a lot of subtleties have been revealed. [320, 321, 322, 246, 323,
291, 324, 325, 326, 327, 328, 329, 330℄. Sine it is not possible to extensively
review all of the works in this subjet, we will attempt to fous on the major
points and guide the reader through the literature.
As we have seen in Chapter 4, metri f(R) gravity is dynamially equiva-
lent to a BransDike theory with a potential V (φ) and BransDike param-
eter ω0 = 0. Solar System onstraints on BransDike theories are quite well
known (see Setion 3.2.2 and [197℄) and, therefore, it is natural to exploit
this equivalene in order to derive suh onstraints for metri f(R) gravity.
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This is indeed what was done in [320℄.
The PPN parameter γ is given in terms of ω0 as [139℄
γ =
ω0 + 1
ω0 + 2
. (6.1)
Thus, in our ase where ω0 = 0 one gets γ = 1/2. Obviously this value is far
below the urrent bound, |ω0| > 40 000. However, this bound only applies
for very light salar elds, i.e. salars with very small eetive masses. A
large mass for the salar implies that the fore mediated by it would be
short range and would not aet the results of Solar System experiments. In
BransDike theory the square of the eetive mass of the salar is given by
the seond derivative of its potential evaluated at the minimum (extremum).
When one expresses metri f(R) gravity as a BransDike theory, the
funtional form of the potential depends on f . In [320℄ attention was foused
on the model of [257℄ for whih
f(R) = R− µ
4
R
, (6.2)
and µ ∼ 10−42 GeV. The eetive mass of the potential was evaluated for
R ∼ H20 ∼ µ and it was found to be of the order of µ2. This is learly a
very small value and therefore the onlusion of [320℄ was that this model is
ruled out. Additionally, even though it is possible to onstrut sophistiated
models in order to make the salar heavy (see for example [259℄), this requires
signiant ne tuning of the parameters and in general models with 1/R
terms will lead to a very small mass for the salar.
As already mentioned, however, the eetive mass is given by the seond
derivative of the potential at the extremum, i.e. at a point where the rst
derivative of the potential vanishes. It was pointed out in [246, 323℄ that,
even though this is indeed the ase for a general BransDike theory [139,
331, 332℄, having the salar satisfying the extremum ondition annot be
trivially assumed for the ω0 = 0 ase. The equivalene with metri f(R)
gravity requires that the Jordan frame potential V (φ) is given by [246℄
V (φ) = Rf ′ − f (6.3)
and that
V ′(φ) = R. (6.4)
Sine in a post-Newtonian expansion R = R0 + σ(t, x), where R0 is the
bakground value and σ(t, x) denotes the loal deviation from this value, the
extremum ondition is not generially satised (neither R0 nor σ(t, x) have
to vanish). In this sense, ω0 = 0 BransDike theory onstitutes an exeption
and standard results related to the post-Newtonian expansion should not be
trusted aording to [246℄. In the same paper the post-Newtonian expansion
142 CHAPTER 6. WEAK AND STRONG GRAVITY REGIMES
was re-developed. However, the results were not qualitatively dierent from
those of [320℄ and the osmologially interesting f(R)models with 1/R terms
were again ruled out.
Contemporarily with [320℄, Dik onsidered the Newtonian limit of metri
f(R) gravity without resorting to the equivalent BransDike theory [321℄.
The approah was based on the more standard linearized perturbative expan-
sion. However, this expansion was performed around a de Sitter bakground,
sine this is the generi maximally symmetri solution for metri f(R) grav-
ity. Again, attention was foused on the 1/R models and, again, these were
ruled out.
Suh a perturbative treatment requires a Taylor expansion to be made for
f(R) and f ′(R) around their bakground values. This is easy to see, sine the
eld equations, eq. (3.18), involve these funtions. As pointed out in [291℄,
even though the results of [321℄ might well be orret, the onvergene of
these expansions was not heked and relevant higher orders were trunated
ad ho. For example, sine
f(R) = f(R0) + f
′(R0)R1 +
1
2
f ′′(R0)R21 + . . . (6.5)
if we use the model of eq. (6.2) we get
f(R) = f(R0) +
(
1 +
µ4
R20
)
R1 − 1
2
2µ4
R30
R21 + . . . (6.6)
where now R0 = µ
2
. It is then easy to see that the seond term on the right
hand side of the above equation is of the order of R1, whereas the third term
is of the order of R21/a. Therefore, in order to trunate before the third term,
one needs R1 ≫ R21/a or
µ2 ≫ R1. (6.7)
The evolution of R is governed by the trae of the eld equation whih for
this model takes the form
−R+ 3µ
4
R
− 6µ
4
R3
∇2R+ 18µ
4
R4
∇µR∇µR = 8π GT, (6.8)
where we have denoted 8π G by κ. It is therefore not straightforward to
judge whether the ondition (6.7) is indeed satised.
The same issue is relevant also for the approah of [246℄ where the equiv-
alent BransDike theory is used, sine one has to expand the potential of
the salar eld V (φ) around a bakground value φ0 in order to arrive the
post-Newtonian expansion. Sine V (φ) is given in terms of f(R) by eq. (6.3),
it is reasonable to assume that any problemati behaviour in the expansion
of f(R) and f ′(R) might be inherited by the expansion of V (φ). Let us stress
that this is not to say that the results of [321, 246℄ are neessarily inorret,
but merely that a more detailed and rigorous approah is required.
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Another point is that part of the debate about the Newtonian and post-
Newtonian limits of metri f(R) gravity was based on a quite ommon mis-
oneption: that the existene of the Shwarzshildde Sitter solution in
vauum guarantees that the Solar System tests will be passed (see for in-
stane [333, 317℄). To be more expliit, let us onsider the trae of the eld
equations, eq. (3.19):
f ′(R)R− 2f(R) + 32f ′(R) = 8π GT, (6.9)
In vauum T = 0. If we searh for solutions for whih the Rii salar is
onstant, then 2f ′(R) = 0 and the equation redues to
f ′(R)R − 2f(R) = 0, (6.10)
where R is now a onstant. Eq. (6.10) then beomes an algebrai equation.
We an use this equation to write the eld equation (3.18) in vauum as
Rµν − C
4
gµν = 0, (6.11)
where C is the onstant value of R (see also the last paragraph of Se-
tion 3.3.2). Sine eq. (6.11) is formally the same as the eld equation of
General Relativity with a osmologial onstant in vauum, we know that,
aording to the sign of C, the stati spherially symmetri solutions will be
Shwarzshildde Sitter or Shwarzshildanti-de Sitter. The mere existene
of these solutions does not, however, have any impliation for the Newtonian
and post-Newtonian limits. As was orretly pointed out in [327℄, these are
not the unique spherially symmetri stati solutions (R does not have to be
a onstant) and in order to nd the orret vauum solution for the exterior
of a spherially symmetri star, one has to searh for the solution that an
be properly mathed to the interior. The results of [327℄ support the ndings
of [320℄.
One more issue that was presented as a drawbak for the use of the
equivalent BransDike theory for deriving Solar System onstraints was
that of [334℄. The laim there was that, sine the equivalene between the
two theories enfores the requirement f ′′ 6= 0 and, on the other hand, in
the weak eld regime f ′′ → 0, the equivalene should break down at this
limit and bounds derived though the equivalent BransDike theory should
not be onsidered trustworthy. This laim was later retrated in [335℄. In
fat, as pointed out also in [336℄, the ondition f ′′ 6= 0 is not needed if
the equivalene between the two theories is shown at the level of the eld
equations, instead of using the ation, and it then onstitutes a superuous
ondition.
Later works appear to resolve some of the issues raised earlier onerning
the validity of the results of [320, 321, 246℄. In [328℄, the approah of [327℄
was followed and the results were extended to more general models. The
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outome was that if one properly takes into aount the mathing with an
interior solution, then only very speial models whih are very lose to Gen-
eral Relativity with a osmologial onstant an pass the Solar System tests
and at the same time give interesting late time osmologial phenomenol-
ogy. In [329℄, the derivation of onstraints from the Solar System tests by
means of using the equivalent BransDike theory was onsidered again and
attention was paid to ensuring that the Taylor expansions of f(R) and f ′(R)
were well dened and dominated by terms that are linear in deviations away
from R = R0 (as proposed in [291℄). Again the outome was that the results
of [320, 246℄ are indeed valid. However, dierent opinions are still present
[330℄.
To summarise: after a long debate, it seems that most of the models of
metri f(R) gravity that have been proposed as solutions to the dark energy
problem and whih therefore inlude 1/R terms, do not have orret Newto-
nian and post-Newtonian limits. Exeptions to this do exist, but signiant
ne tuning is required, to the extent that it an be haraterised as unnatu-
ral. It should be mentioned that this is not the ase for some other models
whih lead to interesting early time osmologial phenomenology, suh as
the Starobinski model (f(R) = R+ ǫR2) [20℄.
6.2.2 Palatini f(R) gravity
The Newtonian and post-Newtonian limits of Palatini f(R) gravity have
also been a matter of some debate [337, 338, 339, 291, 340, 341℄, similarly
to metri f(R) gravity. Again, most of the attention has foused on models
with terms inversely proportional to the salar urvature, sine these are the
osmologially motivated ones. The two rst results in this diretion were in
lear ontradition. In [337℄, Meng and Wang laimed that all models with
inverse powers of the salar urvature in the ation give a orret Newtonian
limit. On the other hand, in [338℄ it was laimed that this is not true and
that there are onstraints on the form of the Lagrangian. However, it was
shown in [291℄ that both of these results suered from a serious problem.
Let us see this in more detail. In [337℄ and [338℄, the authors expand
around de Sitter in order to derive the Newtonian limit. We an write
R = R0 +R1, (6.12)
where R0 is the salar urvature of the bakground de Sitter spaetime and
R1 is the orretion to R0, inluding all possible terms, with R1/R0 being
onsidered as being a small quantity. We will need to alulate f(R0 +R1)
and f ′(R0 +R1). The usual approah is to Taylor expand around R = R0
and keep only the leading order terms in R1 but we will show that this
annot be done in the present ontext beause R1/R0 is not small.
Take as an example the model of [257℄ studied by Vollik [280℄ in the
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Palatini formalism. Then
f(R) = R− ǫ
2
2
R , (6.13)
and ǫ2 ∼ 10−67(eV)2 ∼ 10−53m−2. Expanding, we get
f(R) = f(R0) + f ′(R0)R1 + 1
2
f ′′(R0)R21 + . . . (6.14)
and, using (6.13), we get
f(R) = f(R0) +
(
1 +
ǫ22
R20
)
R1 − 1
2
2ǫ22
R30
R21 + . . . (6.15)
where now R0 = ǫ2. It is then easy to see that the seond term on the right
hand side of the above equation is of the order of R1, whereas the third term
is of the order of R21/ǫ2. Therefore, in order to trunate before the third
term, one needs R1 ≫R21/ǫ2 or
ǫ2 ≫R1. (6.16)
Note that this is not any exeptional onstraint. R0 ∼ ǫ2 and so this is
the usual ondition for being able to trunate non linear terms in a Taylor
expansion.
Let us now return to eq. (3.31). For the model of eq. (6.13) this gives
R = 1
2
(
−8π GT ±
√
(8π G)2 T 2 + 12ǫ22
)
. (6.17)
When disussing whether a theory has a good Newtonian limit, we are in
pratie heking whether the eld equations redue to a high preision to the
Poisson equation under the following assumptions: energy densities should
be small enough so that there are no strong gravity eets, and veloities
related to the motion of the matter should be negligible ompared to the
veloity of light. At the same time, energy densities should be high enough
so that the system under investigation an be onsidered gravitationally
bound
1
.
It is lear from eq. (6.17) that the value of R, and onsequently R1,
is algebraily related to T . This already implies that whether or not the
ondition (6.16) is satised will ritially depend on the value of the energy
density. To demonstrate this, let us pik a typial example of a density
satisfying the weak eld limit riteria: the mean density of the Solar System,
1
For example, in General Relativity with a osmologial onstant one ould onsider,
even on non-osmologial sales, densities low enough so that the orretion oming from
the osmologial onstant dominates with respet to the matter density in the Poisson
equation. This, of ourse, would not imply that this model does not have a orret
Newtonian limit
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ρ ∼ 10−11gr/m3. For this value |ǫ2/8π GT | ∼ 10−21, where T ∼ −ρ. The
physial branh of the solution given in eq. (6.17) seems to be the one with
the plus sign in front of the square root. In fat, given that T < 0, on this
branh it is ensured that the matter leads to a standard positive urvature
in a strong gravity regime. Then
R ∼ −8πGT − 3ǫ
2
2
8πGT
(6.18)
and R1 ∼ −8πGT ∼ 8πGρ. Thus ǫ2/R1 ∼ 10−21 and it is now evident
that ondition (9) does not hold for some typial densities that ould be
related to the Newtonian limit.
Note that the situation does not improve even if we hoose the unphys-
ial branh of eq. (6.17) whih has a minus sign in front of the square root.
In fat, in this ase R1 ∼ ǫ2[3ǫ2/(8π GT ) +
√
3] and so the orretion to the
bakground urvature is of the order ǫ2 and not muh smaller than that, as
required in order to trunate before the higher order terms in the expansion
eq. (6.15).
In [338℄, this fat was overlooked and only linear terms in R1 were kept
in the expansion of f(R) and f ′(R) around R0. In [337℄ even though it is
notied in the nal stages of the analysis and is atually used in order to
neglet some terms, the authors do not take it into aount properly from
the beginning, keeping again only rst order terms (eq. (11) of [337℄ for
example).
An alternative way to see the dependene of the weak eld limit on the
energy density is the following. We already know (see Setion 3.4.3) that
in Palatini f(R) gravity the onnetion is the LeviCivita onnetion of the
metri
hµν = f
′(R)gµν . (6.19)
For the model given by eq. (6.13) then, and if we dene ǫ = ǫ22/R2, eq. (3.29)
takes the form
(1 + ǫ)Rµν − 1
2
(1− ǫ)Rgµν = 8πGTµν , (6.20)
and
hµν = (1 + ǫ)gµν . (6.21)
Due to eq. (3.31), ǫ depends only on T . Combining eqs. (6.21) and (6.20)
we get
Rµν − 1
2
Rhµν + ǫ
( R
1 + ǫ
hµν +Rµν
)
= 8π GTµν . (6.22)
Note that up to this point no approximation or trunation has been used.
We have merely expressed the left hand side of the eld equation for the
metri in terms of quantities depending only on the hµν metri, whih is
onformal to gµν . However, using eq. (6.17) and (6.18) we see that ǫ ∼
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10−42 if we onsider the mean density of the Solar System as before and is
even smaller for higher densities. Therefore the two metris are pratially
indistinguishable in suh ases, due to eq. (6.21). Thus we an use the h
metri to derive the Newtonian limit.
As usual, it is expeted that a suitable oordinate system an be found
in whih
hµν = ηµν + h
1
µν , |h1| ≪ 1, (6.23)
where h1µν denotes the orretion with respet to the Minkowski metri.
Then the rst two terms of eq. (6.22) will give the standard Newtonian limit
and the last two terms will give a negligible ontribution, sine they are
suppressed by the ǫ oeient. A deviation of the order of 10−42 is far below
the auray of any known experiment. In fat, one an onsider densities
several orders of magnitude smaller and still get orretions whih will be
far below experimental auraies.
A ritial point is that we assumed here that the metri is at plus a small
orretion instead of de Sitter plus a small orretion. Note, however, that
we are not laiming that we are expanding around the bakground or any
orresponding maximally symmetri spaetime. We are merely asking for the
matter to aount for the deviation from atness, whih is the basi onept
related to the Newtonian limit. In any ase, de Sitter is essentially idential
to Minkowski for the densities disussed, and the important orretions to the
metri ome from the loal matter, not from onsiderations of the universe
as a whole.
Aording to the above, the Lagrangian of eq. (6.13) an give a perfetly
good Newtonian limit for some typial weak-eld-limit densities. The ap-
proah an be extended to more general Lagrangians. Indeed, for a general
funtion f , eq. (6.22) will be
Rµν − 1
2
Rhµν + (f ′ − 1)
(
Rµν − R
2f ′
hµν
)
= 8π GTµν . (6.24)
Sine due to eq. (3.31) R and onsequently f ′(R) are funtions of the energy
density, the deviation of f ′ from 1 will always depend on it. This dependene
of the weak eld limit on the energy density is a novel harateristi of
Palatini f(R) gravity 2.
Similar things an be said if the problem is approah via the equivalent
BransDike theory. This was studied in [246℄. Note that the usual bounds
oming from Solar System experiments do not apply in the ω0 = −3/2 ase,
whih is equivalent to Palatini f(R) gravity. This is beause the standard
treatment of the post-Newtonian expansion of BransDike theory, whih
2
This disussion laries why in Setion 5.3.3 we required that at least in some regime
f ′ → 1. Additionally, it is now apparent that if one selets the model of eq. (5.35) and
assumes a typial value for the density, then stringent onstraints on the value of ǫ1 an
be plaed in the spirit of [284℄.
148 CHAPTER 6. WEAK AND STRONG GRAVITY REGIMES
one uses to arrive at suh bounds, is ritially based on the assumption that
ω0 6= −3/2 and the term (2ω0 + 3) frequently appears as a denominator.
Making this assumption is not neessary, of ourse, in order to derive a
post-Newtonian expansion, but is a onveniene hoie, whih allows for this
otherwise general treatment. Therefore, a dierent approah, suh as the one
followed in [246℄, was indeed required for the ω0 = −3/2 ase . Following the
standard assumptions of a post-Newtonian expansion around a bakground
speied by a osmologial solution [139℄, the following relations were derived
for the post-Newtonian limit
− 1
2
∇2 [h100 −Ω(T )] = 8π Gρ− V (φ)2φ , (6.25)
−1
2
∇2 [h1ij + δijΩ(T )] = [8π Gρ+ V (φ)2φ
]
, (6.26)
where V is the potential of the salar eld φ and Ω(T ) ≡ log[φ/φ0]. The
subsript 0 in φ0, and in any other quantity from here on, denotes that it
is evaluated at T = 0. Note at this point that normalization by φ0 in this
denition is not required. In [246℄, the onstant log(φ0) was just added inside
the brakets on the left hand side of eq. (6.25) (and subtrated in eq. (6.26))
using the fat that the latter remains unhanged. Thus we are not going to
use it here and will refer to Ω(T ) just as Ω(T ) = log[φ].
The solutions of eqs. (6.25) and (6.26) are
h100(t, x) = 2Geff
M0
r
+
V0
6φ0
r2 +Ω(T ), (6.27)
h1ij(t, x) =
[
2γGeff
M0
r
− V0
6φ0
r2 − Ω(T )
]
δij , (6.28)
where M0 ≡ φ0
∫
d3x′ρ(t, x′)/φ. The eetive Newton onstant Geff and the
post-Newtonian parameter γ are dened as
Geff =
G
φ0
(
1 +
MV
M0
)
, (6.29)
γ =
M0 −MV
M0 +MV
, (6.30)
where MV ≡ (8π G )−1φ0
∫
d3x′ [V0/φ0 − V (φ)/φ].
Even though we agree with the approah followed to derive eqs. (6.27)
and (6.28) and on their validity, we disagree with the line of reasoning used by
the author to argue that models with inverse powers of the salar urvature
do not have a good Newtonian limit. We will demonstrate this using, one
again, the model of eq. (6.13).
As stated in dierent words in [246℄, if we dene the Newtonian mass as
MN ≡
∫
d3x′ρ(t, x′), the requirement for a theory to have a good Newtonian
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limit is that GeffM0 is equal to GMN , where N denotes Newtonian and γ ∼ 1
to very high preision. Additionally, the seond term on the right hand side
of both eq. (6.27) and eq. (6.28) should be negligible, sine it ats as a term
oming from a osmologial onstant. Ω(T ) should also be small and have
a negligible dependene on T . The above have to be true for the range of
densities relevant to the Newtonian limit, as disussed before. Using the
equation that related V and φ with R (see Chapter 4)
φ = f ′, (6.31)
V (φ) = Rf ′ − f, (6.32)
one an easily show that
φ = 1 +
ǫ22
R2 , (6.33)
V (φ) = 16π Gǫ2
√
φ− 1. (6.34)
Additionally, for T = 0, R = √3a and so
φ0 = 4/3, (6.35)
V0 = 16π Gǫ2/
√
3. (6.36)
For the densities whih we are onsidering, we an use the parameter ǫ dened
above. Then
V (φ) = 16π G
ǫ22
R = 16π Gǫ2
√
ǫ, (6.37)
and MV ∼ ǫ2. It is easy to see, using eq. (6.33), (6.35), (6.36) and (6.37),
that
Geff ≈ G
φ0
, (6.38)
γ ≈ 1, (6.39)
and φ ≈ 1 plus orretions of order ǫ2 or smaller, whih is well beyond the
limit of any experiment.
Additionally
Ω(T ) ≡ log[φ] = log [1 + ǫ] ≈ log
[
1 +
ǫ22
(8π G)2T 2
]
. (6.40)
V0 is of the order of ǫ2, whih is a perfetly aeptable value, and Ω(T ) is
negligible at the densities being onsidered and dereases even more when
the density inreases. Therefore, our previous results are valid and theories
inluding inverse powers of the salar urvature an have a orret Newtonian
limit in the Palatini formalism for a spei density range.
This result ontradits that reported in [246℄, even though the approah
followed there seems to be satisfatory. The main reason for this problem
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seems to be the following. In [246℄ the fat that Ω(T ) should have a mild
dependene on T is used to obtain a onstraint for the dependene of φ on T
(eq. (26) of [246℄). Following a number of steps, this onstraint is turned into
a onstraint on the funtional form of f(R) (eq. (37) of [246℄) and from this
a onlusion is derived about its possible nonlinearity. We disagree with this
line of thought. Suh inequalities onstrain merely the value of the relevant
quantity at the point where it is evaluated and not its true funtional form.
One ould probably use them to make some assumptions about the leading
order term but not to exlude any terms of a dierent form, as long as they
are negligible with respet to the leading order for the relevant values of R.
This, for example, is the ase for the model disussed above. Any onstraint
plaed by the Newtonian limit has to hold over a ertain range of relevant
densities (and onsequently urvatures), and not for all densities as implied
in [246℄.
However, the dependene of the outome of the Newtonian limit on the
energy density is not only surprising but also problemati. Even though,
aording to the above, we an expet that inside or outside a loud of
matter of a typial weak-eld density, gravity may behave in the same way
as in Newtonian gravity, this is denitely not the end of the story. As
orretly pointed out in [246℄ the dependene on the energy density, and
espeially that oming from Ω(T ), signals a problem. One has to take into
aount that matter an also ome as a perturbation. Indeed this is the
ase for Solar System tests (light deetion, Shapiro time delay, et.) whih
do not neessarily examine gravitationally bound systems but are essentially
vauum tests in whih the presene of matter (e.g. Solar winds) has to be
taken into aount as a orretion [139℄. Therefore the relevant densities an
be many orders of magnitude smaller than those disussed above. In addition
to this, in eqs. (6.27) and (6.28) Ω(T ) is algebraially related to the metri,
whih implies that the metri depends diretly on the density and not on
some integral over it, as would be expeted. This reates doubts about how
the theory would behave if a very weak point soure (approximated by a
delta funtion) is taken into aount as a perturbation.
Due to the above, we an onlude the following: Even though it an be
shown that, for some typial energy densities, an aeptable weak eld limit
an be reovered from Palatini f(R) gravity, this provides no guarantee that
the theory passes Solar System tests. Additionally, the diret dependene of
the outome on the density, signals the existene of a deeper problem. In
Setion 6.5 this problem will beome apparent through a ompletely dierent
approah, so we will refrain from saying more here.
Before losing, it should be mentioned that, similarly to the metri for-
malism, also in Palatini f(R) gravity the existene of the Shwarzshildde
Sitter solution as a vauum spherially symmetri solution has triggered some
onfusion onerning Solar System tests. As shown in Setion 3.4.3, Palatini
f(R) gravity redues in vauum to General Relativity with a osmologial
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onstant. This implies that this theory retains a useful harateristi of GR:
the exterior spherially symmetri solution is unique (Birkho's theorem)
3
.
Depending to the sign of the eetive osmologial onstant, the solutions
are either Shwarzshildde Sitter or Shwarzshildanti-de Sitter. This was
interpreted in [340, 341℄ as an indiation that the only parameter that an
be onstrained is the eetive osmologial onstant and therefore models
that are osmologially interesting, for whih this parameter is very small,
trivially satisfy Solar System tests. However, even though the uniqueness of
the solution implies that here we will not fae problems like those disussed
in the previous setion for metri f(R) gravity (onerning whih exterior
solution an properly math an interior one, et.), this laim is still inorret.
It should be laried that the existene of a spherially symmetri vauum
solution solution, irrespetive of its uniqueness, is not enough to guarantee
a good Newtonian limit for the theory. For instane, the Shwarzshildde
Sitter solution has two free parameters. One of them an be assoiated with
the eetive osmologial onstant in a straightforward manner. However,
it is not lear how the other parameter, whih in General Relativity is iden-
tied as the mass of the objet in the Newtonian regime, is related to the
internal struture of the objet in Palatini f(R) gravity. Assuming that it
represents the mass dened in the usual way is not enough of ourse. The
essene of deriving the Newtonian limit of the theory is exatly in deriving
an expliit relation for this quantity and showing that it agrees with the
Newtonian expression.
6.3 Curvature salar instability in f(R) gravity
Besides the post-Newtonian limit, there is another problem related to the
weak eld regime of metri f(R) gravity whih was pointed out soon after
the introdution of the model with a 1/R term [257℄: an instability in the
equation governing the dynamis of the salar urvature R was disovered by
Dolgov and Kawasaki [342℄ in the presene of matter for the spei model
where f(R) = R − µ4/R, with µ being a onstant. This instability is not
just a speial harateristi of this model but ours in a more general lass
of models [343℄.
Let us briey review the results of [342, 343℄. By ontrating eq. (3.18)
one gets
32f ′(R) + f ′(R)R− 2f(R) = 8π GT, (6.41)
where T = gµνTµν . Following [343℄, we an write f(R) = R + ǫϕ(R), where
ǫ is a onstant. If we onsider a small region in a weak eld regime within
matter, we an assume that gab = ηab + hab and R = −8π GT + R1, where
ηab is the Minkowski metri and |R1/(8π GT )| ≪ 1. In this approximation,
3
This does not hold for metri f(R) gravity, as disussed in the previous setion.
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and to rst order in R1, eq. (6.41) gives
R¨1 −∇2R1 − 16π Gϕ
′′′
ϕ′′
(T˙ R˙1 − ~∇T · ~∇R1) (6.42)
+
1
3ϕ′′
(
1
ǫ
− ϕ′
)
R1 = 8πG T¨ − 8πG∇2T − (8πGTϕ
′ + ϕ)
3ϕ′′
,
where an over-dot denotes dierentiation with respet to time, while
~∇ and
∇2 denote the gradient and Laplaian operators respetively in Eulidean
three-dimensional spae.
The instability ours if ϕ′′ = f ′′(R) < 0 and ǫ is very small, sine the
oeient of the last term on the left hand side of eq. (6.42) is the square
of an eetive mass (notie the resemblene with a damped harmoni osila-
tor). As already mentioned in [343℄, it an be onsidered as an instability
in the gravity setor. Beause of this, and sine it appears in the equations
governing the dynamis of the urvature salar, we refer to it as the urva-
ture salar instability. Theories with f ′′(R) > 0 will be stable irrespetive
of the value of ǫ. However, for several models that lead to the desired os-
mologial dynamis at late times, ǫ is indeed very small and f ′′(R) is indeed
negative. A typial example is the model of [257℄, where ϕ(R) = −µ4/R,
with µ ∼ 10−33eV, and the time-sale for the instability to our is of the
order of 10−26 s [342℄.
All of the above is with referene to the metri formalism. Let us now
onsider the Palatini formalism. Following the lines of [344℄, we will argue
that suh an instability annot our in this ase irrespetive of the form
of the Lagrangian. Contrating eq. (3.29) gives eq. (3.31), whih we repeat
here for the onveniene of the reader:
f ′(R)R− 2f(R) = 8πGT. (6.43)
Reall that R is not the Rii salar of the metri. In Setion 3.4.3, we
derived eq. (3.38) in whih R in expressed in terms of R:
R = R− 3
2[f ′(R)]2∇µf
′(R)∇µf ′(R) + 3
f ′(R)2f
′(R). (6.44)
Now notie that eq. (6.43) is an algebrai equation in R for a given f(R),
whih will have solutions of the form R = θ(T ), where θ is some funtion.
As has been mentioned several times before, we are not interested in ases
in whih eq. (6.43) has no solutions or is identially satised (f(R) ∝ R2),
sine these do not onstitute viable hoies for a low-energy gravitational
theory [164, 165℄.
We an now write eqs. (6.44) as
R = θ(T )− 3
2[f ′(θ(T ))]2
∇µf ′(θ(T ))∇µf ′(θ(T ))+
+
3
f ′(θ(T ))
2f ′(θ(T )), (6.45)
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or alternatively R = W (T ), where W (T ) is a funtion of T . This learly
demonstrates that the Rii salar of the metri an be expressed diretly
as a funtion of the trae of the stress-energy tensor. In fat, eq. (6.45)
is a straightforward generalization of the ontrated Einstein equation, R =
−8πGT . From the form of eq. (6.45), it is lear that no instability an our
in this ase, sine R arries no dynamis in eq. (6.45), unlike eq. (6.41).
Let us now analyse where this dierene between the two formalisms
stems from. By generalizing the Lagrangian from R or R one inevitably
adds a salar degree of freedom [166℄. However, as mentioned in Chapter 4,
this degree of freedom seems to be of a dierent nature in the two versions of
the theory. In the metri version, it is dynamial and therefore are should be
taken to ensure stability, whereas in the Palatini version it is non-dynamial.
This is related to the fat that the Palatini formalism leads to seond order
eld equations in the metri whereas the metri formalism leads to fourth
order eld equations, but it an also be easily seen by using the equivalene of
f(R) gravity and salar-tensor theory (see Chapter 4 and referenes therein).
As we have seen, the BransDike ation equivalent to metri f(R) grav-
ity is
S =
1
16π G
∫
d4x
√−g (φR− V (φ)) + SM (gµν , ψ), (6.46)
with ω0 = 0. In the Palatini formalism, the ation will be formally the same
apart from the fat the R will beome R, but in this ase it will not be a
salar-tensor theory with ω0 = 0 sine R is not the Rii salar of the metri
[166℄. However, if we use eq. (6.44) and φ = f ′(R), we get
Spal =
1
16π G
∫
d4x
√−g
(
φR+
3
2φ
∂µφ∂
µφ− V (φ)
)
+ SM (gµν , ψ), (6.47)
whih is indeed a salar-tensor theory, but with ω0 = −3/2.
The eld equation of the salar eld in salar-tensor theory is
(2ω0 + 3)2φ = 8π GT + φV
′ − 2V. (6.48)
Note that φ is the extra degree of freedom of f(R) gravity, with respet to
General Relativity. Using eq. (6.48), it is obvious that φ satises the eld
equations
32φ+ 2V (φ)− φV ′(φ) = 8π GT, (6.49)
2V (φ)− φV (φ) = 8π GT, (6.50)
in the metri and Palatini formalisms respetively. This demonstrates that
φ is indeed dynamial in the metri formalism, whereas it is not dynamial
in the Palatini formalism, as mentioned above. At this point, it is worth
mentioning that one should not be misled into judging the dynamis of a
non-minimally oupled eld by the presene or absene of a kineti term
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in the ation. There are no kineti terms for φ in ation (6.46) but it is
still dynamial. Exatly the opposite holds for the Palatini formalism. The
reason for this is that both elds are oupled not only to the metri, but also
to its derivatives. Therefore, when varying the ation with respet to the
metri and then integrating by parts in order to free δgµν , terms inluding
derivatives of the salar eld are bound to appear. Therefore, in the metri
formalism, even though there are no apparent kineti terms for φ in the
ation, there will be kineti terms in the eld equations. For Palatini f(R)
gravity, ω0 = −3/2 and this is the remarkable ase where these kineti terms
exatly anel out the ones oming from the kineti part of the ation.
To onlude, the urvature salar instability disovered by Dolgov and
Kawasaki for metri f(R) gravity plaes an additional onstraint on the
form of the Lagrangian, whereas it is not present in the Palatini formalism,
irrespetive of the funtional form of f . It should be stressed, however, that
even though this instability does not our in Palatini f(R) gravity, other
types of instability might well be present. For example, judging from the
form of eq. (6.45), it is not diult to imagine that spei forms of f ould
lead to a blow-up of the salar urvature for small density perturbations
around a stable matter onguration. Suh instabilities would be, of ourse,
of a dierent nature. This issue seems to be diretly related to the problems
with the weak eld limit of the theory disussed in the previous setion and
it will be fully laried in Setion 6.5.
6.4 Post-Newtonian expansion of GaussBonnet
gravity
In Setion 3.7 we presented the ation and eld equations of GaussBonnet
gravity and in Setion 5.5 we studied its osmologial appliations. In order
to onfront the theory with Solar System observations, as we have already
done for metri and Palatini f(R) gravity, one needs the Post-Newtonian
Parametrized expansion of the theory. This is the issue that will onern us
in this setion and we will approah it along the lines of Ref. [345℄. We will
not onsider the exeptional ase, where λ = 0 and the salar eld has no
kineti term in the ation. Suh ations are dynamially equivalent to an
ation with a general funtion of G added to the Rii salar (see Setion
4.4) and their Newtonian limit has been onsidered in [346℄.
We begin by bringing the eld equations of the theory, namely eqs. (3.151)
and (3.152), into a form more suitable for our purposes. Taking the trae of
eq. (3.151) and using the denitions for the quantities T µνφ and T
µν
f given in
eqs. (3.142) and (3.149), we get
R = 8π G
[
−T − T φ + 2(2f(φ))R − 4(∇ρ∇σf(φ))Rρσ
]
, (6.51)
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where T = gµνTµν and T
φ = gµνT φµν . Replaing eq. (6.51) bak in eq. (3.151),
the latter beomes:
Rµν = 8π G
[
Tµν − 1
2
gµνT +
1
2
λ∂µφ∂νφ+
1
2
gµνV (φ) +
+2(∇µ∇νf(φ))R− gµν(2f(φ))R −
−4(∇ρ∇µf(φ))Rνρ − 4(∇ρ∇νf(φ))Rµρ +
+4(2f(φ))Rµν + 2gµν(∇ρ∇σf(φ))Rρσ −
−4(∇ρ∇σf(φ))Rµρνσ
]
(6.52)
Following the standard approah for post-Newtonian expansions (see
[139℄), we hoose a system of oordinates in whih the metri an be pertur-
batively expanded around Minkowski spaetime. We write the metri and
the salar eld as
φ = φ0 + δφ, gµν = ηµν + hµν , (6.53)
where the value of φ0 is determined by the osmologial solution. The per-
turbed eld equations are
λ[2flatδφ + (δ2)δφ] − V ′′(φ0)δφ − 1
2
V ′′′(φ0)(δφ)2
+ f ′(φ0)G = O(δφ3, δφ(hµν)2, hµν φ˙0, hµν φ¨0),
(6.54)
R00 = 8π G
{
T00 +
1
2
T − 1
2
h00T +
1
2
λ∂0δφ∂0δφ+
1
2
λ φ˙20 −
1
2
V (φ0)
+
1
2
V ′(φ0)δφ (−1 + h00) + f ′(φ0)
[
2(∂0∂0δφ)R
+ (2flatδφ)R − 8(∂ρ∂0δφ)R0ρ + 4(2flatδφ)R00
− 2(∂ρ∂σδφ)Rρσ − 4(∂ρ∂σδφ)R0ρ0σ
]}
+O(δφ2hµν , δφ3, φ˙0δφ, φ¨0hµν , V (φ0)h00), (6.55)
R0i = 8π GT0i +O(δφhµν , δφ2, Th0i, φ˙0δφ, φ¨0hµν , V (φ0)h0i), (6.56)
Rij = 8π G
[
Tij +
1
2
δij
(−T + V ′(φ0)δφ + V (φ0)) ]
+O(δφhµν , δφ2, Thij , φ¨0hµν , V (φ0)hij), (6.57)
where 2flat denotes the D'Alembertian of at spaetime. Notie that, as
usually done in salar-tensor theories [331, 332℄, we have negleted all of
the terms ontaining derivatives of φ0 multiplying perturbed quantities (e.g.
φ˙0δφ). This is due to the fat that φ0 hanges on osmologial timesales
and onsequently one expets that it remains pratially onstant during
loal experiments. Therefore its time derivatives an be negleted as far as
Solar System tests are onerned.
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This an easily be veried by some order-of-magnitude analysis. Take for
instane Eq. (6.55): the terms ontaining a time derivative of φ0 multiply-
ing a perturbation are O(f¨(φ0)hµν/(r2M2p )) and O(φ˙0δφ˙/M2p ), where φ˙0 ∼
H0Mp and f¨ ∼ H20 (Mp = (8π G)−1/2 is the Plank mass and H0 the present
Hubble onstant) and h00 ∼ hij ∼ rδφ ∼ h0i/v ∼ r2δφ˙/v ∼ GM⊙/r (r is the
distane from the Sun, M⊙ is the Solar mass and v =
√
GM⊙/r). On the
other hand, the O(v4) post-Newtonian orretion to R00 is ∼ (GM⊙)2/r4 ∼
10−55O(f¨(φ0)hµν/(r2M2p ), φ˙0δφ˙/M2p ) even if r is taken as large as 1000 AU.
Therefore, the orretions oming from terms ontaining time derivatives of
φ0 multiplying perturbations are at least 55 orders of magnitude smaller than
the post-Newtonian orretions, and negleting these terms annot aet our
results in any way. A similar treatment applies to the terms ontaining the
potential V multiplying perturbed quantities (e.g.V (φ0)h00): in order to give
a reasonable desription of Cosmology, V (φ0) should be of the same order
as the energy density of the osmologial onstant and these terms annot
therefore lead to any observable deviations at Solar System sales.
In the perturbed eld equations, V (φ0) and
1
2 φ˙
2
are also present without
multiplying perturbations. We will adopt a dierent treatment for these
simple V (φ0) and
1
2 φ˙
2
terms: sine they need to be of the same order as
the energy density of the osmologial onstant, they will not lead to any
observational onsequenes as far as Solar System tests are onerned (see
[347℄ and referenes therein). For the sake of the argument, we will keep trak
of them but, due to their small values, we an treat them as O(v4) quantities
following [347℄. They will therefore not appear in the O(v2) equations. As
far as terms related to V ′(φ0) are onerned, we intend to just keep trak of
them for the time being and disuss their ontribution later on.
Up to now, we have just perturbed the eld equations. The further step
needed to arrive at a post-Newtonian expansion is to expand the perturba-
tions of the metri and the salar eld in post-Newtonian orders, i.e. orders
in the veloity v. The Parametrized Post-Newtonian expansion requires that
we expand φ and h00 to O(v4), hij to O(v2) and h0i to O(v3). Therefore,
we write
δφ = 2δφ+ 4δφ . . . (6.58)
h00 = 2h00 + 4h00 . . . (6.59)
hij = 2hij + . . . (6.60)
h0i = 3h0i + . . . (6.61)
where the subsript denotes the order in the veloity, i.e. quantities with a
subsript 2 are O(v2), quantities with a subsript 3 are O(v3), et.
We an now write the eld equations for eah post-Newtonian order.
To derive the parametrized post-Newtonian metri, we need to solve these
equations at eah order and then use our results to solve to the next order,
and suessively repeat the proess. We start from the eld equation for the
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salar, eq. (6.54). To order O(v2) this gives
λ∇2(2δφ) − V ′′(φ0)2δφ = 0 : (6.62)
where ∇2 ≡ δij∂i∂j . Note that, sine the metri is at in the bakground,
G = O(v4). This explains why we do not get any ontribution from the
oupling with G in eq. (6.62). We want φ to take its osmologial value at
distanes far away from the soures. This is equivalent to saying that the
perturbations due to the matter present in the Solar System should vanish
at osmologial distanes, and this an be ahieved by imposing asymptoti
atness for the solution of eq. (6.62), i.e. 2δφ → 0 for r →∞. This implies
that
2δφ = 0. (6.63)
Now we turn our attention to eqs. (6.55), (6.56) and (6.57). To order
O(v2) for the omponents 00 and ij and O(v3) for the omponents 0i, and
after applying the standard gauge onditions
hµi,µ −
1
2
hµµ,i = 0 , h
µ
0,µ −
1
2
hµµ,0 =
1
2
h00,0 , (6.64)
the eld equations for the metri take the form
−∇2(2h00) = 8πGρ (6.65)
−∇2(2hij) = 8πGρδij (6.66)
1
2
(
∇2(3h0i) + 1
2
(2h00,j0)
)
= 8πGρvi (6.67)
whih, remarkably, is exatly the same as in General Relativity [139℄. The
well-known solutions are
2h00 = 2U, (6.68)
2hij = 2Uδij , (6.69)
3h0i = −7
2
Vi − 1
2
Wi (6.70)
where, following [139℄, we dene the post-Newtonian potentials
U = G
∫
d3x′
ρ(x′, t)
|x− x′| , (6.71)
Vi = G
∫
d3x′
ρ(x′, t)vi(x′, t)
|x− x′| , (6.72)
Wi = G
∫
d3x′
ρ(x′, t)vk(x′, t)(x− x′)k(x− x′)i
|x− x′|3 . (6.73)
We an already see that the theory has no deviations away from General
Relativity at order O(v3): in partiular it gives the orret Newtonian limit.
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It is now easy to go one step further and write down the perturbed equations
that we need to O(v4). For the salar eld, using 2δφ = 0, we get
λ∇2(4δφ) − V ′′(φ0) 4δφ + f ′(φ0) 4G = 0 , (6.74)
with
4G = (2h00,ij)(2h00,ij)− (2h00,ii)(2h00,jj) + (2hij,ij)2 +
+(2hij,kl)(2hij,kl)− (2hij,kk)(2hij,kk)−
−2(2hij,kl)(2hil,jk) + (2hij,kl)(2hkl,ij) , (6.75)
where we have again applied the gauge onditions (6.64). Using eqs. (6.68)
and (6.69), eq. (6.75) beomes
4G = 8U,klU,kl − 8 (U,kk)2 . (6.76)
The solution of eq. (6.74) is therefore
4δφ =
f ′(φ0)
4π
∫
d3x′ 4
G(x′, t)
|x− x′| e
−
√
V ′′(φ0)|x−x′|
(6.77)
The time-time omponent of the perturbed eld equations for the metri
to O(v4) is
4R00 = 8π G
[
(4T00) +
1
2
(4T )− 1
2
(2h00)(2T )
−1
2
V ′(φ0)(4δφ)− 1
2
V (φ0) +
1
2
λφ˙20
]
, (6.78)
where we have already used the fat that 2δφ = 0. Note also that no on-
tribution oming from the oupling between φ and the urvature terms in
eq. (3.151) is present in the above equations. This was to have been expeted
sine in eq. (3.151) these terms always have the struture of two derivatives
of φ times a urvature term, and so, due to the fat that in the bakground
the metri is at and φ0 is slowly varying, they an only ontribute to orders
higher than O(v4).
Let us disuss the ontribution of the term proportional to V ′(φ0). Us-
ing eqs. (6.77) and (6.76), we an write this term as an integral over the
soures times a dimensionless oeient 8π GV ′(φ0)f ′(φ0). One an argue
that V ′(φ) should be pratially zero as far as the post-Newtonian expansion
is onerned [331, 332℄. This is equivalent to saying that the osmologial
solution orresponds to a minimum of the potential. Even though suh as-
sumptions are not exat, they are aurate enough for our purposes. Note
that even in ases where V does not have a minimum, well-motivated mod-
els usually introdue exponential forms for the potential and the oupling
funtion, i.e. V = V0e
−aκφ
and f = f0e
bκφ
where κ2 = 8π G, a, b and f0 are
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of order unity while V0 is as small as the energy density of the osmologial
onstant in order to guarantee that the theory will t observations related
to the late-time osmologial expansion. This implies that, sine G ∼ 1/M2p ,
then 8π GV ′(φ0)f ′(φ0) is dimensionless and of the order of the now renowned
10−123. Therefore, we will not take the term proportional to V ′(φ0) into a-
ount for what omes next. We will return to this issue shortly in order to
disuss how this hoie aets the generality of our results.
We an use the solutions for 2h00 and 2hij , the gauge onditions (6.64)
and the standard post-Newtonian parametrization for matter [139℄ to write
eq. (6.78) as
−∇2(4h00 + 2U2 − 8Φ2) = 8πG
[
2ρ
(
v2 − U + 1
2
Π− 3p
2ρ
)
− V (φ0) + 1
2
λφ˙20
]
, (6.79)
where Π is the spei energy density (the ratio of the energy density to the
rest-mass density) [139℄ and
Φ2 = G
∫
d3x′
ρ(x′, t)U(x′, t)
|x− x′| . (6.80)
The solution to this equation is
4h00 = 2U
2+4Φ1+4Φ2+2Φ3+6Φ4+
8π G
6
(
V (φ0)− 1
2
λφ˙20
)
|x|2, (6.81)
where
Φ1 = G
∫
d3x′
ρ(x′, t)v(x′, t)2
|x− x′| , (6.82)
Φ3 = G
∫
d3x′
ρ(x′, t)Π(x′, t)v(x′, t)2
|x− x′| , (6.83)
Φ4 = G
∫
d3x′
p(x′, t)
|x− x′| . (6.84)
Therefore the metri, expanded in post-Newtonian orders, is
g00 = −1 + 2U − 2U2 + 4Φ1 + 4Φ2 +
+2Φ3 + 6Φ4 +
8π G
6
(
V (φ0)− 1
2
λφ˙20
)
|x|2, (6.85)
g0j = −7
2
Vi − 1
2
Wi, (6.86)
gij = (1 + 2U)δij , (6.87)
whih, apart from the term related to V (φ0) − 1/2λφ˙20, is exatly the re-
sult that one obtains for General Relativity. This term orresponds to the
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standard orretion normally arising from a osmologial onstant and, sine
V (φ0) − 1/2λφ˙20 should indeed be of the same order as the energy density
of the osmologial onstant, the ontribution of this term is negligible on
Solar System sales. Sine the metri is written in the standard PPN gauge,
one an read o the PPN parameters [139℄. The only non-vanishing ones are
γ and β, whih are equal to 1. Therefore, the theory disussed here seems to
be indistinguishable from General Relativity at the post-Newtonian order.
The above implies that a gravitational theory with a salar eld oupled
to the GaussBonnet invariant trivially satises the onstraints imposed on
the post-Newtonian parameters by Solar System tests, if the reasonable as-
sumptions that we made for the values of V (φ0), V
′(φ0) and f ′(φ0) hold.
This appears to be due to the fat that the terms arising in the eld equations
for the metri from the oupling between the salar eld and G in the ation
always have the struture of two derivatives of f times a urvature term.
Suh terms do not ontribute to the post-Newtonian expansion to O(v4).
This is not the ase for other possible ouplings of a salar to a quadrati
urvature term, suh as φR2. Remarkably, the harateristi struture of
suh terms an be traed bak to the speial nature of G, i.e. to the fat that
it is a topologial invariant in four dimensions.
We now return to disuss how strongly our result depends on the assump-
tion that V (φ0) and V
′(φ0) are reasonably small so as to give a negligible
ontribution in the PPN expansion. This assumption stems from the fat
that V (φ0) will play the role of an eetive osmologial onstant if the
theory is to aount for the late-time aelerated expansion of the universe
and should therefore be of the relevant order of magnitude. Additionally we
expet that V ′(φ0) will also be small enough so that its ontribution an be
onsidered negligible, based on the fat that either the eld approahes a
minimum at late times, or the potential is of the form V = V0e
−aκφ
, where a
is of order unity, and therefore V ′(φ0) ∼ κV (φ0). The above should be true
for all models that lead to a reasonable osmologial phenomenology, one
the latter is attributed mainly to presene of the potential V (φ).
An alternative whih one ould onsider is to attribute the osmologial
phenomenology to the oupling funtion f(φ). However, it is important to
stress that the values of f ′(φ0) and f ′′(φ0) should be suitable in order for
the post-Newtonian expansion to remain trustworthy. From eq. (6.77) we
see that non-trivial orretions will indeed be present at post-post-Newtonian
orders and, even though suh orretions are normally subdominant, if f ′(φ0)
or f ′′(φ0) is suiently large it an beome ruial for the viability of the
theory. This was rst observed in [348℄ where the same theory, but without
a potential V , was onfronted with Solar System observations, onsidering a
nearly Shwarzshild metri as an approximation. As mentioned before, the
potential plays the role of an eetive osmologial onstant if one wants a
theory that leads to a late-time aelerated expansion as in [234, 305, 307,
308, 309, 310, 311, 312, 313℄. If this potential is not present, it is the oupling
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f(φ) between the salar eld and the GaussBonnet term that will have
to aount for this phenomenology. In that ase, it turns out that f ′′(φ0)
has to be of the same order as the inverse of the osmologial onstant,
and this is enough to make the post-Newtonian approximation break down.
Fortunately, models with a potential do not suer from this problem and, in
fat, f is usually assumed to be of the form f = f0e
bκφ
where both f0 and
b are of order unity. Therefore, as shown here and also predited in [348℄,
reasonable models with a potential will pass the Solar System tests.
There is yet another possibility: to onsider models in whih the pres-
ene of both the potential and the oupling will somehow be responsible
for the osmologial phenomenology. In this sense, the assumptions whih
we made here for V (φ0), V
′(φ0) and f ′(φ0) an beome more loose and the
resulting model would not straightforwardly satisfy the Solar System on-
straints. This possibility has very reently been onsidered in Ref. [349℄
and relevant onstraints have been derived. In any ase, it is striking that,
aording to the analysis whih we have presented here, it is very easy to pro-
pose well-motivated models of GaussBonnet gravity whih are pratially
indistinguishable from General Relativity on Solar System sales. It is also
worth ommenting that if the oupling funtion f(φ) is set to a onstant, the
ation (3.140) simply desribes General Relativity with a minimally oupled
salar eld or, in other words, quintessene. This implies that as long as the
oupling is undetetable on Solar System sales, the theory also annot be
distinguished from any suessful quintessene model on these sales.
Finally, let us disuss the possibility of inluding a seond salar eld in
the ation, oupled to the GaussBonnet invariant, whih ould, for example,
be the dilaton. If this seond salar eld is not oupled to matter or to the
Rii salar, then it an be treated using the same approah as above. If the
oupling funtions with the GaussBonnet invariant and with the potential, if
present, have similar properties to those disussed above, we expet our result
to remain unaeted. Of ourse, there is also the possibility that the dilaton
is oupled to matter. This goes beyond the sope of the present disussion
sine in this ase the theory would be phenomenologially dierent not only
regarding Solar System tests, but also for other aspets suh as osmologial
phenomenology, ovariant onservation of matter, the equivalene priniple
(e.g. see ref. [350℄) et.
6.5 Non-vauum solutions in Palatini f(R) gravity
We have already established that, in vauum, Palatini f(R) gravity redues
to General Relativity with an eetive osmologial onstant and that, on-
sequently, vauum spherially symmetri solutions will be Shwarzshildde
Sitter or Shwarzshildanti-de Sitter. However, one would like to go further
than that and derive solutions in the presene of matter as well. The rst
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and simplest step in this diretion is to onsider solutions with a high degree
of symmetry. Indeed spherially symmetri stati solutions are quite realisti
when it omes to the desription of stars and ompat objets.
In this setion we will onsider stati spherially symmetri solutions in
Palatini f(R) gravity, in the presene of matter. Examining suh solutions,
apart from the usual interest in them as desriptions of stars, will turn out
to be ruial for the understanding of the theory, as will beome lear later
on. In fat, we will see that serious doubts onerning the viability of the
theory will be raised [352℄.
The standard proedure for arriving at a full solution desribing the
spaetime inside and outside a stati spherially symmetri objet is to sep-
arately nd an exterior solution and an interior solution and then math
them together using appropriate juntions ondition on the mathing surfae
(Israel juntion onditions) [163℄. In General Relativity, in order to deter-
mine the interior solution one needs, apart from the eld equations, also the
Tolman-Oppenheimer-Volko (TOV) hydrostati equilibrium equation (see
e.g. [157℄).
In [351℄ a generalisation of the TOV equation for Palatini f(R) gravity
was derived. Let us briey review the derivation of this generalized TOV
equation and then proeed along the lines of [352℄ to disuss the solutions.
As shown in Setion 3.4.3, after suitable manipulations the eld equations
of Palatini f(R) gravity an be rewritten as a single one (eq. (3.39))
Gµν=
8π
F
Tµν − 1
2
gµν
(
R− f
F
)
+
1
F
(∇µ∇ν− gµν2)F−
− 3
2
1
F 2
(
(∇µF )(∇νF )− 1
2
gµν(∇F )2
)
, (6.88)
where ∇µ is the ovariant derivative with respet to the LeviCivita onne-
tion of gµν , 2 ≡ gµν∇µ∇ν and F = ∂f/∂R.
Using the stati spherially symmetri ansatz
ds2 ≡ −eA(r)dt2 + eB(r)dr2 + r2dΩ2 (6.89)
in eq. (6.88), onsidering perfet-uid matter with Tµν = (ρ+ p)u
µuν + pgµν
(where ρ is the energy density, p is the pressure and uµ is the uid 4-veloity)
6.5. NON-VACUUM SOLUTIONS IN PALATINI F (R) GRAVITY 163
and representing d/dr with a prime 4, one arrives at the equations
A′ =
−1
1 + γ
(
1− eB
r
− e
B
F
8πGrp+
α
r
)
, (6.90)
B′ =
1
1 + γ
(
1− eB
r
+
eB
F
8πGrρ+
α+ β
r
)
, (6.91)
α ≡ r2
(
3
4
(
F ′
F
)2
+
2F ′
rF
+
eB
2
(
R− f
F
))
, (6.92)
β ≡ r2
(
F ′′
F
− 3
2
(
F ′
F
)2)
, γ ≡ rF
′
2F
. (6.93)
Making the denition mtot(r) ≡ r(1− e−B)/2 and using Euler's equation,
p′ = −A
′
2
(p + ρ), (6.94)
one gets the generalised TOV equations [351℄:
p′ = − 1
1 + γ
(ρ+ p)
r(r − 2mtot)× (6.95)
×
(
mtot +
4πr3p
F
− α
2
(r − 2mtot)
)
,
m′tot =
1
1 + γ
(
4πr2ρ
F
+
α+β
2
− mtot
r
(α+β−γ)
)
. (6.96)
In order to determine the interior solution, one needs, besides eqs. (6.95)
and (6.96), to have information about the mirophysis of the matter ong-
uration under investigation. In the ase of a perfet uid this is eetively
given by an equation of state (EOS). A one-parameter EOS relates the pres-
sure diretly to the energy density, i.e. p = p(ρ). This is the ase whih we
will onsider here.
Equations (6.95) and (6.96) are impliit, their right-hand sides eetively
inluding through F ′ and F ′′ both rst and seond derivatives of the pressure,
e.g. F ′ = d/dr [F (R(T ))] = (dF/dR) (dR/dT ) (dT/dp) p′ . Therefore, they
are diult to solve so as to derive an interior solution. We therefore rst
put them into an expliit form, whih allows us not only to solve them
numerially, but also to study their behaviour at the stellar surfae where
the mathing with the exterior solution ours.
Multiplying eq. (6.95) by dF/dp and using the denitions of α and γ, we
get a quadrati equation in F ′ whose solution is
F ′ =
−4rF (C − F )(r − 2mtot) +D
√
2∆
r2(3C − 4F )(r − 2mtot) (6.97)
4
In this setion we modify our standard notation and instead of using a prime to denote
dierentiation with respet to the argument of the funtion, we use it to denote dieren-
tiation with respet to the radial oordinate. This signiantly lightens the notation.
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where D = ±1 and where we have dened
C = dF
dp
(p+ ρ) =
dF
dρ
dρ
dp
(p+ ρ), (6.98)
∆ = Fr2(r − 2mtot)
[
8F (C − F )2(r − 2mtot) − (6.99)
− C(4F − 3C) ((16πp − FR+ f)r3 + 4Fmtot)] .
We will now fous on polytropi EOSs given by p = kρΓ0 , where ρ0 is the
rest-mass density and k and Γ are onstants. Note that the rest-mass density
an be expressed in terms of the energy density ρ and the internal energy
U as ρ0 = ρ− U . Assuming an adiabati transformation and using the rst
law of thermodynamis one an express the internal energy in terms of the
pressure, i.e. U = p/(Γ−1). Therefore, the polytropi EOS an be rewritten
as
ρ =
(p
k
)1/Γ
+
p
Γ− 1 , (6.100)
giving a diret link between p and ρ. In eq. (6.98), we have written C in
terms of dF/dρ beause this is nite at the stellar surfae (r = rout where
p = ρ = 0). In fat, dF/dρ = (dF/dR) (dR/dT ) (3dp/dρ− 1), where dF/dR
and dR/dT are in general nite even when T = 3p − ρ goes to zero and
dp/dρ→ 0 for p→ 0. This an be easily heked, for instane, for the R2 or
1/R models and it appears to be quite a general harateristi that only very
speial models (and denitely none of the osmologially interesting ones)
might be able to esape. Note also that while dρ/dp diverges when p → 0,
the produt (p + ρ) dρ/dp goes to zero for p → 0 if Γ < 2. Therefore, for a
polytrope with Γ < 2, C = 0 at the surfae.
We now onsider the mathing between the interior and exterior solu-
tions. For the latter, the general solution is that of General Relativity plus a
osmologial onstant. Here, the value of the osmologial onstant is equal
to R0/4, where R0 is the vauum value of R (see Setion 3.4.3), i.e.
exp(−B(r)) = ℓ exp(A(r)) = 1− 2m/r −R0r2/12, (6.101)
where ℓ and m are integration onstants to be xed by requiring ontinuity
of the metri oeients aross the surfae. Using the denition of mtot(r)
this gives, in the exterior,
mtot(r) = m+
r3
24
R0 . (6.102)
Besides ontinuity of the metri, the juntion onditions also require onti-
nuity of A′, sine ρ = 0 at the mathing surfae and, therefore, no surfae
layer approah an be adopted. For the exterior, at the surfae one has
A′(rout) =
2
(
r3outR0 − 12m
)
rout
(R0r3out − 12rout + 24m) . (6.103)
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and this must be mathed to the value of A′(rout) alulated for the interior
solution using eq. (6.90). For this we need F ′(rout). Evaluating eq. (6.97) at
the surfae, where C = p = 0 and R, F and f take their onstant vauum
values R0, F0 and f0 = F0R0/2, we get
F ′(rout) = −(1 + D˜)F0
rout
, (6.104)
where D˜ = D sign(rout−2mtot). Note that, dierently from GR, one annot
prove here that rout > 2mtot from eq. (6.95) beause p
′
is not neessarily
positive, although one might expet rout > 2mtot in sensible solutions.
In any ase, it is easy to see that D˜ = 1 does not give a satisfatory
solution, sine it implies γ = −1 at the surfae [f. eq. (6.93)℄ giving A′ →
∞ for r → r−out [see eq. (6.90)℄. Sine F ′ has a disontinuity for D˜ = 1
(F ′ → −2F0/rout when r → r−out, F ′ = 0 when r > rout) Dira deltas will
appear on the right-hand side of eq. (3.39) due to the presene of seond
derivatives of F and one ould hope that they might anel out with the
Dira deltas arising in the eld equations due to the disontinuity of A′.
However, the disontinuity in A′ is an innite one and therefore the Dira
deltas arising on the left-hand side of eq. (3.39) an never be anelled by
those on the right-hand side. As already mentioned, one annot attempt
to use here a surfae layer approah to avoid disontinuities, beause ρ = 0
on the surfae for a polytrope. In addition, even if it were possible to add
a surfae layer, the innite disontinuity of A′ would require this layer to
have an innite surfae density. We onlude, then, that D˜ = 1 annot
give a satisfatory solution. For D˜ = −1, on the other hand, F ′(rout) = 0
for r → r−out giving the orret interior value of A′ required for mathing to
eq. (6.103) and making F ′ ontinuous aross the surfae. We will onentrate
only on this ase in the following.
In order to study the behaviour of mtot at the surfae, we need rst to
derive an expliit expression for F ′′. If we take the derivative of eq. (6.97),
F ′′ appears on the left-hand side and also on the right-hand side [through
m′tot, alulated from eq. (6.96) and the denition of β, eq. (6.93)℄, giving a
linear equation in F ′′. The solution to this, evaluated at the surfae, is
F ′′(rout) =
(R0r3out − 8mout)C′
8rout(rout − 2mout) (6.105)
Evaluating α, β and γ at the surfae using F ′ = 0 and F ′′ given by eq. (6.105),
and inserting into eq. (6.96) gives
m′tot(rout) =
2F0R0r2out +
(
r3outR0 − 8mtot
) C′
16F0
. (6.106)
For 1 < Γ < 3/2, C′ = dC/dp p′ ∝ dC/dp (p + ρ) → 0 at the surfae
so that expression (6.106) is nite and it gives ontinuity of m′tot aross the
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surfae [f. eq. (6.102)℄. However, for 3/2 < Γ < 2, C′ → ∞ as the surfae
is approahed, provided that dF/dR(R0) 6= 0 and dR/dT (T0) 6= 0 (note
that these onditions are satised by generi forms of f(R), i.e. whenever
an R2 term or a term inversely proportional to R is present). While mtot
keeps nite (as an be shown using the fat that p′ = 0 at the surfae),
the divergene of m′tot drives to innity the Riemann tensor of the metri,
Rµνσλ, and urvature invariants, suh as R or R
µνσλRµνσλ, as an easily be
heked
5
. This singular behaviour would give rise to unphysial phenomena,
suh as innite tidal fores at the surfae [f. the geodesi deviation equation℄
whih would destroy anything present there.
We an then onlude that no physially relevant solution exists for any
polytropi EOS with 3/2 < Γ < 2. Certainly, it is lear that polytropes
give only simplied toy models for stars and one would like to use a more
aurate desription of the interior struture. As an example, we an onsider
neutron stars, in whih ase one has a muh more ompliated dependene
of pressure on density, taking aount of variations of omposition (see, for
example, Ref. [354℄ and referenes therein). The behaviour of the EOS in
the outer layers would be ritial for the behaviour of m′tot at the surfae in
the non-GR ase. However, while there are indeed ases where a reasonable
solution would be attainable (for instane when p ∝ ρ0), one an argue that
the viability of a gravity theory should not depend on details suh as this
and that a real diulty has been identied.
Setting aside the surfae singularity issue, we next fous in neutron stars
in order to investigate the interior solution. For suh stars we do have more
physial desriptions of the interior than a polytrope, a typial example
being the FPS EOS, as given in [354℄, whih we use here. As an be seen
from eq. (3.39), the metri oeients will be sensitive to derivatives of the
matter elds, sine R is a funtion of T 6. This an be seen in Fig. 6.1: For
f(R) = R + ǫR2, mtot, whih in GR has a smooth prole, now develops
peuliar features when dρ/dp and d2ρ/dp2 hange rapidly in going from the
ore to the inner rust and from the inner rust to the outer rust. If mtot
were plotted against the radius, these features would look muh more abrupt,
beause they our in a small range of radii lose to the surfae. While mtot
does not represent a real mass in the interior, suh a strong dependene of
the metri on the derivatives of the matter eld is not very plausible and
ould have dramati onsequenes.
In our example for the neutron star interior we have hosen f(R) =
R+ ǫR2, even though most interesting models, at least from a osmologial
perspetive, inlude a 1/R term. The reason for this is that, sine R is
5
This seems to have been missed in Ref. [353℄.
6
The unusual behaviour of this lass of theories has been mentioned in a dierent
ontext in Ref. [355℄. However, we disagree with the laims made there about the violation
of the equivalene priniple, beause they seem to be based on an ill-posed identiation
of the metri whose geodesis should oinide with free-fall trajetories.
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Figure 6.1: Proles ofmtot (measured in units ofM⊙) and of other assoiated
quantities plotted against density in the interior of neutron-star models with
entral density 1015g/cm3 and p′ = 0 in the entre as required by loal
atness. We have used an analyti t to the FPS EOS [354℄ and the gravity
theory given by f(R) = R+ ǫR2. The dot-dashed purple line shows mtot as
alulated with ǫ = 0.1 and the dotted yan line shows the equivalent urve in
GR (ǫ = 0); the solid red line shows dmtot/dr (in M⊙/km) for ǫ = 0.1. Note
the bumps in the dmtot/dr urve whih orrespond to rapid omposition
hanges in the EOS (the orresponding features in the mtot urve for ǫ = 0.1
are less apparent but a notieable dip is seen at around ρ = 1014g/cm3). To
make evident the inuene of omposition hanges, we also show omparisons
between the FPS EOS and a orresponding polytrope (with Γ = 4/3 and
κ = 1015 gs): the green long-dashed urve and blue short-dashed urve show
0.1×(dρ/dp)FPS/(dρ/dp)polytrope and 0.01×(d2ρ/dp2)FPS/(d2ρ/dp2)polytrope,
respetively.
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algebraially related to the energy density, a 1/R term is not going to produe
large deviations from General Relativity in the interiors of ompat objets.
Therefore, an R2 term was denitely more suitable for the spei example
onsidered here. To this one an add that an R2 term should generially be
present in the ation if f(R) is taken to be some power series representing
the eetive low-energy ation of a more fundamental theory, even if the 1/R
is greatly dominant at osmologial sales. It should be stressed, in any ase,
that a 1/R term will have similar eets in the interior to those for an R2
term but they will be more prominent in diuse objets, where the R2 term
will be quite ineetive. This an atually be even more ritial, sine the
gravitational behaviour of more diuse objets is even more well established
than that of ompat objets.
In our attempt to determine and study non-vauum stati spherially
symmetri solutions, we have then found two unappealing harateristis
of Palatini f(R) gravity as applied to stellar models, eah of whih arises
beause of the dependene of the metri on higher order derivatives of the
matter eld. First: whether or not a regular mathing an be made to
the exterior solution depends ruially on the mirophysis, through the
EOS, with polytropi EOSs having 3/2 < Γ < 2 being ruled out for generi
f(R). Seond: even if an EOS does allow for a regular solution at the
surfae, the interior metri depends on the rst and seond derivatives of the
density with respet to the pressure, giving a problemati behaviour. While
polytropi EOSs are highly idealised, we note that Γ = 5/3, orresponding
to an isentropi monatomi gas or a degenerate non-relativisti partile gas,
falls within the range not giving a regular solution. The demonstration
that the gravity theory is unable to provide a onsistent desription for this
perfetly physial sort of matter onguration strongly suggests that it is
not suitable for being onsidered as a viable alternative to GR.
Sine the problems disussed here arise due to the dependene of the met-
ri on higher order derivatives of the matter elds, one an expet that they
will also appear in other gravity theories having these harateristis. Any
theory having a representation in whih the eld equations inlude seond
derivatives of the metri and higher than rst derivatives of the matter elds
will fae similar problems beause having a higher dierential order in the
metri than in the matter eld is what guarantees that the metri depends in
a umulative way on the matter. If this is not the ase then the metri loses
its immunity to rapid hanges in matter gradients sine it is diretly related
to them instead of being an integral over them. This is the same issue that
was pointed out in Setion 6.2.2, where the post-Newtonian orretions to
the metri were found to depend diretly on T instead of being an integral
over the soures [eqs. (6.27) and (6.28) and the related disussion about the
role of Ω(T )℄ and in Setion 6.3, where R was found to be very sensitive to
matter perturbations.
Suh shortomings should be expeted for any theory whih inludes
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elds other than the metri for desribing the gravitational interation (e.g.
salar elds) whih are algebraially related to matter rather than being
dynamially oupled. In this ase one an always solve the eld equations of
the extra eld and insert the solution into the eld equation for the metri,
induing a dependene of the metri on higher derivatives of the matter elds.
A typial example of suh a theory is a salar-tensor theory with Brans
Dike parameter ω = −3/2, whih is anyway an equivalent representation
of Palatini f(R) gravity (see Chapter 4). One should mention that this
problem ould probably be addressed in Palatini f(R) gravity by adding
higher order urvature invariants in the ation (e.g. f(R,RµνRµν)), sine
this would introdue more dynamis and break the non-dynamial oupling
between matter and the extra gravitational degrees of freedom.
The results presented in this setion an be interpreted as a no-go theo-
rem for theories inluding higher order derivatives of the matter elds in one
of their possible representations, suh as Palatini f(R) gravity or ω = −3/2
salar-tensor theory.
6.6 Conlusions
To summarise: in this hapter we have disussed viability onstraints related
to the weak and strong gravity regimes for metri and Palatini f(R) gravity
and for GaussBonnet gravity. It has been shown that suh onstraints an
at in a omplementary manner to the osmologial onstraints disussed in
the previous hapter. Additionally, given that most of the models onsid-
ered in the literature are atually tailored to t osmologial observations,
non-osmologial onstraints, suh as those mentioned here, are ruial for
establishing the overall viability of alternative theories of gravity.
Speially, we have seen that the post-Newtonian limit and stability
onsiderations severely onstrain the parameter spae of metri f(R) gravity
models. In the ase of Palatini f(R) gravity, even though issues of stability
similar to those present for metri f(R) gravity do not appear, the post-
Newtonian limit provides serious indiations of non-viability for most models.
However, the ruial problem with this theory, its inability to give reasonable
solutions for ommon matter ongurations, signalling an inompleteness,
beomes apparent when one onsiders non-vauum solutions. Finally, well
motivated models in GaussBonnet gravity seem to be indistinguishable from
General Relativity as far as the Solar System tests are onerned. These last
two results highlight, in dierent ways, the importane of going beyond the
standard weak-eld-limit tests when trying to onstrain alternative theories
of gravity.
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Chapter 7
Future perspetives and
onlusions
7.1 Brief summary
Before onluding this thesis or disussing future perspetives of the work
presented here, let us attempt to summarize in this setion some of the results
presented so far. The motivation of this thesis has been thoroughly disussed
in Chapter 1 and a general disussion about modiations of gravity was
laid out in Chapter 2. In Chapter 3, a number of spei model theories
were introdued and in Chapter 4 the relation between them was explored.
Chapters 5 and 6 foused on the osmologial and astrophysial aspets of
these theories and on their viability.
As mentioned in the Introdution, these theories were introdued as tools
that ould help us to examine how muh and in whih ways one an deviate
from General Relativity. Our intention was neither to tailor a model within
the framework of any of these theories that would t the data adequately nor
to pik out a spei well-motivated low-energy eetive ation from some
fundamental theory and to onfront it with observations. The task whih we
undertook was to onsider theories that were easy to handle, eah of them
deviating from the framework of General Relativity in a distint way, and to
exploit them in order to get a deeper understanding of the diulties and
limitations of modied gravity. In the light of this, it is probably preferable
to provide here a qualitative summary of our results whih summarizes the
lessons learned from this proedure, instead of repeating in detail the results
already presented in the previous hapters.
Starting from the theoretial side, one of the lear outomes of this thesis
is that generalizing the EinsteinHilbert ation to inlude higher-order ur-
vature invariants is not suh a straightforward proedure as it might seem.
Even when onsidering the simplest of generalisations: an f(R) ation as
studied here, two distint lasses of theory arise depending on the varia-
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tional priniple whih one deides to apply. The metri variational priniple
leads to fourth order equations for the metri, whereas the Palatini vari-
ational priniple, whih treats the onnetion as an independent variable,
leads to seond order equations for the metri and an algebrai equation
relating the metri and the onnetions. Remarkably, both approahes lead
to General Relativity for the EinsteinHilbert ation. Additionally, we saw
that allowing the independent onnetion to ouple to the matter in order to
restore its geometrial meaning  that of dening parallel transport and the
ovariant derivative  led again to a distint lass of theories: metri-ane
f(R) theories of gravity, whih present an enrihed phenomenology sine the
independene of the onnetion allows for torsion and non-metriity. In pra-
tie, metri-ane f(R) gravity appears to omprise a very general lass of
theories from whih metri f(R) gravity, Palatini f(R) gravity and General
Relativity an ome about after making a number of simplifying assump-
tions.
As disussed in Chapter 4 some of the theories presented here an aquire
dierent representations. For instane, metri and Palatini f(R) theories of
gravity an be rewritten as BransDike theories with BransDike param-
eters ω0 = 0 and ω0 = −3/2 respetively. This equivalene between theo-
ries has proved fruitful for larifying their harateristis. For example, the
equivalene between Palatini f(R) gravity and ω0 = −3/2 BransDike the-
ory served as a straightforward demonstration of the fat that even though
the former theory has an independent onnetion, it is intrinsially a metri
theory of gravity. As we will see in the next setion, where we will resume
the disussion of theories and their representations, there is muh more to
be said about this issue.
The disussion about the osmologial and astrophysial aspets of the
theories examined here and the onfrontation of the theories with osmolog-
ial, astrophysial and Solar System observations hopefully laried that it
is very diult to onstrut a simple viable model in an alternative theory
of gravity. Mainly using metri and Palatini f(R) gravity as toy theories,
it was demonstrated that observations whih are relevant to dierent sales
provide dierent onstraints for the model examined and that simplisti mod-
els whih provide an adequate desription of the phenomenology related to
one sale are easily ruled out when the experimental bounds related to a
dierent sale are taken into aount. Solar System tests and bounds from
Large Sale Struture perturbations, appear to be very diult to satisfy
with a single theory and, in most ases, onstrain the parameter spae of the
theory unnaturally lose to the ΛCDM model.
One might ask how disouraging is the fat that simple models fail to be
viable? Indeed an Okham's razor approah strongly disfavours very om-
pliated models. On the other hand, it should be stressed that in order to
explain with an alternative gravitation theory, phenomenology that General
Relativity annot explain without the inlusion of new mysterious matter
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omponents, one will inevitably have to add to this theory more omplexity
and more dynamis. Even though simpliity should not be given away light-
heartedly, the best theory is always the simplest one among those that do
aount for the observations.
Allowing for more dynamis in a gravitational theory, however, has proved
to be a far from easy task during the ourse of this work. Even if the the-
ory is tailored to t osmologial observations and pass Solar System tests,
we saw that problems related to stability an very easily appear. A typial
example is the urvature salar instability in metri f(R) gravity disussed
in Setion 6.3. On the other hand, in Palatini f(R) gravity, in whih the
equations are not fourth order in the metri, this instability is not present.
As just mentioned, in order to aount for the phenomenology remaining
unexplained by General Relativity, one inevitably needs to add more dy-
namis to the theory. The fat that this dynamis was not added in terms
of the metri in Palatini f(R) gravity, did help with issues of stability and
simplify the eld equations, but this ame at a very high prie as we saw in
Setion 6.5. The extra dynamis were impliitly added in the matter part
of the theory, even if this is not at all obvious in the standard formulation,
and this has dramati onsequenes for ommulativity. This last example
also highlights the importane of going beyond appliations to Cosmology
and the Solar System when testing alternative theories of gravity.
7.2 What omes next?
7.2.1 Towards a theory of gravitation theories?
Clearly this thesis is far from being an exhaustive study of the theories
onsidered: salar-tensor theory, f(R) gravity and GaussBonnet gravity.
One ould, therefore, list here a number of proposals for future work on
these theories, some of whih have indeed already been mentioned in the
previous hapters. For instane, metri-ane gravity is the least studied of
the theories onsidered here and several of its aspets are ompletely obsure,
suh as exat solutions, post-Newtonian expansions and Solar System tests,
osmologial phenomenology, struture formation, et. Exat solutions have
also not been studied in GaussBonnet gravity and there is denitely more
to be said about this issue in metri and Palatini f(R) gravity as well.
Instead of ontinuing this list, whih indeed an get quite long, we prefer
to follow a dierent perspetive here. We remind the reader one more that
all of the above theories should be viewed mainly as toy or straw-man theories
used to provide a better understanding of gravity. A more elaborate plan
ould be, therefore, to go beyond suh approahes and this is what we would
like to onsider here.
Going beyond a trial-and-error approah to modied gravity has very
important advantages. From the theoretial side, one has to bear in mind
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that what we are aiming for is really a better understanding of the oneptual
basis of gravity. Even though proposing an alternative theory that violates
one of the assumptions of General Relativity and examining whether it is
viable or not is a straightforward proedure, it is denitely not the most
eient one. It is a ompliated proedure and in many ases it an be
misleading, sine more than one harateristi of the spei theory an
often inuene the result. On the other hand, we hope that the reader will
be onvined by now that there are already a very large number of alternative
theories of gravity in the literature (viable or not) and it is not always lear
how muh we have managed to learn by studying them.
The benets at the experimental level are even more lear. Past expe-
riene has taught us that experiments test priniples and not theories (e.g.
weak equivalene priniple tests suh as the gravitational redshift tests [356℄,
whih were initially regarded as tests of General Relativity). This diretly
indiates that the most eient approah, from an experimental point of
view, is to boot-strap our way to a theory starting from the priniples whih
it should satisfy. This would save us a lot of the eort required in bring-
ing the theory to a form suitable for onfrontation with observations. The
Parametrized Post-Newtonian expansion for f(R) gravity, presented earlier,
serves as an ideal example with all of its ompliations.
Of ourse, the above hardly onstitutes an easy projet. In some sense
what is being disussed here is essentially the need for an axiomati formula-
tion of gravitation theories in general. Even in the simplest of these theories,
General Relativity, suh an axiomati formulation is not yet available. One
ould, of ourse, ask how useful a olletion of axioms would be for a theory
like General Relativity, when we already know the eld equations and the
ation. Indeed, knowledge of either of these sues to fully desribe the
dynamis of the theory, at least at the lassial level, whih makes the ab-
sene of an axiomati formulation less signiant as far as pratial purposes
are onerned. However, as soon as one moves to even the simplest gener-
alizations of Einstein's theory, suh as salar-tensor gravity for instane, the
problem beomes aute as argued above.
A set of axioms ould help us to understand the theory in depth and
provide a better insight for nding solutions to long standing problems, the
most prominent being that of Quantum Gravity. For example, it ould help
us to determine the fundamental lassial properties whih one expets to
reover in the lassial limit and to reognise whih of them should break
down at the quantum level. Even more, if emergent gravity senarios are
onsidered (i.e. senarios in whih the metri and the ane-onnetions are
olletive variables and General Relativity would be a sort of hydrodynamis
emergent from more fundamental onstituents) suh a set of axioms ould
provide muh needed guidane for reonstruting the mirosopi system at
the origin of lassial gravitation, for example by onstraining its mirosopi
properties so as to reprodue the emergent physial features enoded in these
7.2. WHAT COMES NEXT? 175
axioms.
However, with suh a large number of alternative theories of gravity, how
an we haraterise the way in whih they dier from General Relativity,
group them, or obtain some insight into whih of them are preferable to
others? Even if we are far from having a oherent and strit axiomati
formulation, at least a set of priniples would denitely prove useful towards
this end, as well as for analyzing experimental results to assess the viability
of alternative theories.
Already in the 1970s there were attempts to present a set of ground rules,
sometimes referred to as a theory of gravitation theories, whih gravitation
theories should satisfy in order to be onsidered viable in priniple and,
therefore, interesting enough to deserve further investigation. However, no
real progress seems to have been made in this diretion over the last thirty
years, even though the subjet of alternative gravity theories has been an
ative one. It is important to understand the pratial reasons for this lak
of progress if we wish to proeed beyond the trial-and-error approah that
is mostly being used in urrent researh on modied gravity. Hopefully, this
exploration, largely based on [357℄, will also give as a byprodut some inter-
esting lariations of some ommon misoneptions (regarding the WEP,
equivalene of theories, et.) and serve as a motivational point of referene
for future work
1
.
7.2.2 From priniples to pratie and vie-versa
We have argued why it would be interesting to utilise some theory-independ-
ent observations to enuniate general viability riteria as a set of theoretial
priniples that an help us to distinguish potentially viable theories from
theories whih are ill-posed from the very beginning. As already mentioned,
providing a strit axiomati formulation is hardly an easy goal
2
, but one
ould hope to give at least some set of physial viability priniples, even
if the latter are not neessarilly at the level of axioms. It is lear that
in order to be useful suh statements need to be formulated in a theory-
independent way and should be amenable to experimental tests so that we
ould selet at least among lasses of gravitational theories by suitable obser-
vations/experiments.The best example in this diretion so far is the Equiv-
alene Priniple in its various versions, i.e. the Weak Equivalene Priniple
(WEP), the Einstein Equivalene Priniple (EEP) and the Strong Equiva-
lene Priniple (SEP) [139℄. We have already disussed extensively in Setion
1
In what follows purely lassial physis will be onsidered. The issue of the om-
patibility between the Equivalene Priniple(s) and quantum mehanis, although rih in
faets and onsequenes (see e.g. [358, 359, 360, 361, 362, 363℄) is beyond the sope of this
disussion.
2
See, however, Refs. [364, 365, 366, 367, 368℄ for an attempt towards an axiomati
formulation of gravitational theories from a more mathematially-minded point of view.
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2.1.2 the three forms of the equivalene priniple as well as their impliations
for a gravitation theory, suh as the existene of a metri and of loal Lorentz
frames, the oupling of the metri to matter elds et. Therefore, let us just
reall the following important remarks and refer the reader bak to Setion
2.1.2 for more details:
The WEP only says that there exist some preferred trajetories, the free
fall trajetories, that test partiles will follow and that these urves are the
same independently of the mass and internal omposition of the partiles that
follow them (universality of free fall). The WEP does not imply, by itself,
that there exists a metri, geodesis, et.  this omes about only through
the EEP by ombining the WEP with the requirements of Loal Lorentz
invariane (LLI) and Loal Position Invariane (LPI). The same is true for
the ovariane of the eld equations. As far as the SEP is onerned, the
main thrust onsists of extending the validity of the WEP to self-gravitating
bodies and the appliability of LLI and LPI to gravitational experiments, in
ontrast to the EEP. As mentioned in Setion 2.1.2, even though there are
experimental tests for all of the EPs, the most stringent ones are those for
the WEP and the EEP.
Let us stress that there are at least three subtle points in relation to the
use and meaning of the EP formulations, the rst one onerning the relation
between the SEP and General Relativity. While there are laims that the
SEP holds only for General Relativity [139℄, no proof of this statement has
so far been given. Indeed, it would be a ruial step forward to pinpoint a
one-to-one assoiation between GR and the SEP but it is easy to realize that
it is diult to relate diretly and uniquely a qualitative statement, suh as
the SEP, to a quantitative one, namely Einstein's equations. The seond
subtle point is the referene to test partiles in all of the EP formulations.
Clearly, no true test partiles exist, hene the question is: how do we know
how small a partile should be in order for it to be onsidered as a test
partile (i.e. so that its gravitational eld an be negleted)? The answer
is likely to be theory-dependent
3
, and there is no guarantee that a theory
annot be onoted in whih the WEP is valid in priniple but, in pratie,
experiments would show a violation beause, within the framework of the
theory, a small partile is not lose enough to being a test partile. Of
ourse, suh a theory would not be viable but this would not be obvious
when we refer to the WEP only from a theoretial perspetive (e.g. if we
alulate free fall trajetories and ompare with geodesis). A third subtlety,
whih we shall ome bak to later, is related to the fat that sometimes the
same theory an appear to either satisfy or not satisfy some version of the EP
depending on whih variables are used for desribing it, an example being the
ontrast between the Jordan and Einstein frames in salar-tensor theories of
gravity.
3
See [369℄ and referenes therein for the ase of General Relativity.
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Taking all of the above into onsideration, it seems that the main problem
with all forms of the equivalene priniple is that they are of little pratial
value. As priniples they are by denition qualitative and not quantitative.
However, quantitative statements are what is needed in pratie.
To this end, Thorne and Will [153℄ proposed the metri theories postu-
lates, whih were presented in Setion 2.1.3. Essentially, the metri postu-
lates require the existene of a metri gµν and that the matter stress-energy
tensor Tµν should be divergene free with respet to the ovariant derivative
dened with the LeviCivita onnetion of this metri. We have already
thoroughly disussed in Setions 2.1.2 and 2.1.3 how the metri postulates
enapsulate the validity of the EEP, a key point being that ∇µT µν = 0 leads
to geodesi motion for test partiles [154℄.
Appealing as they may seem, however, the metri postulates lak larity.
As pointed out also by the authors of Ref. [153℄, any metri theory an
perfetly well be given a representation that appears to violate the metri
postulates (reall, for instane, that gµν is a member of a family of onformal
metris and that there is no a priori reason why this partiular metri should
be used to write down the eld equations)
4
. One of our goals here is to
demonstrate this problem, and also some other prominent ambiguities that
we have already very briey stated in Setion 2.1.3, and to trae their roots.
What preisely is the denition of stress-energy tensor?
In order to answer this question one ould refer to an ation. This would
be a signiant restrition to begin with though, sine it would add to the
EEP the prerequisite that a reasonable theory has to ome from an a-
tion. Even so, this would not solve the problem: one ould laim that
Tµν ≡ −(2/
√−g)δSM/δgµν but then how is the matter ation SM dened?
Claiming that it is the ation from whih the eld equations for matter are de-
rived is not suient sine it does not provide any insight about the presene
of the gravitational elds in SM . Invoking a minimal oupling argument, on
the other hand, is strongly theory-dependent (whih oupling is really min-
imal in a theory with extra elds or an independent onnetion? [165℄).
Furthermore, whether a matter eld ouples minimally or non-minimally to
gravity or to matter should be deided by experiments. Sine a non-minimal
oupling ould be present and yet evade experimental detetion (as proposed
in string theories [350℄), it seems prudent to allow for it in the ation and in
the theory.
Setting ations aside and resorting to the orrespondene with the stress-
energy tensor of Speial Relativity does not help either. There is always more
than one tensor that one an onstrut whih will redue to the speial-
relativisti stress-energy tensor when gravity is swithed o and it is not
4
See also Ref. [370℄ for an earlier ritiism of the need for a metri and, indiretly, of
the metri postulates.
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lear what swithed o exatly means when extra elds desribing gravity
(salar or vetor) are present in the theory together with the metri tensor.
Finally, mixing the two tentative denitions desribed above makes the
situation even worse: one an easily imagine theories in whih
Tµν ≡ −(2/
√−g)δSM/δgµν (7.1)
does not redue to the speial-relativisti stress-energy tensor in some limit.
Are these theories neessarily non-metri? This point highlights also an-
other important question: are the metri postulates neessary or suient
onditions for the validity of the EEP? Conrete examples are provided in
Setions 7.2.4, 7.2.5 and 7.2.6.
What does non-gravitational eld mean?
There is no preise denition of gravitational and non-gravitational eld.
One ould say that a eld whih is non-minimally oupled to the metri is
gravitational whereas all others are matter elds. This denition does not
appear to be rigorous or suient though and it is shown in the following that
it strongly depends on the perspetive and terminology that one hooses.
Consider, for example, a salar eld φ non-minimally oupled to the Rii
urvature in λφ4 theory, as desribed by the ation
S =
∫
d4x
√−g
[(
1
16π G
− ξφ2
)
R− 1
2
∇µφ∇µφ− V (φ)
]
. (7.2)
If one begins with a lassial salar eld minimally oupled to the urvature
(i.e. ξ = 0) in the potential V (φ) = λφ4 and quantizes it, one nds that rst
loop orretions presribe a non-minimal oupling term (i.e. ξ 6= 0) if the the-
ory is to be renormalizable, thus obtaining the improved energy-momentum
tensor of Callan, Coleman, and Jakiw [371℄ (see also [372℄). Does quan-
tization hange the harater of this salar eld from non-gravitational to
gravitational? Formally, the resulting theory is a salar-tensor theory a-
ording to every denition of suh theories that one nds in the literature
(e.g. [199, 139, 331, 373, 374, 198℄) but many authors onsider φ to be a
non-gravitational eld, and ertainly this is the point of view of the authors
of Ref. [371℄ (in whih φ is regarded as a matter eld to be quantized) and
of most partile physiists.
7.2.3 Theories and representations
We have already disussed in Chapter 4 the fat that theories an aquire
more than one representation. We used the term dynamial equivalene
there, in order to refer to the fat that two theories an desribe the same
dynamis. Within a lassial perspetive, however, a gravitation theory is
indeed a desription of the dynamis of a a gravitating system and in this
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sense, as also mentioned in Chapter 4, when one refers to two dynamially
equivalent theories what is atually meant is two dierent representations of
the same theory.
As will be demonstrated later, many misoneptions arise when a theory
is identied with one of its representations and other representations are
impliitly treated as dierent theories. Even though this might seem to be
a very abstrat point, to avoid onfusion, one would like to provide preise
denitions of the words theory and representation. It is not trivial to do
this, however. For the term theory, even if one looks at a popular internet
ditionary, a number of possible denitions an be found [375℄:
1. An unproven onjeture.
2. An expetation of what should happen, barring unforeseen irum-
stanes.
3. A oherent statement or set of statements that attempts to explain
observed phenomena.
4. A logial struture that enables one to dedue the possible results of
every experiment that falls within its purview.
5. A eld of study attempting to exhaustively desribe a partiular lass
of onstruts.
6. A set of axioms together with all statements derivable from them.
Denitions (1) and (2) are not what is meant for sienti theories. On
the other hand, (3) and (4) seem to be omplementary statements desrib-
ing the use of the word theory in natural sienes, whereas (5) and (6)
have mathematial and logial bases respetively. In a loose sense, a more
omplete denition for the word theory in the ontext of physis would
probably ome from a ombination of (4) and (6), in order to ombine the
referene to experiments in (4) and the mathematial rigour of (6). An
attempt in this diretion ould be:
Denition 1 Theory: A oherent logial struture, whih is preferably ex-
pressed through a set of axioms together with all statements derivable from
them, plus a set of rules for their physial interpretation, that enables one to
dedue the possible results of every experiment that falls within its purview.
5
Note that no referene is made to whether there is agreement between
the preditions of the theory and atual experiments. This is a further step
5
One might argue that when a theory is dened as a set of axioms, as suggested above,
it is doomed to fae the impliations of Gödel's inompleteness theorems. However, it
is neither lear if suh theorems are appliable to physial theories, nor how physially
relevant they would be even if they were appliable [376, 377℄.
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whih ould be inluded in the haraterization of a theory. There ould
be riteria aording to whih the theory is suessful or not aording to
how large a lass of observations is explained by it and the level of auray
obtained (see for example [378℄). Additionally, one ould onsider simpliity
as a merit and haraterize a theory aording to the number of assumptions
on whih it is based (Okham's razor). However, all of the above should not
be inluded in the denition itself of the word theory.
Physial theories should have a mathematial representation. This re-
quires the introdution of physial variables (funtions or elds) in terms of
whih the axioms an be enoded in mathematial relations. We attempt to
give a denition:
Denition 2 Representation (of a theory): A nite olletion of equations
interrelating the physial variables whih are used to desribe the elements of
a theory and assimilate its axioms.
The referene to equations an be restritive, sine one may laim that
in many ases a theory ould be fully represented by an ation. At the same
time it is obvious that any representation of a theory is far from being unique.
Therefore, one might prefer to modify the above denition as follows:
Denition 3 Representation (of a theory): A non-unique hoie of physial
variables between whih, in a presribed way, one an form inter-relational
expressions that assimilate the axioms of the theory and an be used in order
to dedue derivable statements.
It is worth stressing here that when hoosing a representation for a theory
it is essential to provide also a set of rules for the physial interpretation of the
variables involved in it. This is needed for formulating the axioms (i.e. the
physial statements) of the theory in terms of these variables. It should also
be noted that these rules ome as extra information not a priori ontained
in the mathematial formalism. Furthermore, one they are onsistently
used to interpret the variables of the latter, they would allow to onsistently
predit the outome of experiments in any alternative representation (we
shall ome bak to this point and disuss an example later on in Setion
7.2.4).
All of the above denitions are, of ourse, tentative or even naive ones
and others an be found that are more preise and omprehensive. However,
they are good enough to make the following point: the arbitrariness that
inevitably exists in hoosing the physial variables is bound to aet the
representation. More speially, it will aet the larity with whih the
axioms or priniples of the theory appear in eah representation. Therefore,
there will be some representations in whih it will be obvious that a ertain
priniple is satised and others in whih it will be more intriate to see
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that. However, it is lear that the theory is one and the same and that
the axioms or priniples are independent of the representation. One may
onsider it a worthy goal to express theories in a representation-invariant
language. However, it should be borne in mind that this is exatly what
axiomati formulation is all about and there is probably no way to do this
one referene to a set of physial variables has been made. In a sense, the
loss of quantitative statements is the prie whih one has to pay in order to
avoid representation dependene.
7.2.4 Example no. 1: Salar-tensor gravity
In order to make the disussion of the previous setions learer, let us use
salar-tensor theories of gravitation as an example. As in most urrent the-
ories, salar-tensor theories were not originally introdued as olletions of
axioms but diretly through a representation. Instead of using the on-
ventional notation found in the literature, whih we have also used when
disussing salar-tensor theories in Setion 3.2 and in the rest of this the-
sis, we will here write the ation using the notation of Ref. [243℄ (see also
Ref. [379℄):
S = S(g) + S(m)
[
e2α(φ)gab, ψ
(m)
]
, (7.3)
where
S(g) =
∫
d4x
√−g
[
A(φ)
16πG
R− B(φ)
2
gab∇aφ∇bφ− V (φ)
]
(7.4)
and ψ(m) olletively denotes the matter elds. Some of the unspeied
funtions A, B, V , and α in this notation an be xed without loss of
generality, i.e. without hoosing a partiular theory from within the lass,
and this is the way in whih one is led to the ation of a salar-tensor theory
in the more standard notation of Setion 3.2. However, this would ome at
the expense of xing the representation, whih is exatly what we intend to
analyse here. Therefore, the present notation is indeed the most onvenient
for our purposes.
Let us rst see how ation (7.3) omes about from rst priniples. As
already disussed in Setion 2.1.2, following Will's book [139℄ one an argue
that the EEP an only be satised if some metri exists and the matter
elds are oupled to it not neessarily minimally but through a non-onstant
salar, i.e. they an be oupled to a quantity φgµν , where φ is some salar.
However, this oupling should be universal in the sense that all elds should
ouple to φ in the same way 6. Therefore, the most general form of the
matter ation will have a dependene on φgµν . Of ourse, one an always
hoose to write φ as e2α(φ), where φ is a dynamial eld.
6
This is not the ase in supergravity and string theories, in whih gravivetor and
gravisalar elds an ouple dierently to partiles with dierent quark ontent [380, 381℄.
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Now the rest of the ation should depend on φ, the metri and their
derivatives. No real priniple leads diretly to the ation above. However,
one ould impose that the resulting eld equations should be of seond order
both in the metri and in the salar eld and utilize dieomorphism invari-
ane arguments to arrive at this ation. Then, (2.27) is the most general
salar-tensor ation that one an write, one no elds other than φ and the
metri are onsidered, and no ouplings other than a non-minimal oupling
of the salar to the urvature is allowed.
We now return to the role of the four yet-to-be-dened funtions A(φ),
B(φ), V (φ), α(φ) and examine whether there are redundanies. As we have
already said, the ation (2.27) desribes a lass of theories, not a single the-
ory. Speifying some of the four funtions will speialize it to a spei theory
within that lass. However, one an already see that this ation is formally
invariant under arbitrary onformal transformations g˜µν = Ω
2(φ)gµν . In fat,
it an be reast into its initial form simply by redening the undetermined
funtions A(φ), B(φ), V (φ), α(φ) after making the onformal transformation.
This implies that any one of the funtions A(φ), B(φ), V (φ) and e2α(φ) an
be set to a (non-vanishing) onstant by means of making a suitable hoie for
Ω(φ). Additionally, the salar eld φ an be onveniently redened so as to
set yet another of these funtions to be a onstant. Therefore, we onlude
that setting two of these funtions to be onstants (or just unity) is merely
making a hoie of representation and has nothing to do with the ontent of
the theory. In fat, it does not even selet a theory within the lass.
This has a preise physial meaning: it demonstrates our ability to hoose
our loks and rods at will [132℄. One ould deide not to allow this in a the-
ory (irrespetively of how natural that would be). Therefore, it onstitutes
a very basi physial assumption whih an be desribed as an axiom.
Let us now turn our attention to the matter elds ψ(m): the way in
whih we have written the ation implies that we have already hosen a
representation for them. However, it should be lear that we ould always
redene the matter elds at will. For example, one ould set ψ˜ = Ωsψ(m)
where s is a onveniently seleted onformal weight [12℄ so that, after making
a onformal transformation, the matter ation will be
S(m) = S(m)
[
g˜ab, ψ˜
]
. (7.5)
The tilde is used here in order to distinguish between the physial variables
in the two representations. We an now make use of the freedom disussed
above to x two of the four funtions of the eld at will and set A = B = 1.
Then the ation (2.27) will formally beome that of General Relativity with
a salar eld minimally oupled to gravity.
However this theory is not atually General Relativity, sine now ψ˜ =
ψ˜(φ) whih essentially means that we have allowed the masses of elementary
partiles and the oupling onstants to vary with φ and onsequently with
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the position in spaetime. From a physial perspetive, this is translated
into our ability to hoose whether it will be our loks and rods that are
unhanged in time and spae or instead the outome of our measurements
[132℄ (whih, remember, an always be expressed as dimensionless onstants
or dimensionless ratios, sine even the measurement of a dimensional quan-
tity suh as e.g. a mass, is nothing more than a omparison with a xed
standard unit having the same dimensions). We will return to this issue
again in Setion 7.2.4.
To summarize, we an in pratie hoose two of the four funtions in the
ation (7.3) without speifying the theory. In addition, we an even x a third
funtion at the expense of allowing the matter elds ψ(m) to depend expliitly
on φ, whih leads to varying fundamental units [132℄. One either of these
two options is hosen, the representation is ompletely xed and any further
xing of the remaining funtion or funtions leads to a spei theory within
the lass. On the other hand, by hoosing any two funtions and allowing for
redenitions of the metri and the salar eld, it is possible to fully speify
the theory and still leave the representation ompletely arbitrary.
It is now obvious that eah representation might display dierent har-
ateristis of the theory and are should be taken in order not to be misled
into representation-biased onlusions, exatly as happens with dierent o-
ordinate systems. This highlights the importane of distinguishing between
dierent theories and dierent representations.
This situation is very similar to a gauge theory in whih one must be
areful to derive only gauge-independent results. Every gauge is an admissi-
ble representation of the theory, but only gauge-invariant quantities should
be omputed for omparison with experiment. In the ase of salar-tensor
gravity however, it is not lear what a gauge is and how one should identify
the analogue of gauge-independent quantities.
Alternative theories and alternative representations:
Jordan and Einstein frames
Let us now go one step further and fous on spei salar-tensor theories.
With ψ(m) representing the matter elds and hoosing α = 0 and A(φ) = φ,
we fully x the representation. Let us now suppose that all of the other
funtions are known. The ation then takes the form
S = S(g) + S(m)
[
gab, ψ
(m)
]
, (7.6)
where
S(g) =
∫
d4x
√−g
[
φ
16πG
R− B(φ)
2
gab∇aφ∇bφ− V (φ)
]
, (7.7)
and it is apparent that Tµν ≡ −(2/
√−g)δS(m)/δgµν is divergene-free with
respet to the metri gµν and, therefore, the metri postulates are satised.
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Now we take a representation where A = B = 1 and the ation takes the
form
S = S(g) + S(m)
[
e2α˜(φ)g˜ab, ψ
(m)
]
, (7.8)
where
S(g) =
∫
d4x
√
−g˜
[
1
16πG
R˜− 1
2
g˜ab∇˜aφ∇˜bφ− V˜ (φ)
]
. (7.9)
As we have argued, for any (non-pathologial) hoie of B and V in the
ation (7.6), there exists some onformal fator Ω(φ), relating gµν and g˜µν ,
and some suitable redenition of the salar φ to the salar φ˜, whih brings
ation (7.6) into the form of ation (7.8), therefore relating B and V with V˜
and α˜. Ations (7.6) and (7.8) are just dierent representations of the same
theory after all, assuming that B and V or V˜ and α˜ are known.
Aording to the most frequently used terminology, the rst representa-
tion is alled the Jordan frame and the seond the Einstein frame and the
way in whih we have just introdue them should make it very lear that
they are just alternative, but physially equivalent, representations of the
same theory. (Furthermore, innitely many onformal frames are possible,
orresponding to the freedom in hoosing the onformal fator.)
Let us note, however, that if one denes the stress-energy tensor in the
Einstein frame as T˜µν ≡ −(2/
√−g˜)δS(m)/δg˜µν , one an show that it is not
divergene-free with respet to the LeviCivita onnetions of the metri g˜µν .
In fat, the transformation property of the matter stress-energy tensor under
the onformal transformation gµν → g˜µν = Ω2 gµν is T˜µν = Ωs Tµν , where the
appropriate onformal weight in four spaetime dimensions is s = −6 [12℄.
The Jordan frame ovariant onservation equation ∇βTαβ = 0 is therefore
mapped into the Einstein frame equation
∇˜αT˜αβ = −T˜ g˜
αβ∇˜αΩ
Ω
, (7.10)
whih highlights the fat that the Einstein frame energy-momentum tensor
for matter is not ovariantly onserved unless it desribes onformally in-
variant matter with vanishing trae T whih is not, of ourse, the general
ase.
In summary, we see that while the ations (7.6) and (7.8) are just dierent
representations of the same theory, the metri postulates and the EEP are
obviously satised in terms of the variables of the Jordan frame, whereas,
at least judging naively from eq. (7.10), one ould be led to the onlusion
that the the EEP is not satised by the variables of the Einstein frame
representation. However this is obviously paradoxial as we have seen that
the general form of the salar-tensor ation (7.3) an be derived from the
EEP.
The point is that an experiment is not sensitive to the representation,
and hene in the ase of the ation (7.3) it will not show any violation of
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the EEP. The EEP will not be violated in any hosen representation of the
theory. A ommon misoneption is that people speak about violation of
the EEP or the WEP in the Einstein frame simply implying that g˜µν is not
the metri whose geodesis oinide with free fall trajetories. Even though
this is orret, it does not imply a violation of the WEP or the EEP simply
beause all that these priniples require is that there should exist somemetri
whose geodesis oinide with free fall trajetories, and indeed we do have
one, namely gµν , the metri tensor of the Jordan frame. The fat of whether
or not one hooses to represent the theory with respet to this metri is not
relevant.
To go another step further, let us study free fall trajetories in the Ein-
stein frame. Considering a dust uid with stress-energy tensor T˜αβ = ρ˜ u˜αu˜β,
eq. (7.10) beomes
∇˜α
(
ρ˜ u˜αu˜β
)
= ρ˜
g˜αβ ∇˜αΩ
Ω
. (7.11)
By projeting this equation onto the 3-spae orthogonal to u˜µ by means of
the operator h˜µν dened by g˜µν = −u˜µu˜ν + h˜µν and satisfying h˜αβ u˜β = 0, one
obtains
a˜γ ≡ h˜γβ u˜α∇˜αu˜β = δγα
∂αΩ(φ)
Ω(φ)
. (7.12)
The term on the right hand side of eq. (7.12), whih would have been zero if
the latter was the standard geodesi equation, an be seen as arising due to
the gradient of the salar eld eld φ, or due to the variation of the partile
mass m˜ = Ω−1m along its trajetory, or due to the variation with position
in spaetime of the Einstein frame unit of mass m˜u = Ω
−1mu (where mu
is the onstant unit of mass in the Jordan frame)  see Ref. [382℄ for an
extensive disussion.
Massive partiles in the Einstein frame are always subjet to a fore
proportional to ∇µφ, hene there are no massive test partiles in this repre-
sentation of the theory. From this perspetive, the formulation of the EEP
(massive) test partiles follow (timelike) geodesis is neither satised nor
violated: it is simply empty. Clearly, the popular formulation of the EEP in
terms of the metri postulates is representation-dependent.
In this sense, the metri gµν ertainly has a distinguished status with
respet to any other onformal metri, inluding g˜µν . However, it is a matter
of taste and sometimes misleading to all a representation physial or non-
physial. The fat that it is better highlighted in the Jordan frame that
the theory under disussion satises the EEP, does not make this frame
preferable, in the same sense that the Loal Lorentz oordinate frame is
not a preferred one. The Einstein frame is muh more suitable for other
appliations, e.g. nding new exat solutions by using mappings from the
onformal frame, or omputing the spetrum of density perturbations during
ination in the early universe.
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Let us now onentrate on the ambiguities related to the metri postu-
lates mentioned in Setions 3.58 and 7.2.2. One should already be onvined
that these postulates should be generalized to inlude the phrase there ex-
ists a representation in whih. But apart from that, there are additional
problems. For example, in the Jordan frame φ ouples expliitly to the Rii
salar. One ould, therefore, say that φ is a gravitational eld and not a
matter eld. In the Einstein frame, however, φ is not oupled to the Rii
salarit is atually minimally oupled to gravity and non-minimally ou-
pled to matter. Can one then onsider it as being a matter eld? If this is
the ase then maybe one should dene the stress-energy tensor dierently
from before and inlude the φ terms in the matter ation, i.e. dene
S¯(m) =
∫
d4x
√
−g˜
[
−1
2
g˜ab∇˜aφ˜∇˜bφ˜− V˜ (φ˜)
]
+ S(m)
[
e2α˜(φ˜)g˜ab, ψ
(m)
]
(7.13)
and
T¯µν ≡ −(2/
√
−g˜)δS¯(m)/δg˜µν . (7.14)
In this ase though, T¯µν will indeed be divergene-free with respet to
g˜µν ! The easiest way to see this is to onsider the eld equations that one
derives from the ation (7.8) through a variation with respet to g˜µν with
the redenitions in eqs. (7.8) and (7.14) taken into aount. This gives
G˜µν = κT¯µν , (7.15)
where G˜µν is the Einstein tensor of the metri g˜µν . The ontrated Bianhi
identity ∇˜µG˜µν = 0 diretly implies that ∇˜µT¯ µν = 0.
Does this solve the problem, and was the fat that it was not apparent
that the EEP is not violated in the Einstein frame just due to a wrong hoie
of the stress-energy tensor? Unfortunately, this is not the ase. First of all,
g˜µν is still not the metri whose geodesis oinide with free fall trajetories,
as shown earlier. Seondly, T¯µν has the following form
T¯µν = ∇˜µφ˜∇˜ν φ˜− 1
2
g˜µν∇˜σφ˜∇˜σφ˜− g˜µν V˜ (φ˜) + T˜µν , (7.16)
with T˜µν depending on φ˜ as well as on the matter, and it will not redue to
the speial-relativisti stress-energy tensor for the matter eld ψ(m) if g˜µν is
taken to be at. The same is true for the ation S¯(m). Both of these features
are due to the fat that T¯µν inludes a non-minimal oupling between the
matter elds ψ(m) and the salar eld φ. Atually, setting g˜µν equal to the
Minkowski metri does not orrespond to hoosing the Loal Lorentz frame:
that would be the one in whih gµν is at to seond order (see Setion 2.1.2).
The moral of this is that one an nd quantities that indeed formally sat-
isfy the metri postulates but these quantities are not neessarily physially
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meaningful. There are great ambiguities, as mentioned before, in dening
the stress-energy tensor or in judging whether a eld is gravitational or just
a matter eld, that in pratie make the metri postulates useless outside
of a spei representation (and how does one know, in general, when given
an ation, whether it is in this representation, i.e. whether the quantities of
the representation are the ones to be used diretly to hek the validity of
the metri postulates or whether a representation hange is neessary before
doing this?).
Matter or geometry? An ambiguity
We already saw that treating φ as a matter eld merely beause it is mini-
mally oupled to gravity and inluding it in the stress-energy tensor did not
help in larifying the ambiguities of the metri postulates. Sine, however,
this did not answer the question of whether a eld should be onsidered as
gravitational (geometri) or as non-gravitational (matter), let us try to
get some further insight into this.
Consider again, as an example, salar-tensor gravity. Choosing A(φ) =
8πGφ and α to be a onstant, the ation (7.3) an be written as
S =
∫
d4x
√−g
[
φR
2
− B(φ)
2
gµν∇µφ∇νφ− V (φ)
+αψL(ψ)
(
gµν , ψ
(m)
)]
, (7.17)
where αψ is the oupling onstant between gravity and the spei matter
eld ψ(m) desribed by the Lagrangian density L(ψ). This representation is
in the Jordan frame and it is no dierent from that of the ation (7.6), apart
from the fat that we have not speied the value of the oupling onstant
to be 1.
It is ommon pratie to say that the BransDike salar eld φ is
gravitational, i.e. that it desribes gravity together with the metri gµν
[139, 331, 132, 133℄. Indeed, 1/φ plays the role of a (variable) gravita-
tional oupling. However, this interpretation only holds in the Jordan frame.
As disussed earlier, the onformal transformation to the Einstein frame
gαβ → g˜αβ = Ω2 gαβ with Ω =
√
Gφ, together with the salar eld redeni-
tion
dφ˜ =
√
2ω(φ) + 3
16πG
dφ
φ
(7.18)
asts the ation into the form
S =
∫
d4x
√
−g˜
[
R˜
2
− 1
2
g˜µν∇˜µφ˜∇˜ν φ˜− V˜
(
φ˜
)
+ α˜ψL(ψ)
]
, (7.19)
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where
V˜
(
φ˜
)
=
V
[
φ
(
φ˜
)]
φ2
(
φ˜
)
(7.20)
and
α˜ψ
(
φ˜
)
=
αψ
φ2
(
φ˜
) . (7.21)
The new salar eld φ˜ is now minimally oupled to the Einstein frame Rii
salar R˜ and has anonial kineti energy: a priori, nothing forbids one to
interpret φ˜ as being a matter eld. The only memory of its gravitational
origin as seen from the Jordan frame is in the fat that now φ˜ ouples non-
minimally to matter, as desribed by the varying oupling α˜ψ(φ˜). However,
by itself this oupling only desribes an interation between φ˜ and the true
matter eld ψ(m). One ould, for example, take ψ(m) to be the Maxwell
eld and onsider an axion eld that ouples expliitly to it, obtaining an
ation similar to (7.19) in whih ase it would not be possible to disriminate
between this axion eld and a putative geometrial eld on the basis of its
non-minimal oupling. Even worse, this anomalous oupling of φ˜ to matter
is lost if one onsiders only the gravitational setor of the theory by dropping
L(ψ) from the disussion. This is the situation, for example, if the salar φ˜ is
taken to dominate the dynamis of an early, inationary, universe or a late,
quintessene-dominated, universe.
More generally, the distintion between gravity and matter (gravita-
tional versus non-gravitational) beomes blurred in any hange of repre-
sentation involving a onformal transformation of the metri gµν → g˜µν =
Ω2 gµν . The transformation property of the Rii tensor is [12, 383℄
R˜αβ = Rαβ − 2∇α∇β (lnΩ)− gαβgγδ∇γ∇δ (lnΩ)
+2 (∇α lnΩ) (∇β lnΩ)− 2gαβgγδ (∇γ lnΩ) (∇δ lnΩ) .(7.22)
The onformal transformation maps a vauum solution in the Jordan frame
(i.e. one with Rαβ = 0) into a non-vauum solution in the Einstein frame
(R˜αβ 6= 0). The onformal fator Ω, whih was a purely geometrial eld
in the Jordan frame, is now playing the role of a form of matter in the
Einstein frame.
A possible way of keeping trak of the gravitational nature of Ω is by
remembering that the Einstein frame units of time, length, and mass are
not onstant but sale aording to t˜u = Ω tu, l˜u = Ω lu, and m˜u = Ω
−1mu,
respetively (where tu, lu, and mu are the orresponding onstant units in
the Jordan frame) [132℄. However, one would not know this presription by
looking only at the Einstein frame ation (7.19) unless the presription for the
units is made part of the theory (i.e. by arrying extra information additional
to that given by the ation!). In pratie, even when the ation (7.19) is
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expliitly obtained from the Jordan frame representation, the variation of
the units with Ω (and therefore with the spaetime loation) is most often
forgotten in the literature [382℄ hene leading to the study of a dierent
theory with respet to that expressed by the ation (7.17).
Going bak to the distintion between material and gravitational elds,
an alternative possibility to distinguish between matter and geometry
would seem to arise by labeling as matter elds only those desribed by
a stress-energy tensor that satises some energy ondition. In fat, a on-
formally transformed eld that originates from Jordan frame geometry does
not, in general, satisfy any energy ondition. The eetive stress-energy
tensor of the eld Ω derived from eq. (7.22) does not have the anonial
struture quadrati in the rst derivatives of the eld but ontains instead
terms that are linear in the seond derivatives. Beause of this struture, the
stress-energy tensor Ω violates the energy onditions. While it would seem
that labelling as matter elds those that satisfy the weak or null energy
ondition ould eliminate the ambiguity, this is not the ase. As we have
previously seen, one an always redene the salar eld in suh a way that
it is minimally oupled to gravity and has anonial kineti energy (this is
preisely the purpose of the eld redenition (7.18)). Keeping trak of the
transformation of units in what amounts to a full speiation of the rep-
resentation adopted (ation plus information on how the units sale with
the salar eld) ould help making the property of satisfying energy ondi-
tions frame-invariant, but at the ost of extra struture in dening a given
theory.
As a onlusion, the onept of vauum versus non-vauum, or of matter
eld versus gravitational eld is representation-dependent. One might be
prepared to aept a priori and without any real physial justiation that
one representation should be hosen in whih the elds are to be hara-
terized as gravitational or non-gravitational and might be willing to arry
this extra baggage" in any other representation in the way desribed above.
However, even if suh a ompromise is made, the problem disussed here is
just takled instead of atually being solved in a lean and tidy way.
These onsiderations, as well those disussed at the previous sub-setion,
eluidate a more general point: it is not only the mathematial formalism
assoiated with a theory that is important, but the theory must also inlude
a set of rules to interpret physially the mathematial laws. As an example
from the lassial mehanis of point partiles, onsider two oupled har-
moni osillators desribed by the Lagrangian
L =
q˙21
2
+
q˙22
2
− q
2
1
2
− q
2
2
2
+ α q1q2 . (7.23)
A dierent representation of this physial system is obtained by using normal
oordinates Q1 (q1, q2) , Q2 (q1, q2), in terms of whih the Lagrangian
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beomes
L =
Q˙21
2
+
Q˙22
2
− Q
2
1
2
− Q
2
2
2
. (7.24)
Taken at fae value, this Lagrangian desribes a dierent physial system,
but we know that the mathematial expression (7.24) is not all there is to
the theory: the interpretation of q1 and q2 as the degrees of freedom of the
two original osillators prevents viewing Q1 and Q2 as the physially measur-
able quantities. In addition to the equations of motion, a set of interpretive
rules onstitutes a fundamental part of a theory. Without suh rules it is
not only impossible to onnet the results derived through the mathematial
formalism to a physial phenomenology but one would not even be able to
distinguish alternative theories from alternative representations of the same
theory. Note however, that one the interpretative rules are assigned to the
variables in a given representation they do allow to predit the outome of
experiments in any other given representation of the theory (if onsistently
applied), hene assuring the physial equivalene of the possible representa-
tions.
While the above omments hold in general for any physial theory, it
must however be stressed that gravitation theories are one of those ases in
whih the problem is more aute. In fat, while the physial interpretation
of the variables is lear in simple systems, suh as the example of the two
oupled osillators disussed above, the physial ontent of omplex theories
(like quantum mehanis or gravitation theories) is far less intuitive. In-
deed, for what regards gravity, what we atually know more about is the
phenomelogy of the system instead of the system itself. Therefore, it is of-
ten diult, or even arbitrary, to formulate expliit interpretive rules, whih
should nevertheless be provided in order to ompletely speify the theory.
7.2.5 Example no. 2: f(R) gravity
To highlight further the ambiguity onerning whether a eld is a gravita-
tional or matter eld, s well as to demostrate how the problems disussed
here an atually go beyond representations that just involve onformal re-
denitions of the metri, let us examine one further example: that of f(R)
gravity in the metri and Palatini formalisms. We have already extensively
disussed these theories and in Chapter 4 we have established that they an
aquire the representation of a BransDike theory. Metri f(R) gravity an
be re-written as BransDike theory with BransDike parameter ω0 = 0. In
terms of the ation 7.3, this orresponds to the hoie A = φ, B = 0, α = 0.
Palatini f(R) gravity, on the other hand, an be re-written as an ω0 = −3/2
BransDike theory, orresponding to the hoie A = φ, B = −3/2, α = 0
when one refers to the ation (7.3)
Note that the general representation used in the ation (7.3) is atually
not as general as one might expet, sine we have just shown that theories
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desribed by this ation an even, with suitable hoies of the parameters,
aquire ompletely dierent non-onformal representations. One an, in prin-
iple, add at will auxiliary elds, suh as the salar eld used above, in order
to hange the representation of a theory and these elds need not neessar-
ily be salar elds. Therefore, all of the problems desribed so far are not
spei to onformal representations. In this f(R) representation, the salar
φ is not even there, so how an one deide whether it is a gravitational eld
or a matter eld? For the ase of metri f(R) gravity, the salar eld was
eliminated without introduing any other eld and the metri beame the
only eld desribing gravity. On the other hand, in the Palatini formalism
the outome is even more surprising if one onsiders that the salar eld
was replaed with an independent onnetion whih, theoretially speaking,
ould have forty degrees of freedom assuming that it is symmetri but in
pratie has only one!
7.2.6 Example no. 3: EinsteinCartanSiamaKibble the-
ory
Our nal example is EinsteinCartanSiamaKibble theory. In this theory,
one starts with a metri and an independent onnetion whih is not sym-
metri but has zero non-metriity. We will not present extensive alulations
and details here but, instead, address the reader to Ref. [196℄ for a thorough
review. What we would like to fous on is the fat that, sine the theory
has an independent onnetion, one usually arrives at the eld equations
through independent variations with respet to the metri and the onne-
tions. Additionally, sine the matter ation depends on both the metri and
the onnetions, its variation will lead to two objets desribing the matter
elds: the stress-energy tensor Tµν , whih omes from varying the matter
ation with respet to the metri as usual, and the hypermomentum ∆λµν ,
whih omes from varying the matter ation with respet to the independent
onnetions.
In this theory, Tµν is not divergene-free with respet to either the ovari-
ant derivative dened with the LeviCivita onnetion or with respet to the
one dened with the independent onnetion. It also does not redue to the
speial-relativisti stress-energy tensor in the suitable limit. However, it an
be shown that a suitable non-trivial ombination of Tµν and ∆
λ
µν does lead
to a tensor that indeed has the latter property [196℄. What is more, a third
onnetion an be dened whih leads to a ovariant derivative with respet
to whih this tensor is divergene-free [196℄! This is suient to guarantee
that the EEP is satised. Does this make EinsteinCartan theory a metri
theory? And how useful are the metri postulates for disussing violations
of the EEP if, in order to show that they are satised, one will already have
demonstrated geodesi motion or LLI on the way?
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7.2.7 Disussion
We have attempted to shed some light on the dierenes between dierent
theories and dierent representations of the same theory and to reveal the
important role played by a representation in our understanding of a the-
ory. For doing this, several examples have been presented whih hopefully
highlight this issue. It has been argued that ertain onlusions about a the-
ory whih may be drawn in a straightforward manner in one representation,
might require serious eort when a dierent representation is used and vie-
versa. Additionally, are should be taken as ertain representations may be
ompletely inonvenient or even misleading for spei appliations.
It is worth ommenting at this point, that the literature is seriously biased
towards partiular representations and this bias is not always a result of the
onveniene of ertain representations in a spei appliation, but often is
a mere outome of habit. It is ommon, for instane, to bring alternative
theories of gravity into a General-Relativity-like representation due to its
familiar form, even if this might be misleading when it omes to getting a
deeper understanding of the theory.
This seemingly inevitable representation-dependent formulation of our
gravitation theories has already been the ause of several misoneptions.
What is more, one an very easily reognise a representation bias in the de-
nition of ommonly used quantities, suh as the stress-energy tensor. Notions
suh as that of vauum and the possibility of distinguishing between grav-
itational elds and matter elds are also representation-dependent. This
is often overlooked due to the fat that one is very austomed to the
representation-dependent denitions given in the literature. On the other
hand, representation-free denitions do not exist.
Note that even though the relevant literature fouses almost ompletely
on onformal frames, the problems disussed here are not restrited to onfor-
mal representations. Even if onformally invariant theories were onsidered,
nothing forbids the existene of other non-onformal representations of these
theories in whih the ation or the eld equations will not, of ourse, be in-
variant. This might imply that reating onformally invariant theories is not
the answer to this issue. After all, even though measurable quantities are
always dimensionless ratios and are therefore onformally invariant, matter
is not generially onformally invariant and, therefore, neither an (lassial)
physis be onformally invariant, at least when its laws are written in terms
of the elds representing this matter.
The issue disussed here seems to have its roots in a more fundamental
problem: the fat that in order to desribe a theory in mathematial terms,
a non-unique set of variables has to be hosen. Suh variables will always
orrespond to just one of the possible representations of the theory. There-
fore, even though abstrat statements suh as the EEP are representation-
independent, attempts to turn suh statements into quantitative mathemati-
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al relations that are of pratial use, suh as the metri postulate, turn out
to be severely representation-dependent.
The omparison between a hoie of representation and a hoie of oordi-
nate system is pratially unavoidable. Indeed, onsider lassial mehanis:
one an hoose a oordinate system in order to write down an ation desrib-
ing some system. However, suh an ation an be written in a oordinate
invariant way. In lassial eld theory one has to hoose a set of elds  a
representation  in order to write down the ation. From a ertain view-
point, these elds an be onsidered as generalized oordinates. Therefore,
one ould expet that there should be some representation-independent way
to desribe the theory. However, up to this point no real progress has been
made on this issue.
The representation dependene of quantitative statements ats in suh
a way that, instead of merely seleting viable theories for us, they atually
predispose us to hoose theories whih, in a spei representation, appear
more physially meaningful than others irrespetive of whether this is indeed
the ase. The same problem is bound to appear if one attempts to gener-
alise a theory but is biased towards a spei representation, sine ertain
generalisations might falsely appear as being more physial than others in
this representation. This eetively answers the question of why most of
our urrent theories of gravitation eventually turn out to be just dierent
representations of the same theory or lass of theories. Salar-tensor theories
and theories whih inlude higher order urvature invariants, suh as f(R)
gravity or fourth order gravity, are typial examples.
Even though this disussion might at some level appear to be purely
philosophial, the pratial impliations of representation dependene should
not be underestimated. For instane, how an we formulate theories that
relate matter/energy and gravity if we do not have a lear distintion between
the two, or if we annot even onlude whether suh a distintion should
be made? Should we then aim to avoid any statement based on a sharp
separation between the matter and gravity setors?
7.3 Conluding remarks
To onlude, even though some signiant progress has been made with
developing alternative gravitation theories, one annot help but notie that it
is still unlear how to relate priniples and experiments in pratie, in order to
form simple theoretial viability riteria whih are expressed mathematially.
Our inability to express these riteria and also several of our very basi
denitions in a representation-invariant way seems to have played a ruial
role in the lak of development of a theory of gravitation theories. This
is a ritial obstale to overome if we want to go beyond a trial-and-error
approah in developing alternative gravitation theories.
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It is the author's opinion that suh an approah should be one of the main
future goals in the eld of modied gravity. This is not to say, of ourse, that
eorts to propose or use individual theories, suh as f(R) gravity or Gauss
Bonnet gravity, in order to deepen our understanding about the gravitational
interation should be abandoned or have less attention paid to them. Suh
theories have proved to be exellent tools for this ause so far, and there are
still a lot of unexplored orners of the theories mentioned in this thesis, as
well as in other alternative theories of gravity.
The motivation for modied gravity oming from High Energy Physis,
Cosmology and Astrophysis is denitely strong. Even though modifying
gravity might not be the only way to address the problems mentioned in
Chapter 1, it is our hope that the reader is by now onvined that it should
at least be onsidered very seriously as one of the possible solutions and,
therefore, given appropriate attention. The path to the nal answer is prob-
ably long. However, this has never been a good enough reason for sientists
to be disouraged.
If I have ever made any valuable disoveries, it has been owing
more to patient attention, than to any other talent.
Isaa Newton
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